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1.  Research  Objectives 

The  objectives  of  this  research  were  to  develop  theory  and  computational  methods  to 
formulate  and  solve  robust  control  system  design  problems.  The  initial  stages  of  the 
research  were  devoted  to  the  design  objective  of  minimizing  the  maximum  peak  gain 
of  a  system  containing  structured  nonlinear/ time- varying  uncertainty.  Next,  the  focus 
was  on  continuous-time  systems  controlled  by  digital  computers,  i.e.  sampled-data 
systems.  This  work  was  motivated  by  the  fact  that  continuous-time  compensators  for 
continuous-time  plants  are  irrational  when  the  design  objective  is  minimizing  peak- 
gain.  Therefore  it  was  necessary  to  study  the  sampled-data  problem  and  develop  new 
methods  for  its  solution. 

2.  Status  of  Research  Effort 

The  objectives  in  this  research  have  been  achieved  in  a  most  satisfactory  manner.  Two 
of  the  most  significant  results  were  1)  the  work  of  Mustafa  Khammash  on  performance 
robustness  in  the  presence  of  structured  uncertsunty  and  2)  the  work  of  Bassam 
Bamieh  on  sampled-data  control. 

Briefly,  these  results  are  as  follows: 

One  of  the  most  significant  developments  in  Hoo  control  system  design  was  establish¬ 
ing  the  equivalence  of  the  robust  performance  problem  and  a  robust  stability  problem 
with  structured  perturbations.  This  is  generally  attributed  to  John  Doyle  and  made 
possible  the  "  /i-synthesis”  approach  to  control  system  design.  In  this  approach,  the 
design  objective  is  to  minimize  the  maximum  error  energy.  When  the  objective  is  to 
minimize  the  maximum  error  magnitude,  the  problem  becomes  quite  different  and 
more  complicated. 

Mustafa  Khammash  in  his  Ph.D.  thesis  established  an  equivalence  between  a  robust 
performance  problem  and  a  robust  stability  problem  for  discrete-time  systems  in 
the  presence  of  time-varying/nonlinear  structured  uncertainty.  This  was  a  major 
breakthrough  in  the  solution  of  the  maximum  magnitude  problem,  which  has  been 
referred  to  as  the  i\  optimal  control  problem.  In  his  further  work,  he  developed  an 
iterative  technique  similar  to  /x-synthesis  in  order  to  design  optimal  controllers.  In  the 
case  of  discrete- time  systems,  the  procedure  is  much  simpler  since  the  scaling  factors 
are  constant,  rather  than  functions  of  frequency,  and  the  optimum  can  be  calculated 
exactly  at  each  step. 

Khanunash’s  results  can  be  applied  to  the  analysis  of  continuous-time  systems,  but 
not  to  the  synthesis  of  optimal  continuous-time  controllers.  The  earlier  work  of 
Munther  Dahleh,  also  done  here  at  Rice  University,  had  shown  that  in  general,  op¬ 
timal  continuous-time  problems  had  irrational  solutions  and  the  realization  of  these 
solutions  posed  many  problems.  As  a  result,  a  different  approach  to  the  problem  was 
proposed,  in  that  a  continuous-time  plant  would  be  controlled  by  a  digital  (discrete¬ 
time)  device.  The  accepted  terminology  for  such  systems  is  “sampled-data-systems,” 


and  the  objective  was  to  minimize  the  maximum  value  of  the  continuous-time  system 
error  for  such  systems. 

The  Ph.D.  thesis  of  Bassam  Bamieh  presented  a  solution  to  both  an  Hoe,  version  and 
an  L\  version  of  this  problem.  Bamieh  developed  a  procedure  called  “lifting,”  by 
which  a  periodically  sampled  system  could  be  converted  to  a  discrete-time  system 
in  which  the  induced  system  norms  were  the  same  (i.e.  the  system  gains).  This 
meant  that  the  maximum  value  of  the  continuous-time  system  error  is  equ2il  to  the 
maximum  value  of  the  discrete-time  system  error.  This  equivalence  is  also  true  for 
any  induced  norm,  in  particular  for  the  Hoo  ^d  Lx  norms. 

Bamieh  worked  out  the  details  of  the  transformation  which  gives  an  exact  solution 
to  the  Hoe,  problem  and  an  approximate  solution  to  the  Lx  problem.  Programs  that 
implement  his  Hoe,  solution  are  now  incorporated  into  MATLAB  /i-tools. 

Recent  work  has  involved  the  study  of  robust  solutions  to  tracking  problems.  In 
particular,  the  object  is  to  design  compensators  to  minimize  the  maximum  “steady- 
state”  errors  in  sampled-data  systems  with  structured  uncertainty.  This  is  quite 
complicated,  in  general,  and  the  initial  work  deals  with  discrete-time  systems  with 
structured  uncCTtainty.  The  foundations  for  solving  such  problems  have  been  laid 
by  Mustafa  Khammash  and  analysis  of  discrete-time  systems  with  structured  uncer¬ 
tainty  is  straightforward.  Synthesis  is  more  difficult.  Algorithms  have  been  developed 
for  solving  certain  problems  involving  scalar  plants  with  two  structured  perturba¬ 
tions.  At  the  present  time,  the  general  problem  seems  to  be  a  least  as  difficult  as 
the  “/i— synthesis”  problem  and  a  different  framework  may  lead  to  more  reasonable 
computations.  The  search  for  such  a  framework  will  be  a  continuing  goal  for  future 
studies. 
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Performance  Robustness  of  Discrete-Time 
Systems  with  Structured  Uncertainty 

Mustafa  Khammash  and  J.  Boyd  Pearson,  Jr.,  Fellow,  IEEE 


Abstract^Giytn  an  Interconnection  of  a  nominal  discrete-time  plant 
and  a  stabilizing  controller  together  with  structuredy  norm-bounded, 
nonlinear /time-varying  perturbations,  necessary  and  sufficient  condi¬ 
tions  for  robust  stability,  and  performance  of  the  system  are  provided. 
This  is  done  by  first  showing  that  performance  robustness  is  equivalent 
to  stability  robustness  in  the  sense  that  both  problems  can  be  dealt  with 
in  the  framework  of  a  general  stability  robustness  problem.  The  result¬ 
ing  stability  robustness  problem  is  next  shown  to  be  equivalent  to  a 
simple  algebraic  one,  the  solution  of  which  provides  the  desired  neces¬ 
sary  and  sufficient  conditions  for  performance/stability  robustness.  These 
conditions  provide  an  effective  tool  for  robustness  analysis  and  can  be 
applied  to  a  large  class  of  problems.  In  particular,  it  is  shown  that  some 
known  results  can  be  obtained  immediately  as  special  cases  of  these 
conditions. 


I.  Introduction 

OBTAINING  good  mathematical  models  of  physical  systems 
is  important  for  their  effective  control.  In  general,  the  better 
the  tnodel,  the  more  one  expects  from  an  optimal  controller  for 
this  system.  Ideally,  a  mathematical  model  that  describes  exactly 
the  real  system  should  be  obtained.  Based  on  that  model,  a 
controller  that  achieves  certain  objectives  can  then  be  designed. 
When  implemented  on  the  real  system,  one  expects  it  to  achieve 
the  design  objectives.  However,  this  rarely  takes  place  in  prac¬ 
tice  for  many  reasons.  First,  obtaining  an  exact  model  is  gener¬ 
ally  not  possible  and  one  must  use  approximate  models.  Second, 
better  models  tend  to  be  more  complicated  in  order  to  capture 
more  accurately  the  dynamics  of  the  system  to  be  controlled,  and 
so  despite  the  availability  of  a  good  model,  a  simpler  less 
accurate  one  might  be  used  in  order  to  simplify  the  design  and 
analysis  procedures  and  to  make  use  of  those  tools  for  controller 
design  which  are  based  on  the  simpler  but  less  accurate  approxi¬ 
mation.  An  example  of  this  is  the  linearization  of  a  nonlinear 
system  about  an  operating  point.  Third,  and  equally  important, 
even  if  the  underlying  physical  system  could  be  modeled  accu¬ 
rately  at  one  point  in  time,  parameter  variations  that  could 
appear  for  any  one  of  many  reasons  eventually  take  their  toll  on 
the  system  and  render  the  model  inaccurate.  For  all  these 
reasons,  a  controller  that  achieves  good  performance  when 
controlling  the  model,  might  not  perform  so  well  when  used  to 
control  the  actual  plant  and  could  even  make  the  system  unsta¬ 
ble.  In  short,  robustness  to  model  uncertainties  is  an  important 
objective  and  should  be  an  integral  part  of  any  controller  design. 

For  systems  with  bounded  energy  signals,  the  norm  is 
the  most  suitable  norm  to  use.  When  dealing  with  robust  perfor¬ 
mance  in  the  context  of  linear  feedback  systems  with  *  norm 
performance  objectives,  the  pap)er  by  Doyle  [1]  introduces  a 

Manuscript  received  January  23,  1990;  revised  August  27,  1990.  Paper 
recommended  by  Associate  Editor,  I.  R.  Peterson.  This  work  was  supported 
by  the  National  Science  Foundation  and  the  Air  Force  Office  of  Scientific 
Research  under  Grant  ECS-8806977. 

The  authors  are  with  the  Department  of  Electrical  and  Computer  Engi¬ 
neering.  Rice  University,  Houston,  TX  77251-1892. 
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nonconservative  measure  of  performance  for  linear  feedback 
systems  in  the  presence  of  structured  model  uncertainties  [1].‘ 
This  approach  is  based  on  a  matrix  function  called  the  structured 
singular  value,  where  stability  and  performance  robustness  are 
dealt  with  in  the  same  framework.  The  class  of  perturbatii)ns 
treated  are  linear  time-invariant  norm-bounded  perturbations. 

When  the  system  at  hand  does  not  involve  bounded  energy 
signals  but  rather  bounded  magnitude  signals  as  is  the  case  when 
bounded  persistent  disturbances  are  present,  the  more  suitable 
norm  is  the  j/  norm  or  norm.  In  [2],  [3],  Dahleh  and 
Pearson  provided  a  complete  solution  to  tho  problem  of  minimiz¬ 
ing  the  ss^  norm  of  a  linear  time-invariant  continuous /discrete¬ 
time  system  through  the  choice  of  a  stabilizing  controller.  The 
optimal  controllers  obtained  in  the  discrete-time  case  are  more 
useful  than  those  in  the  continuous-time  case  since  they  are 
easier  to  implement  physically. 

In  this  paper,  we  present  a  solution  to  the  robustness  problem 
in  the  /*  setting.  The  class  of  perturbations  considered  consists 
of  norm  bounded  perturbations  allowed  to  be  time  varying  or 
nonlinear.  We  provide  necessary  and  sufficient  conditions  for 
stability  robustness  for  structured  perturbations  where  any  num¬ 
ber  of  perturbations  can  enter  between  any  two  points  in  the 
system.  In  addition,  we  allow  performance  objectives  to  be 
achieved  in  a  robust  manner  subject  to  robust  stability.  This  is 
done  by  showing  that  the  stability  and  performance  robustness 
problem  is  equivalent  to  a  simple  algebraic  problem  which  can 
be  easily  solved  to  give  the  desired  nonconservative  conditions 
for  stability  and  performance  robustness.  We  show  how  the 
results  in  [4]  and  [5]  can  be  obtained  as  special  cases  of  this 
theory.  Finally,  we  provide  some  examples  demonstrating  how  a 
controller  that  achieves  robust  stability  and  performance  can  be 
designed. 

The  paper  is  divided  into  nine  sections.  Section  II  introduces 
the  notation,  while  Section  III  provides  some  preliminary  re¬ 
sults.  In  Section  IV,  the  stability  and  performance  robustness 
problem  is  set  up.  In  Section  V,  we  prove  Theorem  1  which 
establishes  that  a  performance  robustness  problem  is  in  fact 
equivalent  to  a  stability  robustness  problem  when  the  perturba¬ 
tions  are  linear,  time-varying,  and  norm  bounded.  In  Section  VI, 
we  show  that  the  stability  robustness  problem  is  equivalent  to  an 
algebraic  problem  which  gives  us  the  means  by  which  to  obtain 
necessary  and  sufficient  conditions  for  stability  robustness  and 
consequently  performance  robustness.  In  Section  Vn,  the  results 
are  extended  to  include  nonlinear  norm-bounded  perturbations. 
In  Section  VO,  some  applications  of  the  theory  are  provided, 
and  finally.  Section  IX  contains  some  concluding  remarks. 

n.  Notation 

The  space  of  ^-tuples  of  real  numbers.  U  x  = 

(a:,,-*-,  then  \  x\^  :=  max/|  jry|. 

‘  See  also  [12]. 
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Nonnegative  real  numbers, 

J^(p  X  q)  Set  of  real  matrices  having  p  rows  and  q 
columns. 

/*  Space  of  all  bounded  sequences  of  real  numbers, 

i.e.,  X  -  {xik)}'^^Q€  r  if  and  only  if 
sup^l  xC/r)!  <  OP,  If  xeT  then  ||;c||«  = 
sup^t  I  Ar(Ar)  I . 

/®  Space  of  ^“tuples  of  elements  of  /*.  If  x  - 

x^)elg  then  |1a:|L  =  max,-|| 

/”  ,  Extended  space.  It  is  equal  to  the  space  of  all 

9-tuples  of  sequences  of  real  numbers. 

Xj  If  X  =  (jc,,-  •  •,  Xg)  e  /“  ,,  then  -ir-x  :=  Ar,e 

C- 

/'  Space  of  absolutely  summable  sequences.  If  x€ 

/'  then  l|x||,  =  Zr-o  I  •*■(*)!  <  »• 

Ipxq  Space  of  p  X  q  matrices  with  entries  in  /'.  If 

X  =  then  || Jf|| ,  :=  max,s,sp 

TUWxijh. 

The  truncation  operator  on  sequences.  Hence  if 
x=  {jf(/)}Jlo  ^  sequence,  then  PkX  = 
{x(0),x(l),'”,x(k),0,---}. 

The  set  of  all  xel^  such  that  x^ik)  =  0  V/:  > 
N  and  1  <  /  <  g. 

Sjc  Right  shift  by  k  positions.  If  ;c  =  q  is 

any  sequence  and  ^  is  a  nonnegative  integer, 


X 

y 


then  Sf^x  =  { 0,*  •  •  ,0,  Jc(0),  x(l),  •  ■  •  On 
the  other  hand,  S^f^x  =  {x{k),  x{k  + 
!),•••  }.  Hence  =  I  but  ^  /. 

The  space  of  all  bounded  linear  causal  operators 
mapping  /“  to  /J.  If  Re^fy^  then  ||jRl|  := 
supjf^oll^ll»/ll*^IL  which  is  the  induced 
operator  norm.  Each  R  in  can  be  com¬ 

pletely  characterized  by  its  block  lower-triangu¬ 
lar  pulse  response  matrix. 

Subspace  of  ^-fy^  consisting  of  time-invariant 
operators.  For  each  R  e  corresponds  a 

unique  r  in  where  r,y  is  the  impulse 

response  of  R^j,  die  component  of  R  mapping 
the  yth  input  to  the  ith  output. 

If  and  0  =  (7i,*  *  ■,  ,V^)€K^  and 

if  is  the  smallest  indexing  integer  such  that 
I  yitmx  I  ^  I  .y/l  for  /  =  1,-  •  9  then  [x/y]  is 
defined  to  be  the  real  p  x  q  matrix  formed  by 
setting  its  i^ax^  colurrm  to  be  (l/,V/niax)  ^ 
all  of  the  other  columns  to  zero.  A  consequence 
of  this  definition  is  that  [x/ y]y  -  x. 


III.  Preliminaries 

For  the  sake  of  completeness  and  in  order  to  establish  nota¬ 
tion,  we  review  in  this  section  some  of  the  concepts  pertaining  to 
feedback  systems.  Let  G:  ^q,e  ^  ^  said  to 

be  causal  if  Pf^G  =  PjcGP/c  for  ^  k  >  0.  It  is  said  to  be 
strictly  causal  if  Pf^G  -  P^GP^^ ,  for  all  /:  >  0. 

Consider  the  feedback  interconnection  in  Fig.  1,  where  G: 

^p.e  causal  maps.  The 

system  depicted  is  said  to  be  well-posed  if  (  /  -  G//)"*  exists 
as  a  map  from  to  7*^,  and  is  causal.  It  is  said  to  be 
r-stable  iff 

1)  it  is  well-posed, 

2)  the  map  (w,,  Wj)  .Vi*  yi)  ^^es  /*  x  /*  into 

/;  X  /*  X  /;  X  /« 


Fig.  1.  Feedback  system. 


3)  there  exists  real  numbers  aj  and  a2,  independent  of  Wj 
and  U2,  such  that  for  all  u^  and  2/2 

IkilU.  lk2lL.  II.J'ilL.  ll.)'2lL  ^  aill«ill«  +  a2ll«2lL- 

A  map  G:  l^.e  is  /“-stable  if  it  is  tausal, 

takes  7^  into  7“,  and  is  bounded,  i.e.,  there  exists  a  >  0  such 
that  l|Gw||«  =£  q:||  wlloo  for  all  uel^.  Clearly,  if  G  and  H  in 
Fig.  1  are  both  7*-stable  and  if  the  system  is  well-posed  then  a 
necessary  and  sufficient  condition  for  the  system  in  the  figure  to 
be  7*-stable  is  that  (/-  G/f)“*  and  (/-  //G)“*  are  both 
7“-stable.  In  fact,  as  the  next  proposition  shows,  it  is  enough  to 
check  that  only  one  of  them  is  stable;  the  other  will  follow  suit. 

Proposition  1:  Let  G:  7"  -►  7®  and  H\  7®  7*  both  be 

7®-stable  maps.  Then  (/  —  GH)~^  is  7®-stable  if  and  only  if 
(/  -  HGy^  is  7*-stable. 

Proof:  (^)  Assume  (7  -  G/7)”*  is  7®-stable.  It  may  be 
easily  verified  that  (/  -  7/G)“  ’  =  /  4*  77(7  -  G77)“  *G,  which 
is  7*-stable.  The  other  direction  of  the  proof  is  identical.  ■ 

If  i4  =  (a,y)  e  J^{p  X  q),  then  the  induced-operator  norm  of 
^  as  a  map  from  (IFi^,  |  *  | »)  toO^,  |  •  |  J  is  defined  by 

Q 

M  L  :=  sup  I  >lAr  I  „  =  max  I  fly  I  • 

IxIooSl  \&i&pj=\ 

We  use  this  to  give  an  expression  for  the  norm  of  an  element 
R  e  ^fy^.  R  can  be  completely  characterized  by  its  pulse 
response  matrix  which  has  the  following  form: 


f  ^00 

0  1 

^10 

i  :  : 

■•J 

where  R^jSJlip  x  q).  This  infinite  matrix  representation  of 
R  acts  on  elements  of  7^  by  multiplication,  i.e.,  if  w€7®,  then 
y  Rue where  y{k)  = 

be  seen  that  the  induced-operator  norm  of  R  is  equal  to 

sup,- 1(^,0 

When  restricted  to  the  time-invariant  subspace  of 

^fy^t  another  representation  of  the  elements  of  is 

more  convenient.  This  alternate  representation  results  from  the 
fact  that  corresponding  to  each  R  e  there  is  an  element 

r=  {rij)el]jy^q  such  that  r^j  is  the  pulse  response  of  that 
component  of  R  mapping  the  yth  input  to  the  /th  output.  In  this 
case,  the  induced-operator  norm  of  7?  as  a  map  from  7®  to  7®  is 
equal  to  the  norm  of  r  in  which  we  shall  also  refer  to  as 
the  norm.  Hence,  iff/ ^  is  isomorphic  to  Ip^q,  and  each 
operator  in  iff/^^  is  uniquely  determined  by  its  pulse  response 
in  7*  -  whose  norm  will  be  equal  to  norm  of  the  operator  in 

IV.  Problem  Setup 

We  are  mainly  interested  in  7*  signals  ^nd  discrete-time 
systems.  Aside  from  that,  the  only  conditions  imposed  will  be 
those  needed  to  guarantee  the  well-posedness  of  the  problem. 
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Common  to  all  the  problems  in  which  stability  and  performance 
of  a  certain  system  are  to  be  studied  under  the  effect  of  perturba¬ 
tions  are  a  nominal  plant  and  a  controller  stabilizing  it.  In  our 
case,  both  of  these  are  assumed  to  be  linear  time-invariant 
discrete-time  systems.  There  is  no  reason  why  only  one  nominal 
plant  or  controller  can  be  considered,  and  so,  as  many  as  desired 
can  be  incorporated  as  long  as  the  resulting  nomin^  system  is 
stable.  As  for  the  perturbations,  they  are  first  modeled  as  strictiy 
causal  linear  maps  taking  /*  signals  to  /*  signals  widi 
bounded-induced  norms.  Hence,  the  perturbations  are  allowed  to 
be  time  varying.  Nonlinear  perturbations  are  treated  in  Section 
vn.  There  can  be  as  many  perturbations  as  desired  and  they  can 
enter  anywhere  in  the  system.  So  for  a  specific  set  of  bounds  on 
the  norms  of  the  perturbations,  we  have  a  family  of  systems  each 
of  which  is  composed  of  the  nominal  part  and  a  set  of  fixed 
perturbations  with  norms  less  than  the  corresponding  given 
bounds.  The  first  objective  is  to  determine  when  every  member 
of  that  class  of  systems  is  stable,  i.e.,  when  our  system  is 
robustly  stable.  In  many  cases,  stability  is  not  all  that  is  required 
from  a  system  and  certain  performance  objectives  are  to  be  met. 
A  useful  and  popular  objective  is  keeping  small  the  norm  of  the 
function  mapping  an  external  input,  say  «,  to  a  certain  signal  in 
the  loop,  call  it  y.  Since  there  could  be  more  than  one  such 
objective,  let  us  denote  the  resulting  functions  by  Ty.^^.  for 
/  =  I,***,  m,  where  Ty.^^.  is  the  function  mapping  signals  at 
point  w,  to  signals  at  point  Because  we  are  mainly  concerned 
with  /®  signals,  the  norm  we  want  to  be  small  would  be  in  our 
case  the  induced  /*  norm.  Now  our  objective  is  to  determine, 
given  a  set  of  m  positive  real  numbers  conditions 

under  which  our  system  is  stable  and  satisfies  ||  <  7,-  for 

all  allowable  perturbations.  In  other  words,  when  does  our 
system  achieve  robust  performance? 

We  now  formally  set  up  the  stability  and  p)erformance  robust¬ 
ness  problem  mentioned  previously.  Tlie  configuration  we  shall 
use  in  the  setup  of  the  robustness  problem  is  shown  in  Fig.  2.  In 
the  figure,  M  represents  the  interconnection  of  the  nominal 
plant  and  the  stabilizing  controller,  and  is  therefore  linear,  time 
invariant,  and  stable.  Each  A,-  represents  the  perturbations  be¬ 
tween  two  points  in  the  system,  and  has  norm  less  than  or  equal 
to  one.  Of  course,  there  is  no  loss  of  generality  in  assuming  that 
the  chosen  bound  on  the  norms  of  each  of  the  A/’s  is  one,  since 
any  other  set  of  numbers  could  be  absorbed  in  M.  We  will 
restrict  the  A,’s  to  be  strictly  causal  in  order  to  guarantee  the 
well-posedness  of  the  system.  This  is  not  a  serious  restriction 
and  can  be  removed  if  it  is  known  that  the  perturbation-  nomi¬ 
nal-system  connection  is  well-posed.  Accordingly,  we  can  define 
the  classes  of  perturbations  to  which  the  A's  belong.  Assuming 
the  perturbations  enter  at  n  places,  and  that  each  has  p,*  inputs 
and  Qi  outputs  we  have 

where  A( p,-,  q^) :=  {A  6  \ 

A  is  strictly  causal  and  ||  A  ||  <  1 } 
for  /  =  1,*  •  • ,  n. 

Note  that  A,  is  not  dependent  in  any  way  on  Ay  when  j  ^  /. 
The  only  restriction  is  that  A,  belongs  to  A(p^,  q^)  for  each  /. 
Next,  let  p^YLiPi,  and  q  ^  ZiQr  By  ^[(p„ 

(Pn^  Qn)]  we  mean  the  set  of  all  operators  mapping  /*  to  /“  of 


Fig.  2.  Stability  and  performance  robustness  problem, 
the  following  form: 

/a,  0  •••  0  \ 

0  A2 

0 

0  •  •  •  0  A- 

where  A/  belongs  to  A(p;,  q^).  When  the  pairs  (p,,  q^)  are 
known,  they  will  be  dropped  from  the  notation  and  9  will  be 
understood  to  mean  the  aforementioned  set.  We  will  say  the 
system  in  Fig.  2  achieves  robust  stability  if  the  system  is  stable 
for  all  De  ^[(Pi,  ^1);  •  *  •  ;  (p„,  g„)].  We  will  say  it  achieves 
robust  performance  if  it  achieves  robust  stability  and  |1  Ty.j^.  |1  <  1 
for  all  /  and  for  all  D  in  ^[(Pj,  ^1);  •  •  •  ;  (p„,  q„)]. 

In  the  context  of  this  setup,  our  problem  can  be  stated  as 
follows. 

Problem  Statement:  Find  necessary  and  sufficient  conditions 
for  the  system  in  Fig.  2  to  achieve  robust  performance. 

V.  Performance  Robustness  Versus  Stability 
Robustness 

In  this  section,  we  will  establish  a  useful  relationship  between 
stability  and  performance  robustness,  that  will  be  used  later  in 
the  solution  of  our  problem.  This  is  achieved  in  Theorem  1 
which  is  the  main  result  in  this  section.  To  aid  in  the  proof  of 
this  theorem,  we  will  need  to  determine  necessary  and  sufficient 
conditions  that  a  linear  time-varying  operator  R  6  must 

satisfy  in  order  for  (/ -  i?A)"*  to  be  /“-stable  for  all  A  6 
A(p,  qr).  Such  conditions  are  provided  by  Lemma  1,  to  be 
stated  next.  However,  the  conditions  given  in  this  lemma  are 
somewhat  nonintuitive  in  the  sense  that  they  do  not  readily 
translate  into  conditions  on  R.By  utilizing  Lemma  2,  Lemma  3 
restates  Lenuna  1  in  a  form  that  relates  to  R  more  closely  and 
thus  takes  care  of  this  shortcoming.  Finally,  we  note  that  the 
sufficiency  part  in  Lemma  3  has  been  proven  in  [6].  Neverthe¬ 
less,  since  the  extra  effort  required  to  reprove  it  using  the 
techniques  of  this  paper  is  minimal,  we  prove  it  again  here  and 
provide  a  proof  for  the  necessity. 

Lemma  1:  Let  Re  Then  (/  -  jRA)'*  is  not  /“-sta¬ 

ble  for  some  A€A(p,  if  and  only  if  there  exists  a  real 
number  c  >  0  and  f  €  /“  ^  \  /“  such  that 

+  c  V/:>0. 

The  proof  of  this  lemma  is  postponed  until  Section  VI. 

Lemma  2:  Let  R  e  ^fy^y  and  f  €  P/^(lp)^  Then  given  e  >  0 
and  a  >  1|^  Hoo.  t^ere  exist  an  integer  N  >  V  and  ^ePf/Op) 
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such  that 

( f  is  a  truncated  extension  of  | ) 

II  Iloo  —  II  *5~(N+1)-^‘^(N-»-1)II  *  ^  “  C* 

Proof:  From  the  pulse  response  matrix  representation  of 
R  it  can  be  seen  that 

li-^-(N+I)^5(N-»-l)ll  =  sup  I  •••  I  oo* 

It  follows  that  for  some  N  >  N,  R  := 

Jf{q  x  p{N  -  N))  satisfies 

I  ^  I  00  ^  1I'^~(N+I)^'^(A^+1)II  ""  ~  • 

For  ^,^we  can  easily  find  with  |  =  j  such 

that  I  I  =  I  ^  I  ^  •  fl.  In  fact,  we  can  in  addition  pick  r  in 
such  a  way  that 

N 

I  E^N.,f(0  +  «/•!„  a  I  «r  I,  =  I^L-0. 

/=0 

With  r  constructed  as  above,  we  can  use  it  to  define  {  as 
follows: 

{(Ar):=|(A:)  for  A:  =  0,- •  • ,  N 

f(A:):=0  k>N. 

From  this  definition  it  is  clear  that  Avf  =  «  and  that  |  f  |  =  a. 

Finally 

l(^f)(N)L=  lE^M/f(/)loo 
/=0 

=  I  H  ^N./^(Ol® 

/=0  /=N+1 

N 

=  I  L^N./f(0  +^'‘loo^  \R\oo-a 
/=0 

—  ll‘^-(yV+I)^‘^(A/'+l)ll  *  t7  —  €. 

This  implies  that 

WP/^Riw^^ws  -(yv+i)^'5(/v+!)ll  •  ^ 

■ 

Lemma  3:  Let  Re^f^P,  Then  {I  -  RAy^  is  /“-stable 
for  all  A  €  A(p,  g)  if  and  only  if  there  exists  an  integer  N  such 
that  ||5.^/?5^1|  <  1. 

Proof:  We  will  prove  the  lemma  by  showing  that  (/  — 
i?A)  ^  is  not  /“-stable  for  some  A€A(/7,  q)  if  and  only  if 
>1  for  all  n  >  0.  Using  Lemma  1,  the  task  of 
proving  this  lemma  reduces  to  that  of  showing 

there  exists  {  e  /“  ^  \  /“  and  c>  0  such  that 

\\Pk^\\<.^\\P,^iR^\\o.  +  c  v)t>0 

liS_„/?S„||  >  1  for  all  /7  >  0. 


(^)  Assume  (5.1)  holds.  It  follows  that  for  any  fixed  integer 
n  >  0 

^  +  p„_,|)|L  +  c 

^  II  Pk-\P^n^-n^  ll»  +  c  +  c'  for  somc  c'  >  0. 
Using  this  together  with 

||P*S_„{lU<||P*^„f|Uand 

II^*+«-i^5„S.„J|L  s  ||P*_,5.„PS„S.„|  IL  +  c' 

for  some  c"  >  0  and  VA:  a  0 

we  get 

||P*S.„{  IL  S  ||P*-,S_„PS„S_„|  11,  +  c  +  f'  +  c' 

for  some  c*  >  0  and  vA:  >  0. 
Define  c  :=  c  +  c'  +  c".  We  can  now  write 

||P*5.„J|L  :£  l|P*-,S.„PS„S_„?|L  +  c 

<1|S_„PS„||||P,_,S_J|L  +  C 
<||5_„PSJ|l|P*S_„||L  +  c. 

Hence 

ll■PtS.„?|L(l  -  ||S_„PS„||)  <  c  V*  >  0 

which,  since  Hm*^,||  P*S_„J  |1,  =  oo,  implies  that 
1|S_„PS„||  >  1.  Since  n  was  arbitrary,  it  follows  that 
i|S_„PS„||  S  1  forall  «  s  0. 

(«=)  To  prove  the  other  direction,  we  assume  ||  S_„PS„||  >  1 
for  all  n  and  then  show  the  existence  of  1 6  \  /J  and  c>  0 

such  that  ^  satisfies  (5.1).  This  is  done  by  first  constructing  a 
sequence  of  truncated  elements  of  /*,  namely  {{,}“  j,  and  then 
defining  {  in  terms  of  this  sequence  and  verifying  it  has  the 
desired  properties.  The  construction  of  goes  as  follows: 

fix  €  to  be  any  real  number  greater  than  zero.  Next,  let 
$0  ■=  OeP_ ,(/"),  and  apply  Lemma  2  to  with  a  =  1,  to 
obtain  an  integer  AT,  >  0  and  |,6Py^(/p.  To  this  new  se¬ 
quence  apply  Lemma  2  again,  this  time  with  a  =  2,  to  obtain  an 
integer  N2  >  Nj  and  {2sAv2(f“)-  Repeating  this  procedure 
indefinitely  gives  the  sequence  tlj"  ,  whose  elements  satisfy 

1)  {,ePyv^(/*)  for  some  integer  >  A^._,  >  0, 

2) PMf/=«,-i  12:2, 

3)  Ilf/IL  =  /. 

II  Av/_iP{/ll  —  ll'^-(Ar,_,  +  i)P5(Ar,_,  +  i)||  ■  i  —  e  ^  i  — 

Next,  we  show  by  induction  that  for  /  ^  1 

ll-PitfilU  ^  l|P*-iP^/IU  +  C  forsomeoO  (5.2) 

where  c  does  not  depend  on  /.  Hence,  let  c  :=  1  -I-  e.  For 
/  =  1,  (5.2)  holds  trivially  since 

||P*$,lL<l<|lP,_,/?f,||,-HC. 

Next,  assume  (5.2)  holds  for  i  —  m.  We  now  show  it  must  hold 
for  /■  =  m  -f  1.  If  A:  <  A(„  we  have 

ll^*?m+llL=  l|P*fmlL:£  l|P*-,P?„IU  +  C 

^ll^*-l^fm+llL  +  C. 

If,  however,  k  >  we  can  write 
ll■P*^m^-llloo  <  m  +  1  <  ||P/^„Pf„|L'+  €  +  1 


(5.1) 
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SYSTEM  I 


SYSTEM  II 


Fig.  3.  Equivalence  of  stability  and  performance  robustness. 


which  completes  the  induction  proof. 

Finally,  we  define  the  desired  ?  €  ^  \  to  be  the  compo¬ 

nentwise  limit  of  such  sequence,  i.e., 

Yk^O 

/-•OP 

which  exists  because  of  property  (2).  It  is  easy  to  see  that  {  as 
defined  here  is  the  one  we  are  looking  for.  Specifically,  | 
belongs  to  \  /“  since  lim,-^o^l| {,|loo  =  «».  In  addition,  $ 
satisfies 

+  c  VA:>0 

which  is  inherited  from  the  $/s.  This  completes  the  proof. 

■ 

We  are  now  ready  to  state  a  theorem  establishing  a  relation 
between  stability  robustness  and  performance  robustness.  It  states 
that  performance  robustness  in  one  system  is  equivalent  to 
stability  robustness  in  another  one  formed  by  adding  a  fictitious 
perturbation.  A  similar  result  has  been  shown  to  hold  in  [7] 
when  the  perturbations  are  linear  time  invariant  and  when  the 
2-norm  is  used  to  characterize  the  perturbation  class.  The  same 
proof  does  not  apply  here  though,  due  to  the  assumed  time-vary¬ 
ing  nature  of  the  perturbations.  The  usefulness  of  this  theorem 
stems  from  the  fact  that  we  can  now  concentrate  on  finding 
conditions  for  achieving  stability  robustness  alone.  Once  we  do, 
performance  robustness  comes  for  free. 

Consider  the  two  systems  shown  in  Fig.  3,  where  Af  € 
and  A^eA(Pj,  q^).  In  System  n,  w  is  a  vector  input  of  size  p 
and  3^  is  an  output  vector  of  size  q.  In  System  I,  A(^,  q). 
It  follows  that  p  =  p  -h  Z/P,  and  g  =  ^  -h  YiiQr  Subdivide 
M  in  the  following  manner: 

^21 

where  Mu  € 

We  now  state  the  following  theorem  establishing  the  relation 
between  System  I  and  System  II. 

Theorem  1:  The  following  four  statements  are  equivalent. 

1)  System  I  achieves  robust  stability. 

2)  is  r-stable  for  all  De9[{p,  q);  (p,. 

^i);  ;  (Pn»  ^n)l-  • 

^3)  ( /  -J^22  *  is  /"-stable  and  |1  Mu  +  M|2  D{I  - 

^  belonging  to  9[( Pi,  q^);  •**  ; 

(Pn*  Qn)l 


M22) 


4)  System  II  achieves  robust  performance. 

Proof:  1)  2)  follows  from  the  remarks  preceding  Propo¬ 
sition  1.  3)  4)  is  immediate  since  a  necessary  and  sufficient 

condition  for  System  II  to  be  robustly  stable  is  that  (7* 
^22^)”*  is  /“-stable  for  all  D  in  9[{p^,qx)\  •  •  *  j  (p„,  <?„)]• 
Robust  performance  means  that  ll  Mu  -H  Mj^T^C/ 

which  is  exactly  what  the  remaining  part  of  3)  states. 

To  prove  the  theorem,  we  therefore  have  to  show  that  2)  3). 

Before  we  do  that,  we  introduce  the  following  notation: 

My,{D):=  M„  + 

We  start  by  showing  3)  »  2).  So  let  be^[{p,  q)\  (Pj, 
9i): y  (Pn»  ^  ^  written  as  diag  (A^,  D)  where 

ApeAip,  q)  and  Db9[{p^,  9i);  •••  :  9j]-  R  can  be 

easily  checked  that 


[I -Mb) 


N.l 

N,2 

^21 

^22 

where 

AT,,  :=  (/  -  M,SD)Ap) 


N,,  :=  (/  -  -  M^D) 


Nj,  (I  -  -  M,,{D)Ap) 


N22  :=  (/  +  N2,M,22))(/  -  M22D)  . 

Since  ||  M^„(D)1|  <  1,  it  follows  by  the  small  gain  theorem  that 
{I  -  Myu(D)Ap)~^  is  /"-stable,  which,  in  turn,  implies  that 
(  /  —  Mb)~'  itself  is  stable. 

Before  proving  2)  »  3),  we  will  first  show  that  given_any 
D  e  9[{pj,  qi);  ;ip„,  q„)]  we  can  find  De 
S-[iPj,  9i):  •  •  •  UP„,  <?«)]  such  that 


|lS_„A/^„(i?)S„l|  ^  ||Af^„(D)ll  v/t-a:  0. 


To  do  this,  we  construct  D  explicitly.  So  let  D  be  represented 
by  its  pulse  response  matrix,  i.e., 


D  = 


iDoo 


0 

Du 


\  : 


0 


Then  D  will  be  defined  in  terms  of  its  pulse  response  matrix  as 
follows: 


^00 


D  := 


-^00 

^10 


0 

^.1 

^00 

0 

^10 

Du 

^20 

Dix  7>22 

It  may  be  verified  that  the  structure  of  the  previous  matrix 
ensures  that  D  e  ^[(Pp  <?,);  * '  *  ;  (Pn»  Qn)]‘  Furthermore,  it  is 
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not  difficult  to  see  that 

V/>0 

where  m,*  =  +  /  and  =  0. 

We  now  show  that 

I|5-„M^„(5)S„1|  >  II  II  vn  >  0. 

It  will  suffice  to  prove  that 

'  II  5_„M^„(5)S„||  s  II  P,M^,iD)  II  V«,  k^O. 

Hence,  given  n  >  0  and  k  ^  0,  i  can  be  chosen  large  enough 
such  that  m,  >  n  and  /  >  k.  We  can  now  write 

||S.„M,„(5)S„||  >  ||S.„.A/^„(P)S„.|| 

s  ||i>,5_„,M,„(D)S„.|| 

=  ||P,A/,„(P,S_„,DS„,)|| 

=  ||P,M^„(P,Z))|| 

=  ||P,M^„(i?)|| 

>  ||P^M,„(D)|| 

where  we  have  used  the  time  invariance  of  This  proves  our 
claim.  We  can  now  use  this  fact  to  finish  the  proof  of  the 
theorem  which  we  do  by  contradiction.  Suppose  that  (I  - 
MD)-'  is  /“-stable  for  all  De9[(,p,  q);  9i);  ••• ;  (p„, 

q„y\,  but  that  for  some  £>„6^[(p„  9i);  •  •  •  :_(p„,  q„)]  it 
holds  that  ||  Af^„(Z)o)||  >  1.  We  can  then  form  in 
‘ J  (Pn»  ^/i)]  ^  shown  before  which  satisfies 

\\S^„M^,{Do)SJ  >  1|M^,(DJ||  >1  Vn>  1. 

By  Lemma  3,  this  says  that  (/  -  is  not  /“-sta¬ 

ble  for  some  in  A(^,  q)  which  contradicts  the  fact  that 
(/  -  MD)~^  is  /“-stable  for  all  jDe  9[(p,  q);  (Pj,  q{)\  •  •  * ; 
{Pny  Qn)\'  This  completes  the  proof.  ■ 


where  has  size  q^  x  p^.  We  also  define  two  maps  £y  and 
£,,  which  will  depend  on  the  p/s  and  the  q^s,  as  follows:  ’ 

£■/ :  ^  e  sucli  that  £,(7;, 

where  i?*€/*  ^  for  X:  =  1,-  •  n 

^r-  C. *  ‘gi. e  that  £,(fl , . •  •  • .  5„)  =  5, 

where  for  X:  =  1,- •  • ,  n. 

The  next  lemma  is  crucial  in  the  proof  of  the  theorem  to 
follow.  It  states  necessary  and  sufficient  conditions  for  a  se¬ 
quence  in  /^  to  be  mapped  to  another  in  If^  by  a  linear  strictly 
causal  map  with  norm  less  than  or  equal  to  one. 

Lemma  4:  Let  x  =  {Ar(/)}f.oe/”  ,  and  >- =  {;'(/)}r.o6 
/*,.  There  exists  A  6  A(r,  m)  such  that  A^  =  Jf  if  and  only  if 

||P*a:|U^  ||P*_,;7||,  vXrsO.  (6.1) 

Proof:  The  necessity  is  immediate,  so  we  proceed  to  the 
sufficiency  part.  So  assume  that  (6.1)  holds.  The  proof  is  trivial 
if  =  0:  just  pick  A  itself  to  be  zero.  So  assume  y  We 
will  now  construct  a  A  that  has  the  desired  properties.  We  start 
by  identifying  a  subset  of  the  7(/)’s,  call  it  yUi)^  ‘  , 

which,  depending  on  y,  may  or  may  not  be  finite.  This  subset 
may  be  defined  recursively  in  the  following  manner:  Let  /j  be 
the  smallest  integer  such  that  y{i{^  ^  0.  Given  y{i„),  let 
be  the  smallest  integer  greater  that  such  that  |  .vC/n+i)  1  od  ^ 

I  y{tn)  I  oo*  Using  the  x’(/)’s  and  we  are  now  ready  to 

construct  A  through  specifying  its  pulse  response  matrix.  So 
define 


where 

a:(/,  +  1)  ]  x{i^  +  2) ' 


VI.  Conditions  for  Stability  Robustness 

It  has  been  shown  in  Section  V  that  we  can  convert  a 
performance  robustness  problem  into  one  which  involves  stabil¬ 
ity  robustness  alone.  We  can  therefore  concentrate  only  on 
stability  robusmess.  We  seek  nonconservative  conditions  for 
achieving  stability  robustness  which  are  easy  to  verify.  Before 
we  begin,  we  establish  some  notational  conventions.  Throughout 
this  section,  the  perturbation  set  will  be  9[iPiy  ^j); 
q^)]  for  some  positive  integers  P\^*  p„  and  M 

belongs  to  where  p  :=  E,/?,  and  q  :=  Hence, 

M  can  be  partitioned  as  follows: 


^('2+1)1 

J.A2+2,/2: 


'^(^'3+  1) 

•>'('3)  J’ 


’3:(/2  +  2)' 


A/  = 


••  A/.„. 

••  Mnn- 

and  0  otherwise. 

Notice  that  each  row  of  any  of  these  matrices  has  at  most  one 
nonzero  element,  which,  by  the  choice  of  the  y{ijYs,  will  have 
its  absolute  value  less  than  or  equal  to  one. 


4(U 
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A  will  have  the  form 


A  = 


Av 


/3+l,/3 


from  which  it  is  easy  to  see  that  A  is  causal  and  that  Ax  =  y. 
Furthermore,  it  follows  from  the  remarks  immediately  following 
the  definition  of  A  that 

II A II  =  sup  I  (A,..,  A, -.2 
/ 

This  completes  the  proof.  ■ 

Using  this  lemma,  we  now  state  an  alternative  condition  for 
(I  -  MD)~^  to  be  /“-stable  for  all  D  in  ^i);***; 

(Pn^Qn)l 

Theorem  2:  There  exists  D  e  ^i);  *  *  •  ;  (p„,  g„)] 

such  that  (/  -  MD)'^  is  not  /“-stable  if  and  only  if  there  exists 
6  /*  g  \  /*  and  c>  0  such  that 

for  /  =  1 , . . . ,  n  and  V/:  >  0. 

Proof: 


( /  -  MD)  ~  *  is  not  /“-stable 

for  some  ■,{p„,q„)] 

it 

(  /  -  MD)  is  not  invertible  as  a  map  from  /“  to  /“ 

for  some  Z)s  9i);  •••  ;  (p„,  ?„)] 

3>^g/“^  \  /“  such  that  (/-  MD)>^6/“ 

for  some  De9[{p^,  9,);  ••• :  {p„,  q„)] 
t 

Help  g  \  and  yel^g  \  /"  such  that 

y-Mkel-zxsA  ||P*£,||L5  ||P,.,£,;.|L  (6.2) 

where  we  have  made  use  of  the  open  mapping  theorem  to 
conclude  the  second  statement  from  the  first,  and  Lemma  4  to 
get  the  last  statement  above.  To  finish  the  proof,  we  will  show 
that  (6.2)  is  equivalent  to  the  following: 

3^  elp  /*  and  c  >  0  such  that 

vA:  >  0  and  /  =  1 .  •  •  • ,  (6*3) 

Therefore,  assume  (6.2)  holds.  It  follows  that  there  exists  c  >  0 


such  that 

ca  ||(7-M|)||,. 

For  such  {  and  c,  we  can  now  write 

C>  ||p*.,4(>--moil 

2:||P*_,4;'|L-||P;t-.^,(A^I)IL 
S:  ||P*£,f|L-  ||P*.,£,(MUI|. 

wk  >0  and  /  =  1 , . . . ,  ^ 

which  is  exactly  what  (6.3)  states.  Conversely,  assume  (6.3) 
holds.  Define 


(x, •;')(/:):=  (x,A/U(^)  +  csgn(T,Me)(A:) 

vA:  and  /  =  1,*  •  • , 

It  follows  from  this  definition  that  y  -  A/f  is  in  /“.  Further¬ 
more,  it  is  immediate  from  the  definition  of  y  that 

1I^*-|4>’IU  =  II^*-i4(a/OIU  +  c 


which,  together  with  (6.3),  gives 


From  this  last  equation,  we  also  get  that  J'e/*^  \  /“.  This 
proves  the  theorem. 

Proof  of  Lemma  1:  The  proof  of  Lemma  1,  as  may 
readily  checked,  is  identical  to  that  of  Theorem  2  with 
replaced  by  R  and  with  w  =  1.  Note  that  even  though  M  has 
been  assumed  to  be  time  invariant,  this  was  never  used  in  the 
proof  of  Theorem  2.  ■ 

Before  we  can  state  Theorem  3,  we  need  to  establish  two 
additional  lemmas.  Together  with  Theorem  2,  these  lemmas  will 
be  the  main  tools  Used  in  the  proof  Theorem  3. 

Lemma  5:  Let  $  ePj^il"^)  =  x  •••  x  P/^(/*^). 

Then  given  €  >  0  and  aeS"  such  that  >  |l£y^|loo,  there 
exists  an  integer  N  >  N  and  f  €P;v(^P 

P^Ei[  =  and 


e 


I  P^£,M?  II >•  max  Y.  II  tl  .v 

X^msqi 

/=  l,*--,n. 


s:?"  ■ 
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Proof:  This  lemma  follows  immediately  from  [5,  Lemma 
5.2].  ■ 

Lemma  6:  Let  c  and  where  /=  and  j- 

1,**-,  n,  be  nonnegalive  red  numbers.  Then  the  following  is 
true. 

There  exist  n  sequences  of  nonnegative  real  numbers, 

say  rii  -  {yii{^)}/c=o^  at  least  one  of  which  is  unbounded, 
satisfying 

n 

rii{k)  <  Z  a^jTijik)  +  C 
y=i 

v/:  and  /  =  1,*  •  • ,  n  (6-4) 

the  system  of  inequalities  ^ 

Xf  ^  ^  ^ij^j  (^•^) 

y=l 

i  -  1,-  ■  • ,  'I 


has  a  solution  in  (K"*")”  \  {0} . 

Proof:  It  is  immediate  that  (6.5)  (6.4);  merely  let  J\i{k) 

=  kXi  where  (x,,*  •  jc„)  is  the  solution  guaranteed  by  (6.5). 

We  prove  the  other  direction  by  induction  on  n.  For  n  =  1, 
(6.4)  gives  an  unbounded  sequence  of  real  numbers  ri  such  that 

r){k)  <  arf{k)  +  c  y/k. 


Since  limsup^  7f{k)  —  oo,  it  follows  that  a  >  1.  This,  in  turn,  is 
true  if  and  only  if  x  S  ax  has  a  solution  in  (0,  oo),  or  equiva¬ 
lently  if  and  only  if  (6.5)  holds  for  «  =  1. 

For  the  second  induction  step,  assume  the  lemma  is  true 
whenever  n  <  1.  Assuming  (6.4)  holds  for  real  numbers 

c  and  a^j  where  /=  l,***,^^  and  j-  we  will 

complete  the  proof  by  showing  that  (6.5)  must  hold  as  well.  We 
start  by  noting  that  without  loss  of  generality  the  unbounded 
sequence  guaranteed  by  assuming  (6.4)  has  index  less  than  n^, 
i.e.,  for  some  /  <  we  have  limsupjt^oo’l/C^)  = 
were  not  the  case,  we  can  always  renumber  the  rj/s.  We  may 
also  assume  that  <  1,  otherwise  the  proof  of  this  lemma 
is  complete  since  3c''=''(0,-  •  *,  1)  solves  the  system  of  inequali¬ 
ties  in  (6.5)  for  n  =  n^.  Based  on  this  last  assumption,  dividing 
both  sides  of  the  n^th  inequality  of  (6.4)  by  1  -  yields 


no-  1 


^  T—: -  +  — 

^  ~  °nono  ./  =  !  ^ 


VA:. 


nQno 


Substituting  this  inequality  in  the  first  -  1  inequalities  of 
(6.4),  we  get 

Vi{k)  s  r  ffl,y+ 

-^=1  \  ^  ^nonoJ 

>fk  and  /  =  -  1 


where  c'  =  c  -h  c/(l  -  ^  0.  But  by  the  induction  hy- 

p)othesis  this  implies  that  the  system 


rtp- I 

y=i 


^ing^rioJ 

On  +  - - 

^  1  - 


/  =  I,---,  1 


*nono  - 

has  a  solution'  in  (IH'*')''®”’  \  {0}.  Denote  this  solution  by 
X  =  (x,,---.  x„^_f).  Now  define 

*  a 

^rto  •“  2^  -  Xj£A  . 


1 


nonp 


Clearly,  (jcj,*  •  *,  Jc„^)  €(Ji'^)”«' \  {0},  and  it  can  be  easily 
check^  that  it  solves  the  inequalities  in  (6.5)  for  n  =  This 
completes  the  induction  proof.  ■ 

Next,  we  will  state  our  main  result  establishing  the  equiva¬ 
lence  of  the  stability  robustness  problem  to  a  simple  algebraic 
one.  Depending  on  the  region  in  which  this  algebraic  problem 
has  its  solutions,  we  can  conclude  whether  or  not  our  system 
achieves  robust  stability,  and  by  the  results  of  the  previous 
section,  robust  performance.  In  order  not  to  clutter  the  exposi¬ 
tion,  we  first  state  and  prove  this  theorem  in  the  scalar  case. 
Hence  •  •  •  =  Pn  =  ‘  =  1-  Consequently, 

for  any  /,  £/  will  be  equal  to  tt,. 

Theorem  3:  (/-MD)“*  is  not  ^ /"-stable  for  some  De 
£P[(1, 1);  •  •  •  ;  (1»  1)]  if  and  only  if  the  system 

n 

y=i 

has  a  solution  x  =  (Jc,.-  •  *,  x„)  in  \  {0}. 

Proof:  Assume  {I  -  MD)~'  is  not  /“-stable  for  some 
De  S'[(l,  !);•••  ;(1, 1)].  By  Theorem  2,  there  exists  c>  0 
and  J  e  /^  ^  \  /*  such  that 

II  />*£,$  IL  -  II  i  IU  :£  C 

y=i 

V/:  ^  0,  and  /  =  1,  -  •  • ,  n. 

Applying  the  triangle  inequality  and  using  the  causality  of  M^jy 
and  the  fact  that  the  projection  operator  is  contractive  we  get 

||/»^£/?IU^  i  \\M,j\\^\\P,Eji\U  +  c  /=  1, •••./!. 

Finally,  applying  Lemma  6  gives  the  desired  conclusion. 

For  the  other  direction,  assume  there  exists  ^  =  (^i,  •  •  • ,  x„) 
6(1^+)"  \  {0}  such  that 

Xi^  Y,\\Mij\\^Xj  /  =!,•••,«. 

y=i 

We  will  show  that  this  will  imply  the  existence  of  c  >  0  and 
I  eC,*  ^  C  such  that 

II />*£,{  IL  -  II  IL  <  c  /  =  1.-  •  • , « 

which  by  Theorem  2  implies  that  (/  -  MD)~^  is  not  /"-stable 
for  some  De  ^[(1, 1);  •  * •  ; (1, 1)].  We  start  by  defining  a 
sequence  of  elements  of  /"  as  follows:  let  :=  Oe/".  Fix 
€  >  0  to  be  any  real  number,  and  define  c  :=  max,-  Xj  -h  e. 
Now  apply  Lemma  5  to  with  a  =  (x,,- •  *,  ^„)  to  get 
A^,  >  0  and  6Pyv,(^P-  Next,  apply  the  same  lemma  again  to 
with  a  =  (2jC|,---,2x„)  toget  /Vj  >  A/,  and  ^2eP;^^(lp). 
Repeating  this  procedure  indefinitely  we  get  the  sequence 
with  the  properties 

where  N„>N„_i>  •  •  • 

WEi^J^^mXi,  and 

\\Pn„E^MU\^  2:  E  WMijW^mXj  -  e  ' 
y=l 


V/c  >  0  and  for  /  =  1 ,  •  •  * .  n . 
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TABLE  I 

Conditions  for  Stability /Performance  Robustness  for  n  -  1,2,  and  3 

No.  of  A’s 

Necessary  and  Sufficient  Conditions  for  Stability  Robustness 

*  n  1 

l|A^ll.y<» _ _ _ '  _ 

n  =  2 

l|A/all..'<  1 

......  .  11 M, ,11^11^2.  Ilv  .. 

n  =  3 


i|A/33l|y<  1 


3311.*' 


llA^iilL  + 


IM,. 


.11^3,11.^ 


.  l|A^13lLllA^32tl.v\/„  ,1  l|A^23llvl|A^3llll.y\ 


1  -  II  A/,. 


1  - 


l|A^22ll.y  + 


l|Af23llv!l 


1  -  IIM- 


^32 II  V  \ 

33 II J/  / 


<  1 


We  next  show  by  induction  that  for  any  m 

|1P*£,U-:£1I^*-i4a/|„IU  +  c 

^  0  and  for  /  =  n.  (6.6) 

When  /n  =  0,  this  is  trivial  since 

|lP,£,f  JU  =  0  <  JL  +  c 

V/c  >  0  and  for  /  =  1.*  •  • ,  n. 

For  the  second  induction  step,  assume  (6.6)  holds  for  m  = 

We  now  show  that  (6.6)  holds  for  m  =  +  1.  We  prove  this 

in  two  parts:  first  when  k  <  and  then  when  k  > 

For  ksN^^ 

<||P*_,£,M|„JL  +  c 

When  k  >  we  have 

^  +  maXXy 

<  m^Xi  +  maxjCy 

J 

n 

^  Z  W^ijW^f^oXj  +  maxxy 
j~i  J 

S  II  PNmJiM^moW*  +  «  + 


tially  solved.  Applying  this  theorem  to  the  performance  and 
stability  robustness  problem  stated  earlier,  reduces  it  to  a  simple 
algebraic  one  in  which  the  object  is  to  determine  whether  a 
certain  system  of  inequalities  has  a  solution  in  a  particular  region 
in  S'*.  \^at  makes  this  algebraic  problem  particularly  attractive 
is  that  the  set  of  inequalities  that  arises  relates  in  a  simple  and 
direct  manner  to  the  original  problem.  Only  norms  of  the 
subentries  of  the  M  matrix  arise  and  they  do  so  in  the  same 
general  order  that  they  do  in  A/.  The  question  that  arises, 
naturally  at  this  point,  is  how  can  one  determine  whether  the 
system  of  inequalities  at  hand  has  a  solution  in  the  related  region 
of  S'*?  It  turns  out,  that  no  search  techniques  are  needed  to 
accomplish  this  task  and  the  answer  to  this  question  can  be 
determined  by  evaluating  certain  expressions  directly.  These 
expressions  also  involve  norms  of  the  subentries  of  M  and  thus 
are  easy  to  compute.  The  derivation  of  these  alternate  conditions 
for  stability  and  performance  robustness  is  the  next  topic  of 
discussion. 

The  first  step  in  restating  the  conditions,  involving  the  set  of 
inequalities  is  to  make  the  following  observation. 

Observation:  The  system  of  inequalities 

n 

Xi  St  ^  II  A/yy  II  /  =  1  ,  •  •  •  ,  n 


has  a  solution  in  (IS'^)'*  \  {0}  if  and  only  if  either  ||  M„„||  ^  ^  1 
or  II  A/^„||  j/<  1  and  the  system  of  inequalities 


n- 1 

E 


^  II II  oo  ^  ^  l,**‘,n. 

This  completes  the  induction  proof,  and  thus  we  have 

||P^£yf^|L<  llP,_,£yMf^|L  +  c 

V/:,  /n  >  Oandfor  /  =  n. 

Finally,  define  {  by  letting  {(A:)  :=  lim^^oo  fm(^) 

It  follows  that 

l|P,£yf|L<l|P,.,£yM{|U  +  c  /=l,--,n. 

Furthermore,  J  \  /®  since  lim^^«|l  P^J  Hod  =  This 
completes  the  proof.  ® 

With  this  theorem,  our  problem  stated  in  Section  IV  is  essen¬ 


/  =  !,•••, n  "  1 

has  a  solution  in  (K *'")'*  ^  \  {0}. 

Notice  that  this  observation  allows  us  to  replace  the  task  of 
determining  whether  any  solutions  to  a  set  of  n  inequalities  lie  in 
a  certain  region  by  the  simpler  one  of  determining  whether  the 
solutions  to  a  set  of  n  -  1  inequalities  lie  in  a  small  region 
together  with  a  simple  test  on  the  norm  of  M„„,  It  is  easily  seen 
how  this  can  be  repeated  until  we  completely  replace  all  such 
conditions  by  tests  on  expressions  involving  norms  of  the  Myy’s. 
a  much  simpler  task.  Table  I  lists  some  of  these  for  a  few  values 
of  n. 

Until  Theorem  3,  all  our  derivations  were  done  with  an 
MIMO  system  in  mind.  Theorem  3  broke  this  trend  in  order  to. 
avoid  the  additional  notational  complexity  which  would  undoubi- 


KHAMMASH  AND  PEARSON:  PERFORMANCE  ROBUSTNESS  OF  DISCRETE-TIME  SYSTEMS 


407 


edly  obscure  the  ideas  in  the  proof.  We  will  now  tie  this  loose 
end  by  stating  without  proof  the  analog  of  Theorem  3  in  the 
MIMO  case.  All  the  tools  for  the  proof  have  been  developed  and 
the  steps  are  identical  to  those  taken  in  the  proof  of  Theorem  3. 

In  order  to  discuss  the  multivariable  case  we  will  need  to 
make  reference  to  the  rows  of  Af/y  which  are  themselves  stable 
rational  functions.  Let  us  denote  the  /nth  row  of  by 
(Af/y)^,  which  is  also  equal  to  7r^Af,y.  Since  we  will  no  longer 
restrict  the  pfs  and  ^/s  to  be  equal  to  one,  the  following  set  is 
not  necessarily  a  singleton: 


(/-  MD)“‘  does  not  map  /*  into  /*  or  it  does  but  (/- 
MDy^  is  not  bounded.  Notice  that  the  second  possibility  was 
eliminated  when  D  was  restricted  to  be  in  9{n)  since  in  this 
case  if  /  -  MD  maps  /*  onto  /*  then  ( I  -  MD)  ^  *  is  bounded 
by  the  open  mapping  theorem.  Repeating  the  same  arguments 
used  before,  the  first  of  these  possibilities  can  be  shown  equiva¬ 
lent  to  the  system  of  inequalities 

n 

Xi^  E  W^ijW^Xj  /=  1, •••,/! 


{(^1,*  •  •  *  ^/,)  €Z  :  1  <  /T/  ^  .  . 

From  this  definition  it  is  clear  that  the  set  Jf  has  exactly  nf.  jg, 
elements.  To  each  keX  corresponds  the  system  of  inequalities: 

where  Ar  =  (At, As  the  next 
theorem  shows,  it  is  the  solutions  of  these  inequalities  that  are  of 
concern  when  seeking  necessary  and  sufficient  conditions  for 
stability  and  performance  robustness  in  the  MIMO  case. 
Theorem  4:  is  not  /“-stable  for  some  De 

;(P„.  ?«)]  if  and  only  if  for  some  A:  = 
(A:,,-  ••,*„)  e  Jf',  the  system 

n 

has  a  solution  x  =  (x,,*  •  *,  in  \  {0}. 


Vn.  Nonlinear  Perturbations 

In  this  section,  it  will  be  shown  that  if  the  class  of  perturba¬ 
tions  is  enlarged  to  include  norm-bounded  nonlinear  perturba¬ 
tions,  then  the  conditions  for  robust  stability  remain  the  same. 
This  means  that  robustness  to  linear  time-varying  perturbations 
will  automatically  guarantee  robustness  to  nonlinear  perturba¬ 
tions  as  well.  Furthermore,  it  is  shown  that  when  enlarging  the 
perturbation  class  to  include  nonlinear  perturbations,  stability 
robusmess  remains  equivalent  to  performance  robustness,  and  so 
the  conditions  for  stability  and  performance  robustness  for  time- 
varying  perturbations  are  the  same  as  those  for  nonlinear  pertur¬ 
bations.  For  simplicity,  we  shall  consider  the  scalar  case  here. 
We  start  by  extending  our  definition  for  the  perturbation  class  to 
include  nonlinear  perturbation.  So  define 

^NL ] 

:=  I diag  ( A, , •  •  • ,  A„)  |  A,-  strictly  causal  and 


sup 

x^o 


Ik  II  CO 


For  simplicity  we  adopt  the  following  notation: 


having  a  solution  in  \  {0}.  By  Theorem  3,  this  implies 

that  (/-MD)”*  is  not  /“-stable  for  some  D  in  9{n)  and 
hence  in  9sL!<n),  i 

Now  suppose  (/-MD)“'  maps  /“  into  /“  for  all  De 
9sLi^)  but  that  for  some  De  it  is  not  bounded.  This 

implies  the  existence  of  a  sequence  of  elements  of  /“,  { 
with  JCjt  0,  such  that 

lim  - - — - - =  00. 

II  Xfc  II  00 

Define  :=  (I  -  MDy^Xf^,  From  this  definition  we  have 

n 

“  "^iXk  "1"  E  k  ' 

J^\ 

Using  the  triangle  inequality  and  dividing  by  |[  x^  || we  get 

Vi{k)  <  E  \\M,jl^vj{k)  +  1 

where  ri^ik)  :=  |1  IkjtIL*  Applying  Lemma  6  gives 

us  that  the  system  of  inequalities: 

n 

has  a  solution  in  \  {0}.  As  before.  Theorem  3  implies 

that  (/  -  MD)”  *  is  not  /“-stable  for  some  D  6  9{n).  ■ 

One  last  issue  remains  to  be  settled.  We  have  shown  that 
stability  robustness  is  equivalent  to  performance  robustness  when 
the  class  of  perturbations  is  9{n),  It  does  not  immediately 
follow  that  this  should  be  true  if  the  perturbation  class  were 
9f^ijin),  Next,  we  shall  show  that  indeed  stability  robustness  is 
equivalent  to  performance  robustness  even  when  enlarging  the 
perturbation  class  to  include  nonlinear  perturbations. 

We  will  assume  the  class  of  perturbations  is  9j^i{n)  and  that 
we  have  one  performance  objective  consisting  of  keeping  the 
norm  of  the  function  mapping  the  external  input  u  to  the  output 
y  less  than  one  (Fig.  3,  SYSTEM  II). 

Therefore,  we  have  the  following  M  matrix: 


, _ 

n 

(  M„  • 

••  \ 

(1.1); 

•••;(!, 1) 

M  = 

n 

••  A/n  +  l.n+l/ 

As  before,  we  define  the  subentries  of  M  as  follows: 

•=  ^12  *=(^12  *'*  -^Ln+l) 

Theorem  5:  (/-MD)”*  is  /  -stable  for  all  De9{n)  if 
and  only  if  it  is  /“-stable  for  all  De  9^ijin). 

Proof:  The  sufficiency  part  is  immediate  since  9{n)  C  := 

9f^ijin).  We  prove  necessity  by  contradiction.  Suppose  (/ - 
MD)"*  is  not  /“-stable  for  some  Then  either 


^21  \ 


M, 


rt-f  1 ,  i  / 
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^22 


^11 


^2.rt  +  l 

w-fl 


The  next  theorem  establishes  the  equivalence  of  stability  and 
performance  robustness  when  nonlinear  perturbations  are  in¬ 
cluded. 

Theorem  j5:  (/  -  M22 is  /“-stable  and  l|M|j  -h 
A/|2D(/  ~  •^22'^) '^^21 1  <  1  for  all  Z)  6  if  and  only 

if  (7  -  MDy  *  is  /“-stable  for  all  .D  e  +  1). 

Proof: 

(Only  if):  This  direction  is  an  immediate  consequence  of  the 
small  gain  theorem. 

(If):  Clearly,  if  (7  -  A/22-D)”’  were  not  /“-stable  for  some 
then  (7  -  MD)"*  will  not  be  /“-stable  Jor  some 
-I-  1).  So  suppose  1|M,,  -h 
A/2j||  ^  1  for  some  D^e  Now  define 


L  := 


/ 


^2 

^3 


■'n  +  l 


It  follows  that 


1  £  ||M„  +M,2L1|  :£  ||A/„1U+  ||M,j1|.J|L2|| 

+  (7.1) 

Using  the  triangle  inequality  and  the  submultiplicativity  of  the 
norm  it  follows  from  the  definition  of  L  that 


the  performance  objective  to  be  achieved.  Finally,,  we  provide 
an  example  where  three  A’s  are  involved.  This  example  arises 
when  one  considers  a  class  of  plants  formed  by  perturbing  a 
nominal  linear  shift-invariant  plant  through  adding  both  additive 
and  multiplicative  perturbations  and  demands’  that  the  worst  case 
norm  of  the  sensitivity  function  is  to  be  minimized  through  the 
choice  of  a  robustiy  stabilizing  controller.  We  begin  with  the 
stability  robustness  application. 

1)  Stability  Robustness  (Unstructured):  This  is  the  simplest 
case.  The  perturbations  take  the  form  of  one  A  having  q  inputs 
and  p  outputs.  The  question  then  is  when  is  (7  -  A/A)"  *  stable 
for  all  A  in  A(/?,  q)l  Equivalently,  when  is  the  interconnection 
of  A/eiff/^  and  A  stable  for  all  A  in  A(p,  ^)?  From 
Theorem  4,  a  necessary  and  sufficient  condition  for  robust 
stability  is  that  none  of  the  q  inequalities 

has  a  solution  in  (0,  00).  Clearly,  a  necessary  and  sufficient 
condition  for  that  to  happen  is  that  ||(A/)J^<  1  for  all  /,  or 
equivalently  |1A/1|^<  1.  This  is  exactly  the  problem  solved  by 
Dahleh  and  Ohta  in  [4]. 

2)  Input  Sensitivity  in  the  Presence  of  Multiplicative  Input 
Perturbations:  Let  be  a  given  nominal  linear  shift-invariant 
discrete-time  plant  with  q  inputs  and  p  outputs.  Consider  the 
following  family  of  plants  formed  by  adding  weighted  multi¬ 
plicative  perturbations  to  this  nominal  plant: 

n  :=  {i>:P  =  P„(;+fr,A),A6A(7.9)} 

where  IT,  6  iff/®.  Let  SiP^)  be  defined  as  follows: 

S{Pg):=  {C :  C  is  linear  causal  shift-invariant 


\\L2\\^\\m^A^+\\m^\\AL2\\ 

+  •••  +  II  A/:.  ,..,11^  II  II 

ll^«..ill=£||Af„.H,.,IL+||M„^i,2l|^||I.2ll 

+  •••  +l|A/„+i.„+il|^||L„+,||. 

Combining  these  inequalities  with  (7.1)  it  can  be  seen  that 
(1,  ||Z,2ll»’ * l|j^n  +  Ml)  solves  the  following  system  of  in¬ 
equalities: 

/I+l 

Xi^  Y.\\Mij\\^Xj  /=l,-",/t  +  l 

which  by  Theorem  3  implies  that  (7  -  MDy^  is  not  /“-stable 
for  some  D  6  9^ifn  -h  1).  This  completes  the  proof.  ■ 

Vin.  Applications 

In  this  section,  we  present  some  applications  to  the  theory 
developed  thus  far.  Starting  with  stability  robustness,  we  provide 
necessary  and  sufficient  conditions  for  stability  robustness  in  the 
simple  case  when  only  one  perturbation  is  considered.  Next,  we 
add  a  performance  objective,  namely  the  sensitivity  function, 
and  demonstrate  how  its  norm  can  be  made  small  in  the  presence 
of  multiplicative  plant  perturbations,  subject  of  course  to  robust 
stability.  We  contrast  the  conditions  obtained  when  the  input 
sensitivity  function  is  the  performance  objective  of  interest,  to 
those  obtained  when  the  output  sensitivity  is  considered  in¬ 
stead.  Both  of  these  cases  involve  two  A’s,  one  representing  the 
actual  plant  perturbations,  and  the  other  fictitious,  representing 


controller  stabilizing  P^) . 

For  a  fixed  C e  S{Pf)  and  7  >  0  we  will  now  obtain  necessary 
and  sufficient  conditions  for  C  to  stabilize  every  Pell,  and  at 
the  same  time  satisfy  ||(7-P  CPy^W2l  <  y  for  all  P  in  IT. 
Hence,  the  performance  objective  in  this  case  is  keeping  small 
the  norm  of  the  weighted  input  sensitivity  function  ( 7  -f- 
CPy^W2  despite  the  presence ’of  the  multiplicative  perturba¬ 
tions. 

This  problem  can  be  set  up  in  the  framework  discussed  in  the 
previous  sections  where  a  fictitious  perturbation  replaces  the 
performance  objective,  thus  transforming  this  stability  and  per¬ 
formance  robustness  problem  into  a  stability  robustness  problem 
alone.  This  alternate  problem  has  9[(q,  q),  (q,  ^)]  as  the  class 
of  perturbations,  and  an  M  matrix  of  the  following  form: 

/  1  ,  ,  \ 
-(/^-cp„)-V2  cPgii+cPgy^w, 

M. 

-(Z+CPj-Vj  CPg{l+CPg)-'W. 

/ 

From  Table  I  and  Theorem  4,  necessary  and  sufficient  conditions 
for  robust  stability  for  this  problem,  and  hence,  for  robust 
performance  for  the  original  one  are  as  follows: 

•  11(7;), IL<  1 


I-(5J,!L- 

7 


(7;),II.J|-(So)ylL 
I  -  ll(7;)Jv 


<  1 

i<J  =  i,- 
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where  ;=  (/  +  and  T„  :=  CP<,(/  + 

CPy'gW^.  Equivalently,  these  conditions  can  be  written  as  the 
following: 


•  |L<1 

1 

IKO.-IL  "i 

[i  -  lH(So),llv)  " 


/  = 

i  -  !,•••,  9, 

(So);!!.. 

WohUi^^ 

i,j= 


which,  in  turn,  are  equivalent  to  the  following  conditions: 


'oll.v 


<  1. 


S 1  - 11(7;), 11.= 


ll(So),l 


<  y- 


If  we  define  'i'  :=  {CeSiPg) :  C  stabilizes  all  PeH},  then  it 
follows  from  our  stability  robusmess  conditions  for  one  A  that 
Ce’J'  if  and  only  if  CeS{Pg)  and  lirolL<  1-  Hence,  we 
have  shown  through  the  two  conditions  obtained  above  that  for 
any  Ce’i' 

„  li(^o).ll-^ 

=^11(/+CP) 

This  is  exactly  the  result  obtained  by  the  authors  in  [5]  using  a 
different  approach.  In  fact,  it  is  not  difficult  to  show  [5]  that  for 
any  7  >  0 

and  sup  ||(/  +  CP)  *W^2ll  <  7  ^  CeS(Po) 

Pen 

and  1!(S^  77;)  II  ^<7- 


Since  it  is  known  [2],  [8],  [9]  how  to  solve  problems  like 


min  II (So  7^0)  11  ^ 

CeSiPo) 

it  is  clear  how  an  iterative  scheme  can  be  devised  whereby  the 
value  of  7  can  be  increased  or  decreased  according  to  the 
outcome  of  the  optimization  problem  stated  previously,  until  7 
is  as  close  as  desired  to  7opt,  where 

7  :=  inf  supll(/+ CP)"  V2II. 

Pen 

Since  at  each  iteration  step  a  controller  that  achieves  the 
minimum  can  be  computed,  we  can  find  a  controller  that  achieves 
arbitrarily  closely 

3)  Output  Sensitivity  in  the  Presence  of  Output  Multiplica¬ 
tive  Perturbations:  For  this  case  let 


n  :=  {P:P=  (/+ 

where  Pg  and  are  as  before.  Suppose  we  are  now  interested 
in  the  norm  of  the  output  sensitivity  function  as  a  performance 
measure.  For  Ce  S(Po),  the  M  matrix  now  has  the  form 


M  = 


^  }.W^{I  +  PgCy' 
7 


-w.{i  +  PgCy'  ^ 
y 


w,PgC{i  +  PgCy'  w,PgCii  +  PgCy' I 


Hence,  from  Table  I  necessary  and  sufficient  conditions  for 
robust  stability  and  performance  are  now: 


11(7;), 11.,  <1  /=!,•• -.9 


J  ll(7;)yll^lH(Sj,lL. 

ll-(So),ll.v+  1  -  iKrjyiL  ^ ' 

/.y  = 

where  Tg  :=  IF,P„C(/  +  PgCy'  and  Sg  :=  + 

PgO~K  Equivalently,  these  conditions  can  be  written  as  fol- 


O 

lows: 


•  ll7;ii.y<i 


II  s, 


0 II  .s' 


1  -  iit; 


<7- 


oWj/ 


With  defined  as  before,  it  follows  that 

.1  l|5oll.y 

for  any  Ce  i',  sup  ||  W2{I  +  PC)  ||  -  -  ..  • 

/>en  1  “  II ‘o\\.^ 

Even  though  these  conditions  are  different  from  those  obtained 
in  the  input  sensitivity  case,  for  a  scalar  plant  they  are  actually 
the  same. 

4)  Sensitivity  Minimization  in  the  Presence  of  Additive 
and  Multiplicative  Perturbations:  So  far  all  the  examples  con¬ 
sidered  involved  at  most  two  A’s.  We  now  look  at  an  example 
where  three  A’s  enter  the  analysis  (n  =  3).  Despite  the  fact  that 
given  a  specific  CeS(Pg)  the  conditions  obtained  for  robust 
stability  /performance  are  relatively  simple  to  test  and  hence  are 
ideal  for  analysis  purposes  for  large  values  of  n,  in  general, 
designing  a  controller  that  achieves  robust  stability  and  perfor¬ 
mance  is  not  as  simple  a  problem  especially  when  n  >  2.  This 
becomes  apparent  when  looking  at  the  conditions  for  n  =  3  in 
Table  I.  However,  as  this  example  demonstrates,  in  some  impor¬ 
tant  applications  we  can  exploit  the  structure  of  the  sprcific 
problem  at  hand  to  reduce  thwe  apparently  complex  conditions 
into  simple  ones  which  lend  themselves  easily  to  optimization 
procedures,  thus  facilitating  synthesis.  To  see  this,  consider  the 
class  of  plants  formed  by  adding  weighted  additive  as  well  as 
multiplicative  perturbations  to  a  nominal  plant  Pg.  Multiplica¬ 
tive  perturbations  represent,  for  example,  unmodeled  high- 
frequency  dynamics,  sensor  noise,  etc.,  whereas  the  additive 
perturbations  represent  the  unmodeled  time  variations  in  the 
plant  and  nonlinear  part  remaining  after  linearizing  a  nonlinear 
plant  about  an  operating  point.  For  simplicity,  we  shall  look  at 
the  scalar  case  alone.  Hence,  let 

n  :=  {P:P  =  Pg  +  i^zW^Pg  +  AjIFj, 

where  A.,  A3 e  A(1,  l)} . 

Here,  Ifj,  ^36^^/''  are  stable  weights.  With  this  class  of 
plants,  we  now  look  at  the  problem  of  robust  output  sensitivity 
minimization  subject  to  robust  stability.  So  it  is  desired  to 
minimize  the  worst  case  value,  as  P  varies  over  11,  of  ||  IF, (7 
+  PC) "'ll  subject  to  robust  stability.  We  start  by  fixing  Ce 
S{Pg)  and  then  finding  necessary  and  sufficient  condition  for 
1I(1/7)W^i(7  + 7»C)"‘|1  <  1  for  all  Pell  subject  to  robust 
stability.  As  before,  this  problem  fits  very  naturally  in  our 
framework  and  is  equivalent  to  a  stability  robustness  problem 
with  the  class  of  perturbations  consisting  of 
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;  (1, 1)],  and  an 
M=  I 


M  matrix  as  follows 

lw,{I  +  P,C)-' 

y 

■IV^P.Cil  +  P.C)-' 

-w^cii  +  p^c)-' 


-W,{I+P,C)-' 

y 

-W^P„C(/  +  P„C)"‘ 

-w,c{i  +  p^cy' 


Applying  Theorem  3,  or  equivalently  looking  at  Table  I  for 
n  =  3,  we  find  the  following  necessary  and  sufficient  conditions: 


■ollv 


ll^olL<  1 
^  ll7;ii.j|/?oiiv  ^ 


1  -  \\R 


oil  V 


1  /  1  \ 
7 

-W:,P„C{I  +  P„C)-' 
-W,C{I  +  P„C)-'  j 


I 


l|-5ollvll^ollv 


•  ll~5o||^  + 
7 


1  -  II 


oll^ 


1 

7 


l-s, 


oll^ll^oll  V 


1—5011.^  + 


^-\\Ro\\ 


ollv 


/ 


‘oil 


17'olLll^oll.V 

1  -  WRoWw 


<  1 


1  -  lirj|  ^+ 


IT’olLll^olL 

1  -  ll^oll  V 


where  S,  IV^(I  +  P„Cr\  7;  :=  kKjP„C(/ +  P„C)-', 
and  Rg  :=  +  P^C)  '.  These  three  conditions  are 

equivalent  to  the  following  condition: 

7 

This  condition  is  the  key  to  controller  synthesis.  As  before,  this 
can  be  done  by  iteration  on  7,  and  we  can  get  as  close  as  desired 
to  the  optimal  7. 

Finally,  we  use  the  aforementioned  three  conditions  to  derive 
an  explicit  expression  for  the  quantity  supp^n II  +  PC)"  * || 
for  any  Ce'i'.  This  is  done  by  observing  that  the  first  two 
conditions  are  exactly  those  needed  for  robust  stability  alone  and 
can  be  rewritten  as  the  following: 

•  l|7’alL+ll^olL<l- 

Simplifying  the  third  condition  above  and  combining  it  with  this 
one,  we  can  write 

Ce'i^and  |lkf'i(/  +  PC)''l|  <7  forallPeD 


We  next  provide  a  numerical  example  demonstrating  the 
advantages  of  incorporating  performance  robustness  considera¬ 
tions  in  the  design  procedure. 

Example  I:  Assume  a  physical  plant  is  modeled  by  the 
following  plant  class: 


n,  :=  {P=  (/+ArkK,)A:AeA(l.l)} 

where  P„  =  z(z  -  0.1)/(z  -  0.5)(z  -  2),^  W',  =  0.1/z  + 
1.1,  and  r  is  a  positive  real  number  representing  the  assumed 
radius  of  perturbation  ball.  This  class  is  the  same  as  that 
considered  in  the  third  application  example  in  this  section,  with 
the  only  difference  being  that  here  we  show  the  dependence  on  r 
explicitly  instead  of  absorbing  it  in  the  weight 
We  have  shown  in  this  section  that  CeS(P^)  achieves  robust 
stability  if  and  only  if  ||/‘rollj/<  for  a  robustly 

stabilizing  controller,  the  worst  case  norm  of  weighted  sensitiv¬ 
ity  function  is  given  by 


sup  ||(/  +  PC)-V2l|  = 

P^r 


ll^olL 


CeS(P„)and|ir„|L+l|PJ|^<l 


and 


II  So  II,. 


1-(I|7;|L+IIP„IL) 


<  7- 


It  follows  that  for  any  C  6  ^ 


sup  ||PF,(/  +  PC)-*|| 
i>6n 


WSqW^ 


This  expression  can  be  used  for  analysis  purposes,  after  the 
condition  for  robust  stability  has  been  checked.  It  is  interesting 
to  see  how  robust  stability  cannot  be  separated  from  robust 
perfc  rmance  since  without  robust  stability  the  expression  for  the 
worst  case  performance  makes  no  sense. 


where  :=  (/  -h  and  :=  P^C(I  -h 

PoCy^W^,  For  this  example,  we  choose  1^2  =  0.5/z  -  5.0. 
Before  attempting  any  design  procedure,  we  can  compute  the 
maximum  perturbation  ball  radius  that  can  be  tolerated  without 
violating  robust  stability,  regardless  of  the  choice  of  controller  in 
S(P^).  This  number  is  equal  to  l/minc€scPo)ll  ^olL  •=  ^max* 
For  our  specific  problem  data,  =  2.90909.  If  r  > 
robust  stability  is  lost  and  no  controller  in  SiP^)  can  restore  it. 
In  fact,  the  results  in  [6]  show  that  even  allowing  the  controller 
to  be  time  vaiying  does  not  help.  We  therefore  restrict  ourselves 
<  '‘max '  Next,  we  compare  the  robustness  properties  of 
three  design  procedures.  The  first  of  these  ignores  the  perturba- 

‘  We  adopt  the  convention  that  the  transform  of  a  signal  u  is 
ZT^o^ik)z^. 


KHAMMASH  AND  PEARSON:  PERFORMANCE  ROBUSTNESS  OF  DISCRETE-TIME  SYSTEMS 


411 


radius  vs.  nominal  sensitivity  norm 


II  Sol], 


0.4- 

0.2-* 

0— 

0 


radius  vs.  (radius,  x  complementary  sensitivity  norm) 


Fig.  4.  Second  and  third  design  procedures  in  Example  1. 


tions  and  minimizes  the  norm  of  the  weighted  nominal  sensitiv¬ 
ity  function.  The  second  design  procedure  does  the  same  but 
with  the  added  constraint  that  robust  stability  is  to  be  main¬ 
tained,  while  the  third  procedure  minimizes  the  worst  case 
norm  of  the  weighted  sensitivity  function  subject  to  robust 
stability.  We  consider  each  of  these  separately. 

In  the  first  procedure,  we  solve  using  the  techniques  in  [2],  [8] 
the  problem 


min 

CeSiPo) 


||(/  +  />„c)‘V2|| 


For  our  example,  7^^^  =  0.7265306.  Computing  the  Q  parame¬ 
ter  associated  with  ynom*  can  find  the  corresponding 
whose  42/  norm  turns  out  to  be  7.0979592.  Therefore,  robust 
stability  is  achieved  only  for  r  <  1/ ||  ||  ^  =  0. 14088557, 

which  is  much  less  than  the  maximum  achievable  value  of  r^. 
Furthermore,  for  this  range  of  r 


sup  ||(/  +  />C)-V2|| 
P^r 


||5JL^  0.7265306 

1  -  WrToW^  "  1  -  7.0979592  r 


which  approaches  po  as  r  approaches  0.14088557.  Notice  that 
the  design  scheme  does  not  depend  on  r  since  it  completely 
ignores  the  perturbations. 


The  second  design  procedure  attempts  to  achieve  robust  stabil¬ 
ity  for  larger  values  of  r  by  solving  the  problem 


subject  to  II /To  II  1. 


In  its  present  form,  this  problem  has  no  solution.  We  shall  solve 
the  following  slightly  modified  form  of  it  which  does  have  a 
solution: 


min 

CeS{Po) 


lisjl 


subject  to  ||rro||^<  1 


€ 


where  e  >  0.  For  our  example,  we  shall  pick  €  =  0.001  and 
solve  this  problem  for  various  possible  values  of  r.  Fig.  4  shows 
the  resulting  values  of  ||So||jy,  ||/•7■o||^  and  suppgnJI(-^  + 
PC) “'1^2  II  as  functions  of  r.  Of  course  for  an  actual  design, 
the  value  of  r  is  chosen  a  priori  and  the  optimization  problem  is 
solved  for  that  particular  r.  The  numbers  appearing  in  the  figure 
were  obtained  by  solving  the  previous  optimization  problem 
over  all  polynomial  closed-loop  objective  functions  with  degree 
less  than  or  equal  to  11  (see  [2];  [8]  for  more  details  on  solving 
truncated  problems).  As  may  be  seen  in  the  figure,  even  though 
this  design  method  acknowledges  the  existence  of  the  perturba¬ 
tions  and  as  a  result  yields  systems  which  are  robustly  stable  for 
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values  of  r  as  large  as  these  designs  suffer  from  extremely 
bad  performance  robustness  properties,  especially  for  r  >  2.  In 
fact,  for  r  >  2.18,  the  worst-case  norm  of  the  nominal  sensitiv¬ 
ity  approaches  1000!  Worse  still,  if  one  attempts  to  further 
decrease  the  norm  of  the  nominal  sensitivity  by  making  e 
smaller  but  still  keeping  it  larger  than  zero  to  guarantee  robust 
stability,  the  worst  case  norm  of  the  sensitivity  function  gets 
much  larger  despite  the  smaller  value  for  the  nominal  sensitivity 
norm.  It  can  be  made  arbitrarily  large  by  making  €  sufficiently 
small. 

Fortunately,  the  third  design  scheme  does  not  suffer  from  any 
of  the  problems  associated  with  the  first  two  design  schemes.  It 
is  based  on  solving  the  following  problem: 


inf  sup  |1(/+  PCY^W2\  = 
P^r 


c6s%o)  i-lk7;iL' 
11  1 


Fig.  4  shows  the  resulting  values  of  IIS^H^,  and 

suppgnrlK^"^  PC)  "*1^2  II  for  various  assumed  values  of  r.  To 
allow  comparison  with  the  second  scheme,  a  maximum  closed- 
loop  polynomial  degree  of  11  was  used  here  as  well.  The  figure 
indicates  that  this  design  scheme  not  only  has  much  better 
performance  robustness  properties  than  the  first  two  schemes, 
but  that  it  also  has  superior  stability  robustness  properties  as 
shown  by  the  values  of  ||  rT^  ||  y .  This  means  that  it  can  tolerate, 
without  losing  stablity,  perturbations  with  radius  even  larger 
than  r,  the  perturbation  radius  which  was  used  in  the  design. 
These  large  improvements  in  both  stability  and  performance 
robustness  properties  are  gained  at  the  very  small  cost  of  a  slight 
increase  in  the  norm  of  the  nominal  sensitivity  function. 

IX.  Conclusion 

We  have  provided  in  the  previous  sections  necessary  and 
sufficient  conditions  for  achieving  stability  and  performance 
robustness.  These  conditions  can  be  applied  to  a  large  class  of 
problems  in  which  multiple  perturbations  can  enter  in  various 
configurations.  The  conditions  involve  no  more  than  computing 
the  norm  of  certain  transfer  functions,  a  task  which  can  be 
done  to  any  degree  of  accuracy  with  relative  ease.  Consequently, 
these  conditions  provide  a  particularly  attractive  method  for  the 
analysis  of  stability  and  performance  robustness.  We  have  also 
shown  that  in  some  important  cases  obtaining  a  controller  with 
optimal  robustness  properties  can  be  done  through  a  simple 
iterative  scheme.  Synthesis  of  controllers  in  the  more  general 
case,  is  an  interesting  problem  which  is  currently  under  re¬ 
search. 
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Abstract— VI t  present  a  framework  for  dealing  with  continu* 
ous-time  periodic  systems.  The  main  tool  is  a  lifting  technique 
which  provides  a  strong  correspondence  between  continuous¬ 
time  periodic  systems  and  certain  types  of  discrete-time  time- 
invariant  systems  with  infinite  dimensional  input  and  output 
spaces.  Despite  the  infinite  dimensionality  of  the  input  and 
output  spaces,  a  lifted  system  has  a  finite-dimensional  state 
space  if  the  original  system  does.  This  fact  permits  rather 
constructive  methods  for  analyzing  these  systems.  As  a  demon¬ 
stration  of  the  utility  of  this  framework,  we  use  it  to  describe 
the  continuous  time  (i.e.,  intersample)  behavior  of  sampled-data 
systems,  and  to  obtain  a  complete  solution  to  the  problem  of 
parametrizing  all  controllers  that  constrain  the  iMnduced  norm 
of  a  sampled-data  system  to  within  a  certain  bound. 


Introduction 

OUR  motivation  for  studying  continuous-time  periodic 
systems  comes  from  considering  sampled-data  control 
systems,  in  which  a  discrete-time  controller  is  used  in  feed¬ 
back  with  a  continuous-time  plant.  The  interconnection  be¬ 
tween  the  two  parts  of  the  system  is  typically  through  sample 
and  hold  devices.  In  most  treatments  of  sampled-data  sys¬ 
tems,  the  continuous-time  plant  is  in  some  way  discretized, 
and  one  designs  a  controller  for  the  discretized  plant.  Gener¬ 
ally,  this  treatment  describes  the  behavior  of  the  overall 
system  only  at  the  sampling  instants,  and  the  intersample 
behavior  is  lost  in  the  process  of  discretization. 

Recentiy,  there  has  been  an  increased  interest  in  problems 
involving  the  intersample  behavior  of  sampled-data  systems. 
The  impetus  for  this  comes  from  robust  control  problems  for 
which  it  is  more  natural  to  consider  the  sampled-data  system 
in  continuous  time.  For  example,  in  the  disturbance  rejection 
problem,  since  the  physical  system  being  controlled  (the 
plant)  evolves  in  continuous  time,  it  is  reasonable  to  consider 
the  disturbances  as  continuous-time  signals.  When  measuring 
the  effect  of  disturbances  on  other  signals  in  the  system,  this 
has  to  be  done  at  all  times  (i.e.,  in  between  samples),  and  not 
only  at  the  sampling  instants.  Another  example  is  given  by 
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the  robust  stability  problem  (in  in  which  the  uncer¬ 

tainty  in  the  plant  is  described  as  a  weighted  error  bound  on 
the  frequency  response  of  a  nominal  plant.  The  resulting 
perturbation!  (on  the  nominal  plant),  is  a  continuous-time 
system,  therefore,  if  one  is  to  use,  for  example,  the  small 
gain  theorem  to  stabilize  the  whole  family  of  plants,  one  must 
consider  norms  in  the  system  over  continuous  time. 

In  this  paper,  we  will  be  concerned  with  the  problem  of 
bounding  the  L^-induced  norm  (in  continuous  time)  of  sam¬ 
pled-data  systems.  The  setup  is  shown  in  Fig.  1,  where  G  is 
a  continuous-time  time-invariant  generalized  plant,  C  is  dis¬ 
crete-time  time-invariant,  is  a  zero-order  hold  (with 
period  t),  and  .5^  is  an  ideal  sampler  (with  period  t). 
and  are  assumed  to  be  synchronized,  they  provide  the 
interface  between  the  digital  and  the  analog  parts  of  the 
system.  We  call  the  sampled-data  controller.  The 

exogenous  input  w  contains  disturbances  and  command  sig¬ 
nals,  the  regulated  output  z  are  the  variables  which  should  be 
made  “small,”  note  that  they  are  both  continuous-time  sig¬ 
nals,  since  we  want  to  describe  the  input-output  behavior  of 
the  sampled-data  system  in  continuous  time.  We  also  call  the 
arrangement  in  Fig.  1  the  hybrid  system,  to  emphasize  that 
we  are  considering  the  overall  behavior  of  the  system. 

The  problem  we  consider  is  given  7  >  0,  to  find  C  such 
that  the  induced  norm  of  the  mapping  from  w  to  z  is  less 
than  7.  We  call  this,  the  standard  problem  with  sampled^ 
data  controllers  (or  the  sampled-data  problem  for  short). 
The  difference  between  this  problem  and  the  so-called 
“standard  problem”  is  that  in  the  latter,  if  G  is  a  continuous¬ 
time  time-invariant  system,  then  only  continuous-time  time- 
invariant  controllers  are  considered.  In  our  problem,  the 
continuous-time  controller  is  constrained  to  be  a  sampled- 
data  controller,  i.e.,  it  is  of  the  form  ^C.S^,  where  C  is  a 
discrete-time  system. 

The  standard  problem  with  sampled-data  controllers  is 
significantly  different  from  the  usual  standard  problem,  three 
major  differences  are  as  follows. 

i)  There  is  a  “structural  constraint”  on  the  controller,  that 
is,  it  is  constrained  to  be  of  the  form 

ii)  The  controller  is  not  time  invariant  even  if  C 

is  time  invariant  (in  discrete  time).  Therefore,  even  if  G  is 
also  time  invariant,  the  overall  system  in  Fig.  1  is  time 
varying,  in  fact,  it  is  periodic,  with  period  t  (r-periodic). 

iii)  The  hybrid  nature  of  the  system  is  problematic,  since 
not  all  parts  of  the  system  are  defined  over  the  same  time  set. 

In  this  paper,  we  present  a  framework  for  periodic  systems 
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Fig.  1.  A  continuous-time  G  with  a  sampled-data  controller. 

in  continuous  time.  We  then  apply  this  framework  to  the 
sampled-data  problem  and  show  that  it  provides  a  satisfactory 
answer  to  the  three  difficulties  mentioned  above,  and  we 
obtain  a  complete  solution  to  the  problem.  To  briefly  describe 
the  solution,  let  us  use  the  notation  K)  to  denote  the 

closed-loop  mapping  (from  exogeneous  input  to  regulated 
output)  of  a  generalized  plant  P  in  feedback  with  K,  In  this 
notation  the  closed-loop  mapping  in  Fig.  1  is  given  by 
^(G,  The  solution  of  the  sampled-data  problem  is 

given  in  terms  of  an  “equivalent”  discrete-time  time- 
invariant  generalized  plant  G  such  that 

||i^(G,Jf,CyJ||<7«||i^(C,C)||<7  (1) 

where^  ||^(G,  ^C^)l|  is  the  LMnduced  norm,  and 
II  ^(C,  C)||  is  the  “  norm.  Therefore,  once  C  is  found, 
the  sampled-data  problem  is  equivalent  to  a  discrete-time 
Jf "  problem,  the  solution  of  the  latter  is  well  known  [161. 
In  a  sense,  G  is  a  “discretization”  of  G,  but  it  is  an 
equivalent  discretization  for  norm  problems,  in  that  the  in¬ 
duced  norms  satisfy  (1). 

As  already  mentioned,  the  solution  just  described  is  ob¬ 
tained  using  a  framework  that  we  develop  for  periodic  sys¬ 
tems  in  continuous  time.  The  main  tool  in  this  framework  is 
a  lifting  technique  similar  to  that  used  for  discrete-time 
periodic  systems  in  [19].  There  are  however,  considerable 
differences  between  the  lifting  techniques  in  discrete  time 
and  continuous  time,  respectively.  In  discrete  time,  an  N- 
periodic  system  is  lifted  to  a  time-invariant  multivariable 
system  (of  larger  input-output  dimensions).  In  continuous 
time,  the  appropriate  lifting  takes  vector-valued  signals  to 
signals  which  take  values  in  a  general  Banach  space  as 
opposed  to  a  finite-dimensional  space,  as  a  result,  the  time- 
invariant  lifted  systems  have  infinite-dimensional  input  and 
output  spaces,  and  the  theory  is  more  technical,  but  many  of 
the  desirable  features  of  the  lifting  remain  true.  For  example, 
the  lifting  preserves  algebraic  operations  on  systems  and  the 
norms  of  signals  and  systems.  Another  crucial  point  is  that 
our  lifted  systems  will  have  ;?/zte-dimensional  state  spaces  if 
the  original  systems  are  finite-dimensional.  Since  the  lifted 
systems  have  infinite-dimensional  input  and  output  spaces, 
we  will  abuse  terminology  by  calling  them  (for  lack  of  a 
better  term)  infinite-dimensional,  even  though  this  term  is 
better  reserved  for  systems  which  have  an  infinite-dimen¬ 
sional  state  space. 

This  paper  is  organized  as  follows:  in  Section  I,  we 
introduce  the  lifting  technique  and  show  that  it  provides  a 
strong  correspondence  between  continuous-time  periodic  sys¬ 
tems  and  cenain  types  of  discrete-time  time-invariant 


infinite-dimensional  systems.  In  Section  II,  we  study  further 
the  time-invariant  infinite-dimensional  systems,  in  panicular, 
their  z-transforms  and  state-space  realizations.  Not  all  the 
material  covered  in  these  two  sections  is  essential  for  later 
developments,  but  it  is  included  to  provide  a  more  complete 
discussion.  In  Section  III,  the  lifting  technique  is  applied  to 
the  hybrid  system  of  Fig.  1  to  convert  the  sampled-data 
problem  into  an  equivalent  infinite-dimensional  standard 
problem  where  the  generalized  plant  has  a  finite-dimensional 
state  space.  Up  to  this  point  the  discussion  covers  all  £^- 
induced  norm  problems,  we  then  specialize  to  the  L^-induced 
norm  case,  and  in  Section  IV,  the  finite-dimensionality  of  the 
state-space  models  is  exploited  to  reduce  the  infinite-dimen¬ 
sional  standard  problem  to  a  finite-dimensional  standard 
problem.  The  main  theorem  (6)  provides  the  equivalent  gen¬ 
eralized  plant  G,  explicit  formulas  for  the  state-space  de¬ 
scription  are  derived  in  Section  V  directly  in  terms  of  the 
state-space  description  of  the  original  plant  G. 

We  now  comment  briefly  on  some  of  the  related  recent 
work  on  sampled-data  systems.  In  [3]  solutions  were  obtained 
to  problems  where  the  induced  norm  is  from  a  discrete-time 
input  to  a  continuous-time  output  and  vice  versa.  In  [20]  a 
characterization  was  given  for  the  I^-induced  norm  of  a 
sampled-data  system  assuming  ideally  band  limited  input 
signals. 

The  works  which  are  most  related  to  ours  are  [14],  [17], 
[18],  [25],  [26].  In  [14],  [17],  a  solution  was  announced 
(though  derivations  were  not  given)  to  the  sampled-data 
problem  that  is  similar  to  our  solution,  that  is,  the  norm  of 
the  sampled-data  system  is  equivalent  to  the  norm  of  a 
discrete-time  system.  Reference  [26]  is  related  to  our  work  in 
terms  of  the  technique  used,  the  paper  does  not  address  norm 
problems,  but  a  tracking  problem.  In  [26]  a  lifting  technique 
is  developed  which  is  equivalent  to  the  one  developed  in  this 
paper  but  with  an  important  difference,  in  [26]  the  lifted 
systems  are  realized  with  an  infinite-dimensional  state-space, 
while  as  will  be  seen  in  this  paper,  the  finite-dimensionality 
of  the  state  space  (of  lifted  systems)  is  the  crucial  fact  that 
solves  the  *  problem. 

While  this  paper  was  being  reviewed,  we  received  [18], 
[25].  Reference  [18]  contains  the  derivation  of  the  results 
announced  in  [14],  [17],  the  technique  used  there  consists  of 
forming  a  Hamiltonian  which  characterizes  the  norm  of  the 
sampled-data  system,  this  is  different  from  our  lifting  tech¬ 
nique,  although  it  is  interesting  that  similar  final  results  are 
obtained.  The  work  in  [25]  is  remarkably  similar  to  ours,  the 
author  uses  an  equivalent  of  the  lifting  technique  (although  in 
[25]  it  is  not  called  as  such)  and  obtains  a  problem  with 
infinite-dimensional  input  and  output  spaces  and  finite-di¬ 
mensional  state  space,  also  the  reduction  to  a  standard 
problem  is  done  in  a  similar  way  to  ours.  The  one  exception 
to  this  similarity  is  that  the  reduction  is  not  done  completely 
(the  missing  step  in  [25]  is  Lemma  5  in  this  paper),  thus  the 
equivalence  in  [25]  is  approximate  (to  any  degree  of  accu¬ 
racy).  In  contrast,  the  equivalence  in  (1)  is  exact. 

In  [1],  [2]  ([24]  announces  similar  results),  a  somewhat 
different  approach  to  the  sampled-data  problem  is  taken. 
There,  the  problem  is  posed  where  sampled  measurements 
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are  available  and  the  optimum  control  is  to  be  found  for  all 
time  (including  in  between  the  samples),  and  one  obtains 
time-varying  controllers.  The  interesting  contrast  is  that  one 
obtains  the  optimum  waveforms  of  the  control  signals  in 
between  the  samples,  while  in  our  setup,  the  control  signal  is 
constrained  to  be  constant  on  sampling  intervals.  Thus  the 
performance  of  the  controllers  in  [1],  [2],  [24],  is  in  general 
better  than  the  ones  given  here,  since  a  wider  class  of 
controllers  is  allowed.  But  it  is  to  be  noted  that  the  two 
problems  are  distinct,  in  that  the  use  of  a  sampled-data 
controller  obviously  puts  more  constraints  on  the  problem.  It 
would  be  interesting  to  compare  the  two  problems  and  quan¬ 
tify  the  loss  of  performance  that  results  from  using  a  zero- 
order  hold. 

Finally,  we  note  that  the  framework  for  continuous-time 
periodic  systems  presented  in  this  paper  was  independently 
developed  by  B.  A.  Francis  and  A.  Tannenbaum. 

1.  The  Lifting  Technique  for  Continuous-Time 
Periodic  Systems 

The  lifting  is  first  defined  for  signals,  this  definition,  in 
turn,  induces  a  definition  of  the  lifting  for  systems.  It  turns 
out  that  to  convert  the  periodicity  of  a  system  to  a  time- 
invariance  of  its  lifting,  the  lifting  must  be  such  that  continu¬ 
ous-time  signals  are  lifted  to  discrete-time  signals  that  take 
their  values  in  a  function  space  (see  Fig.  2).  In  order  to  do 
this  systematically  we  need  to  define  the  appropriate  signal 
spaces. 

Let  us  begin  with  the  usual  signal  spaces  in  continuous-time 
1  ^  p  S.  00,  and  the  extended  signal  spaces 
^  ^  p  00.  The  signals  can  be  N-vectors  of 
scalar  signals.  To  avoid  cumbersome  notation,  the  dimen¬ 
sions  of  signals  and  systems  will  be  omitted  from  now  on, 
and  we  write  instead  of  We  adopt  the  notation  that  a 
statement  involving  or  without  assigning  a  value  for 
/?,  is  referring  to  any  /?.  Also  (Lf)  will  denote 
L^[Oy  oo)(L^[0,  00 ))  when  no  confusion  can  occur. 

To  introduce  the  lifting,  we  first  need  to  define  spaces  of 
vector  valued  signals.  From  now  on,  by  vector  valued  we 
mean  Banach  space  valued.  For  any  Banach  space  Xy  let  1^^ 
be  the  space  of  sequences  which  take  values  in  Xy  that  is 
{//}:  J3  We  use  the  notation  that  {/J  is  a  sequence, 
each  element  of  which  is  //,  so 


u; 


0  T  ir  3T  I  0  ^  1  t  j  ' . 

Fig.  2. 

The  norms  are  given  by 

(00  \  \/P 

1  <p<  00,  ||{y;}||/-=  sup||y;.||;^. 

i 

It  can  be  shown  that  with  these  norms,  are  indeed  Banach 
spaces  [4,  HI. 4.4].  We  shall  be  particularly  interested  in 
signals  in  Iipiq.t]  these  can  be  visualized  as 

sequences  {/}},  or  discrete-time  signals  which,  for  each  time 
/  take  Values  which  are  functions  in  L^[Q,  t].  We  are  now 
ready  to  define  the  lifting  for  each  r,  let  W/.  If [0,  oo)  -+ 
U^io.  t]  ^  defined  by 

/=  W;/,  fi{t)  =f{Ti  +  t),  0<t^T.  (2) 

The  definition  says  that  /  is  &  sequence,  each  element  of 
which  is  a  function  of  t,  Os  t  £t  given  by  (2).  Since 
/€lf[0,  00),  this  means  that  /  el^CO,  r]  for  each  /,  and 
thus  W,  is  well  defined.  The  lifting,  can  be  visualized  as 
breaking  up  the  signal  /  defined  on  the  real  line  into  an 
infinite  number  of  pieces,  each  piece  is  a  copy  of  f  restricted 
to  a  line  segment  of  length  t,  this  is  illustrated  in  Fig.  2. 

defined  on  the  linear  space  If  [0,  oo)  is  a  linear 
transformation.  It  also  follows  that  W^.  is  one-to-one  and 
onto,  thus  invertible,  this  can  be  seen  by  explicitly  construct¬ 
ing  the  inverse  as  follows: 

/=  K'g 

f{t)  -  gi{t  -  Ti),  for  t/ <  f  <  t(/ -(- 1). 

This  can  again  be  visualized  as  the  reverse  of  the  operation  in 
Fig.  2,  W~^  takes  a  sequence  of  function  pieces,  each  a 
function  in  I^[0,  t]  and  “glues”  them  together  in  order, 
thus  forming  a  function  /6lf[0,  oo).  is  then  linear 
bijection  between  lf[0,  oo)  and  /iP(o.T)- 
If  we  restrict  the  domain  of  to  the  Banach  space 
I^[0,  oo)  c  lf[0,  oo),  we  can  show  that  W^:  I^[0,  oo)  -► 
/iP[o.Tj>  *5  2n  isometry  between  these  two  Banach  spaces. 
This  is  a  consequence  of  the  following  computation: 


Note  that  this  is  consistent  with  the  notation  /j^  for  signals 
that  are  sequences  of  N-vectors,  that  is,  the  signals  that  take 
values  in  a  finite-dimensional  Banach  space 
Norms  can  be  added  to  these  spaces  by  considering  the  /j^ 
spaces: 

II/^IIa-I  <<»j.  \sp<oo 

s/a-;  sup||/,||  A'<  oo|.  - 
/  * 


/=  WJ 

‘.sK/,'/'''""")'")’ 

=  E  /  1 /(’•'■  +  dt 
/  =  0  0 

-  /"l /(')!'<*■- ll/ll 
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for  i  <  p  <  .  For  the  case  p  =  oc .  we  have 

li/iinc  *>  =  1/^0  I, 

()£  roc 

=  sup  [ess  sup  I  /( Ti  +  0  I ) 

=  SUp||/,||i-|0.r|  =  ll/ll/r^„.„- 

i 

In  summary.  H',  is  a  bijective  linear  mapping  between 
l;r[0.  0=)  and  //./'lo.Ti-  ^  bijective  linear  isometry  be¬ 

tween  L'’[0. co)and  /fr|o. ip 

We  now  define  the  lifting  for  systems.  Given  any  linear 
operator  G:  LP[0.  co) -*  1^10.  oo),  let  its  lifting  G:  7i.p,o.,| 
-  /^,i„  be  defined  by  G  :=  W^GW; '.  By  the  linearity  of 
each  of  the  defining  operators.  G  is  linear.  Moreover,  if  G  is 
also  bounded  CrL^[0.  »)  ^  L^[0.  oo).  then  G  is  also 
bounded  and  C:  l[p^o.r]  ^  /f^io.n  since  both  and  W; 
are  bounded.  The  fact  that  and  W;'  are  isometries, 
allows  us  to  make  the  stronger  conclusion  that  |iC||  =  |1G||, 
that  is.  the  system  norm  is  preserved  by  the  lifting. 

Algebraic  operations  are  also  preserved  by  the  lifting, 
namelv:  (C,  +  2?,)  =  C,  +  C,  because^W'^.fG,  G,)W7' 
=  H:G|H7'  -b  W^G,W;\  and  (G,G;)  =  GjG,  since 

ir. G.GJr;'  =  H\G^W;'W^G2K'^  an<nf  G“' js  well 

defined.'G-':  L^[0,  «)  L^[0,  «)  then  (")  =  G'*  be- 

cause 

G^G  =  W^G-'K'^tGK''  = 

These  propenies  allow  us  to  conclude  that  feedback  stability 
is  also  preserved  under  lifting.  If.  by  the  pair  (F .  G)  being 
X  stable,  we  mean  that  the  system  with  F  and  G  in  feedback 
is  stable  for  all  exogeneous  inputs  from  the  signal  space  X 
(i.e..  all  transfer  functions  are  bounded  operators),  we  can 
conclude:  the  pair  (F,  G)  is  L'’[0.  «)  stable  if  and  only  if 
the  pair  (F.  G)  is  1[p^q  ,|  stable. 

Now  if  the  system  to  be  lifted  is  r-periodic.  the  lifted 
system  should  exhibit  some  sort  of  time  invariance.  Let  the 
delay  operator  Z),.  be  defined  as  usual  by  (D^f)(t)  =  f(t  — 
t)  for  feL^.  Given  a  system  G:  I'’  -  L^,  we  say  that  G  is 
T-periodic  if  it  commutes  with  D^,  that  is  D.G  —  GD^.  G 
is  time  invariant  if  Z3,G  =  GZ3,.  Vt  >  0.  Let  S  be  the 
right-shift  operator  defined  on  any  space  of  sequences,  that 

is.  S({.Vo.  A-,.-  ••,})  =  {0.  Ao,  A,,-  •  •, }  for  any  sequence 
{ Xj\ .  in  particular  S  is  defined  on  any  l^.  Another  important 
property  of  the  lifting  (of  signals)  is  that  it  “intertwines”  the 
D,  and  the  S  operators,  that  is 

=  SIV^. 

This  intertwining  property  will  convert  the  commutation  with 
Z),  property  of  periodic  systems  into  a  time-invariance  prop¬ 
erty.  To  see  this,  let  G  be  a  r-periodic  system,  then 

GS=  lf;GW7'S=  JV^GD.JVp'  =  iV^D.GfV-' 

=  sbigh;-'  =  SG 

that  is.  G  commutes  with  the  shift,  which  can  be  taken  as  a 
definition  of  time  invariance,  or  rather  shift  invariance  in  this 
general  setting. 


The  above  G  also  has  a  certain  type  of  convolution  repre¬ 
sentation.  It  can  be  shown  in  general  that  given  any  Banach 
space  X,  and  a  linear  operator  F  on  the  sequence  space  l^ 
which  commutes  with  the  shift,  i.e.,  FS  =  SF,  the  operator 
F  has  the  following  representation: 

y  =  Fu,  y„=iFu)„=  n  Fn-mCwm)’  F^e  ^  {X,X). 

m  =  0 

That  is,  F  is  represented  by  a  sequence  {Zv}  («s  “impulse 
response”)  where  each  FjS  (X,  X),  the  space  of  linear 
operators  on  X.  This  is  consistent  with  the  convolution 
representation  of  multivariable  systems  where  y„  and  u„  are 
vectors  in  and  F;  e  Ji'''),  i.e.,  an  N  x  N  matrix. 

We  shall  not  prove  this  general  characterization,  instead,  for 
the  particular  case  where  F  =  G,  a  lifting  of  a  periodic 
system,  we  will  explicitly  construct  the  sequence  { G,} . 

To  perform  the  explicit  construction,  let  us  assume  that  the 
time  varying  systems  involved  have  a  kernel  representation, 
that  is,  if  G:  Z,f  If  is  time  varying,  it  is  associated  with  a 
kernel  g(t,  s)  such  that 

;^=Gm,  y{t)  =  [  g{t,s)u{s)ds  (3) 
■'o 

where  the  kernel  function  is  a  distribution  (in  the  variable  s) 
[5]  of  the  form 

s)  =  7,5(r  -  5  -  hi)  +  g{t,s). 

i=0 

An  assumption  that  guarantees  the  existence  of  the  integral 
for  any  ueLf  and  each  t,  is  that  the  function  g(t,s)  be 
bounded  on  bounded  subsets  of  and  that  the  sequence  of 
nonnegative  real  numbers  {A,}  be  discrete  (i.e.,  have  no 
cluster  points). 

The  scaled  identity  operator  7Z  is  given  by  the  kernel 
y5(t  -  5),  and  for  the  delay  operator  D^,  Dft,  s)  =  8(t  -  s 
-  t).  Given  G,  a  r-periodic  system,  we  have  by  definition 
D^G  =  GD^,  it  is  easy  to  show  that  this  is  true  if  and  only  if 
the  kernel  of  G  has  the  “block  Toeplitz”  structure 

G((,  5)  =  G(/ -t- T,  5 -(■  r).  (4) 

By  repeated  applications  of  (4),  we  derive  the  following 
identities  to  be  used  later: 

G{t,s)  =  G{t  +  nT,s  +  nr)  for  n  s  0, 

G{t  +  ir,  s  -byr)  =  G{t  +  (/  -y>,  5)  for/  sy. 

Since  G{t,  s)  is  block  Toeplitz,  it  is  completely  determined 
by  a  sequence  of  “blocks,”  define 

G,(?,  j)  :=  G(? -b  r/,  j) 

for  0  <  ?  <  r,  0  <  s  <  T,  /  >  0. 

This  decomposition  is  illustrated  in  Fig.  3.  Each  G,((,  s)  can 
be  regarded  as  a  function  on  the  square  [0,  r]  X  [0,  r]  and  as 
such,  representing  an  operator  on  I^[0,  r]  as  follows,  for 
«.^el'’[0,  t] 

■  y=G,M,  y{i)  ^  [  Gi{i,s)u{s)  ds,  0<i<T. 

0 
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Fig.  3.  Block  Tocpiilz  sinicture  of  a  periodic  kernel. 


This  suggests  that  {G,}  can  be  regarded  as  the  impulse 
response  of  the  lifting  of  G,  the  following  computation 
confirms;  for  weLf[0,  oo)  let  y-  Gu,  then  lift  the 
signals 

{«,}  = 

then  the  lifted  signals  are  related  by 

=  >'(’■'  +  0  =  /  +  L  ^)"(^)  * 

Jq 

=  11/  G{Ti  +  i,  s)u{s)  ds 

j^oJrj 

=  '11  G{Ti  +  t,Tj  +  s)u{Tj  +  s)  ds 

y  =  0  Jo 

=  E  /  G{T{i  -j)  +  t,s)uj{s)ds 

y=o  -^0 

=  E  /  ds 

J-0^0 

which  can  be  written  as 

h  =  E  Gi_j{uj)  (5) 

which  is  the  convolution  form  of  a  system  operating  on  the 
L^[0,  r]  valued  signals  {^,}  and  {w,}.  From  (5)  it  is  seen 
that  {G,}  is  the  operator-valued  impulse  response  of  the 
lifting  of  G.  From  the  above  computation  it  is  also  seen  that 
the  convolution  in  (5)  of  the  lifted  signals  and  system  is 
simply  a  rearrangement  of  the  integral  defining  the  operator. 
This  rearrangement  highlights  the  shift  invariance  property  of 
the  lifted  system. 


Banach  space  X,  i.e.,  {/ij  e/;^.  The  ^-transform  of  {AJ, 
written  H(z),  is  defined  by 

=  E  f’nZ”  (6) 

/?  =  0 

for  the  values  of  the  complex  number  z  for  which  the  series 
converges  in  X,  Note  that  Hiz)  is  an  ^-valued  function  of 
a  complex  variable  defined  over  some  subset  of  the  complex 
plane  since  for  each  z  where  (6)  converges,  H{z)eX  by 
definition.  By  analogy  with  the  classical  z-transform,  we 
expect  the  Hiz)  to  have  some  analytic  type  behavior  in  its 
region  of  convergence.  Let  Q  C  <p  be  the  domain  of  defini¬ 
tion  of  this  function,  following  [15],  a  notion  of  an  A'-valued 
analytic  function  can  de  defined.  One  of  several  equivalent 
definitions  of  analyticity  is  the  following:  we  say  that  an 
Jf-valued  function  Hiz)  defined  on  an  open  set  0  C  f  is 
analytic  in  Q  if,  for  each  feX*,  the  complex  valued 
function 

is  analytic  in  Q  ((•,*)  denotes  the  action  of  a  linear  func¬ 
tional  in  X*,  on  an  element  in  X).  These  analytic  functions 
have  many  of  the  properties  of  the  usual  complex  valued 
analytic  functions  including,  for  example,  Cauchy’s  integral 
theorem  and  the  maximum  modulus  principle. 

If  { AJ  rj»  transform  is  an  L^[0,  t]  valued 

function.  If  { GJ  is  an  impulse  response  sequence  of  a  lifted 
system  of  the  type  considered  in  the  previous  section,  so  that 
{^/}*  transform,  G(z)  is  an  oper¬ 

ator  valued  function,  for  each  z  €  Q,  C(z)  6 
^(L^[0,  t],  L^[0y  rj),  the  space  of  bounded  operators  on 
jL^[0,  t].  To  characterize  the  regions  of  convergence,  we 
have  the  following  theorem,  which  is  an  application  of  [15, 
Theorem  3,14.1]. 

Theorem  1:  Let  {AJ  elx  and  let  Hiz)  be  its  z-trans- 
form,  then 

0  If  ll^/ll  A'  -  analytic  in  the 

region  { |  z|  <  1}. 

ii)  If  j|  A,  II  X  ^  for  some  constants  k  and  a,  then 

//(z)  is  analytic  in  the  region  { |  z  |  <  i/o}- 

This  is  a  direct  parallel  to  the  case  of  the  scalar  valued 
z-transform  with  the  absolute  values  being  replaced  by  norms. 

The  same  formal  properties  of  the  usual  z-transform  still 
hold  in  this  general  setting,  for  example,  convolution  in 
time  is  multiplication  in  frequency.  To  illustrate  this,  let 
{^n]Ayn}^^Lno.T\^  Operator  sequence  with 

G„  €  J(L^[0,  r])  V/t,  such  that 


II.  z-Transforms  and  Realizations  of  Lifted  Systems 

In  the  previous  section  we  have  seen  that  liftings  of 
periodic  continuous-time  systems  produced  Banach  space  val¬ 
ued  sequences  representing  signals  and  impulse  responses. 
These  sequences  are  discrete-time  signals,  so  it  is  natural  to 
try  to  develop  a  z-transform  for  these  systems  to  exploit  their 
shift-invariance  property.  This  will  also  allow  us  to  charac¬ 
terize  the  induced  norm  in  the  frequency  domain  as  a  type 
of  an  norm  [21,  Chap.  5]. 

We  begin  abstractly  with  a  sequence  {AJ  with  values  in  a 


y/t  ^ 

m  =  0 

Assume  their  z-transforms  t/(z),  T(z),  and  G(z)  are  all 
convergent  in  some  common  region  =  {z;  1  Z  |  <  r}, 
then 

l'(z)  =  E  =  E  Z"f  E 

.  •  /j  =  0  /*»=0  \  m  =  0  / 

which,  by  a  change  of  variables  and  rearrangements  of  the 
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sum  gives 

/j=o  /c=/t  \/=o  /\y=o  / 

=  G(z)U(z)  foTze.Ar- 

The  rearrangement  of  the  sums  above  is  permitted  by  the 
absolute  convergence  of  all  the  series  in  the  disk  A^.  Note 
that  the  “multiplication”  above  is  the  operator  G(z)  acting 
on  l/(z).  The  other  standard  properties  of  the  z-transform 
can  be  verified  similarly. 

We  now  look  at  the  case  of  signals  in  L^,  we  state  the 
results  firom  [21,  Chap.  5]  without  proof,  and  summarize 
them  in  Theorem  2  below.  Let  ^ 

valued  sequence  whose  norm  sequence  is  square  summable, 
i.e.,  I^r-oll^/illi^lo.T)  <  the  frequency  domain,  let 

0  <  <  2r,  be  an  l}[0,  r]  valued  function  defined 

on  the  circle  T  :=  {e'*;  0  <  0  <  2ir}.  We  define  the  fre¬ 
quency  domain  space: 

r]  =  I  r  [0,  r] ; 

Note  how  this  definition  parallels  that  of  the  usual  l}(T)^  but 
here  the  functions  are  Hilbert  space  valued  and  the  integral  is 
an  integral  of  norms.  Each  has  a  Fourier  series 

representation,  i.e., 

—  00 

where  each  A„6l^[0,  t],  and  E2o.II  AJIij[o.rj  <  “•  An 
important  subspace  of  Z-izfo.  t)  which  consists  of 

those  functions  for  which  =  0  for  «  <  0, 

^h.r^  =  I ^6/^io.r,.  =  f  Ke‘A  •  • 

Every  function  in  ^42^0.  rj  ^  extended  to  an  analytic 
function  inside  the  unit  disk,  and  the  space  corre¬ 

sponds  exactly  to  transforms  of  elements  in 
To  define  operators  on  these  spaces,  consider  a  function 
G{z)  over  the  unit  disk,  which  takes  values  in  r]) 

and  has  a  power  series  representation 

G(z)=  f  z^G, 

n  =  0 

where  the  coefficients  G„e  3{L}[0,r]).  Let  the  series  be 
convergent  absolutely  inside  the  disk,  and  suppose  further 
that 

ll^(^)ll  j«f(i2(o.ri)  -  ^  V  I  zl  <  1. 

Such  a  function  will  be  called  a  bounded  analytic  function 
(on  the  unit  disk).  Such  a  function  defines  a  bounded  operator 
on  r]  “multiplication,”  that  is,  for  Y,Ue  ,.j, 
Y  =  GU  is  defined  by 

r(z)  =  G(z)G(z)  ■  (7) 


for  each  z.  The  definition  makes  sense  since  for  each  z, 
G(z)  is  an  operator  on  L*[0,  r]  and  i/(z)  eL“[0,  r].  If  Y, 
£/,  and  G  are  transforms  of  time-domain  sequences,  note  that 
(7)  defines  an  operation  equivalent  to  convolution  in  the  time 
domain. 

Given  G  a  bounded  analytic  function,  we  define  a  norm  by 
ll^lioo  =  sup  II G(z) II 

\Z\<\ 

We  call  the  space  of  all  bounded  analytic  functions  ,.j, 

(or  simply  *)  over  the  unit  disk,  and  again,  the  subscript 
t])  denotes  the  space  in  which  the  function  takes 
values.  We  call  such  functions  operator  valued  since  they 
take  their  values  in  a  space  of  operators.  ‘^^42 over  the 
right-half  plane  is  similarly  defined  as  the  space  of  all  ana¬ 
lytic  operator  valued  functions  over  the  right-half  plane  whose 
norm  is  uniformly  bounded. 

We  now  summarize  with  the  following  theorem. 

Theorem  2: 

i)  The  Z"transform  is  an  isometric  isomorphism  between 

the  time  domain  space  and  the  frequency-domain 

space 

ii)  If  C  is  a  bounded  analytic  function,  it  defines  a  bounded 

operator  on  by  the  multiplication  of  (7),  its  induced 

norm  is  exactly  ||C?||»' 

By  the  equivalence  between  a  r-periodic  system  and  its 
lifting,  this  theorem  provides  a  “frequency  domain”  charac¬ 
terization  of  the  1}  induced  norm  of  a  r-periodic  system. 
This  characterization  is  not  clear  without  the  lifting.  This  also 
justifies  calling  the  L^-induced  norm  problem  for  sampled- 
data  systems  the  problem,  since  in  the  sequel  we  will 
be  dealing  with  an  equivalent  lifted  version  of  the  sampled- 
data  system. 

We  now  consider  state  space  realizations.  A  good  state- 
space  model  to  use  for  shift-invariant  systems  operating  on 
signals  is  the  following: 

^*+1  = 

yk  =  Cx„  +  DUj,  (8) 

with  w^6L^[0,  r],  r],  and  Xf^eX  some  Banach 

space  (the  state  space).  The  system  parameters  [A,  B,C,  D\ 
are  linear  operators  on  the  appropriate  spaces,  i.e., 

A:X-*X 

C:X-^L»[0,t\ 

G:Z.^[0,7]  -Z'’[0,t]. 

By  simple  finite  algebraic  operations,  the  system  (8)  can  be 
represented  by  the  convolution 

k 

yk='£,  G,.,u,  (9) 

/=0 

where  the  impulse  response  {G/}  is  given  by 

{G,}  =  {D,CB,CAB,CA^B,CA^B,--,}.  (lO) 

The  z-transform  of  the  impulse  response  {GJ  can  be 
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computed  from  the  realization  using  (10)  as  usual 

OO  00 

G(2)  =  Z  =  £>  +  Z 

rt  =  0-  n=I 

=  £»  +  CzJ  Zz""'^"''j5 

and  the  series  on  the  right  converges  in  ^(X)  for  \  z  \  < 
1/ Mil,  so 

Giz)^D  +  Cz(I-zA)-'B  (11) 

In  the  important  case  when  the  state  space  is  finite-dimen¬ 
sional,  that  is,  X  =  the  situation  is  somewhat;  simpli¬ 
fied.  The  transform  in  (11)  defined  for  { |  z|  <  1/MII}» 
can  be  analytically  extended  to  the  entire  complex  plane 
minus  the  finite  set  of  reciprocals  of  the  eigenvalues  of  the 
finite  matrix  A,  i.e.,  in  the  region  where  (I  -  zA)~'  is 
defined. 

The  usual  rules  of  manipulation  of  realizations  still  hold  in 
this  more  general  setting,  for  example,  composition,  inver¬ 
sion,  state  transformation,  etc.  since  they  are  based  on  formal 
manipulations. 


III.  Lifting  the  Hybrid  System 

In  this  section,  we  will  show  how  the  lifting  technique  can 
be  used  to  convert  the  hybrid  system  to  an  equivalent  system 
(in  the  sense  of  having  equal  induced  norms),  where  the 
generalized  plant  is  discrete-time  time-invariant  (though  infi¬ 
nite-dimensional),  and  the  controller  is  a  discrete-time  time- 
invariant  system  without  any  structural  constraints. 

First,  we  obtain  state  space  realizations  of  lifted  systems. 
An  important  fact  here  is  that  although  finite-dimensional 
systems  are  lifted  to  systems  with  infinite-dimensional  input 
and  output  spaces,  the  state  space  of  the  lifted  systems  will 
be  shown  to  have  at  most  the  same  dimension  as  that  of  the 
state  space  of  the  original  systems,  i.e.,  it  is  finite  dimen¬ 
sional.  Now,  if  G  has  a  finite-dimensional  realization,  it 
would  be  of  the  following  form: 


A 

B 

C 

b. 

with 


fi:£^[0,T] 

C:a^-»l^[0,r] 
b-.LP[0,T]  ^Lp[0,t] 


(The  notation  a“,* •  stand  for  x  being  the  dimension 
of  the  signal  x’ and  u  the  dimension  of  the  signal  u,  etc.). 
The  operator  B:  Z.^[0,  r]  -*  Jl*.  can  be  represented  by  a 
matrix  of  functions  Bfi),  5  e  [0,  r],  such  that  for  a  vector  of 
functions  ueL^lO,  t]  we  have 


Bu 


such  that  for  a  vector  xe  II  ^ 

Cx=C(t)x,  /6[0,  t]. 

The  class  of  operators  D:  Z,^[0,  r]  -►  L'’[0,  t]  that  we  will 
encounter  have  kernel  representations,  i.e.,  matrices  of  ker¬ 
nel  functions  £>(?,  s),  such  that  for  u,  ye L^IO,  t],  y  =  Du 
means 

(£>«)(?)  =  f  b{i,  s)u{s)  ds. 

Jq 

Notation:  It  simplifies  the  notation  greatly  to  use  the  same 
symbol  for  an  operator  and  its  kernel  for  example,  b{t,  s) 
(or  5(s))  refer  to  the  kernel  functions  representing  the 
operator  £>  (or  5),  and  {b*b){t,s)  refers  to  the  kernel 
function  representing  the  operator  b*b.  A  =  e'*’^  is  the 
matrix  representing  the  operator  A:  S"  -►  E".  For  operators 
that  map  a  function  space  to  Fl'',  such  as  B  above,  we 
generally  use  s  (or  s)  to  denote  the  variable  of  the  kernel 
function,  and  for  operators  that  map  K"  to  a  function  space 
such  as  C  above,  we  use  the  variable  t  (or  /). 

We  now  derive  the  operators  A,  B,  C,  b  of  a  lifting  in 
terms  of  the  original  system.  Consider  a  finite-dimensional 
continuous  time-invariant  system  of  the  form 

x(/)  =  Ax{t)  -f  Bu{t) 

y{t)  =  Cx{t)  ^  Du{t)  f6(0,oo).  (12) 

To  obtain  the  lifting,  we  determine  how  the  system  relates 
the  lifted  signals  {w^}  and  { define  a  new  state 
which  evolves  in  discrete  time  by  :=  Assuming 

zero  initial  conditions,  the  behavior  of  the  state  in  between 
samples,  that  is  for  0  <  f  <  r,  is  given  by 

fkr+t 

x{kT  +  t)=  ds 

Jq 

=  r%'^^'‘^*'-^^Bu{s)ds 

+  /  ds 

kr 

=  f  ds 

Jq 

Jq 

-e^^x{kT)+  (  ds.  (13) 

•'0 

In  particular,  the  new  state  x  evolves  by 

^*+1  =  -I-  f  ds  (14) 

•'0 

or,  in  operator  notation 


On  the  other  hand,  the  operator  C:  ^^[0,  t]  (which  is 

a  finite  rank  operator,  that  is,  it  has  a  finite-dimensional 
range)  is  given  by  another  matrix  of  functions  C(t)  te  [0,  t]. 


where  B  is  the  L'’[0,  r]  -♦  K*  operator  defined  by  the 
kernel  e'^^'-^'B.  As  for  the  output  signal,  can  be 
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written  as 

hit)  =■  y{kT  •>r  t)  =  Cx{kT  +  0  +  Du{kT  +  i) 

=  c\e^’‘x{kr)+  +  Du,{t) 

=  Ce^'x^  +  +  D8{i  -  s)] 

•  u^{s)  ds  (15) 

with  0  <  t  <  T,  and  where  1(„  is  the  unit  step  function 

1  =(i  ^>0 

1 0  r  <  0. 

I 

Equation  (15)  in  operator  notation  is 

yk  ~  "I"  ^^k 

where  C  and  D  are  given  by  the  kernels  in  (15). 

In  summary,  a  time-invariant  system  G  given  by  (12)  has  a 
lifting  given  by 


G  = 


A 

B 

.C 

b. 

■  gAr 

1 

1 

C€^‘ 

Ce^^‘-%i.,,B  +  D8{i-s)\ 

(16) 


Note  that  the  operator  D  is  the  restriction  of  the  original 
system  G  to  the  input  subspace  I^[0,  r],  that  is  D  = 

Hl’IO,  r]^  I 

The  important  conclusion  to  be  made  here  is  that  the  state 
space  of  the  lilted  systems  can  be  chosen  to  be  finite  dimen¬ 
sional.  This  is  in  contrast  to  [26],  where  a  similar  lifting 
technique  was  developed,  but  the  state  space  of  the  lifted 
systems  is  infinite-dimensional.  As  we  will  see  in  the  next 
section,  in  the  solution  of  the  sampled-data  problem  it 
is  of  primary  importance  (in  fact,  it  is  what  makes  the 
solution  possible)  Aat  the  state  space  of  the  lifted  systems  be 
finite  dimensional. 

We  now  consider  a  time-invariant  system  with  a  sampler 
on  the  measurement  output  and  a  hold  on  the  control  input  as 
shown  in  Fig.  4.  The  filter  F  is  some  strictly  proper  system, 
this  is  required  for  the  sampling  operation  to  be  well  defined. 
We  can  absorb  F  into  the  description  of  G  and  simply 
assume  that  we  are  given  G  with  a  realization 


G  = 


^21 


C.2 

<^22 


A 

Bz' 

c, 

^1. 

Di2 

Cj 

0 

0 

where  I>2i  =  ^22  =  ^  because  F  is  strictly  proper.  This 
guarantees  that  the  measurement  outputs  are  continuous  func¬ 
tions  of  time. 

The  sampler  produces  the  discrete-time  signal  y  from  the 
continuous-time  signal  y  by  sampling  it  at  times  kr,  and  the 
hold  produces  the  piecewise  constant  continuous-time  signal 
u  from  the  discrete-time  signal  •  u.  It  -is  helpful  to"  view  the 
sampler  and  hold  as  relating  the  discrete-time  signals 


Fig.  4.  Plant  with  sample  and  a  hold. 


{"*}•{  yk)  10  ^■''[0,  T]-valued  discrete-time  signals  { «*} 

and  the  liftings  of  u  and  y 


-*  I^[0,  t]  ;  =  <2*  4*  2*(?)  =  2* 

0<t£T 

y,:  L^[0,  7]  -  y,  =  yj,  h  =  J^*(0)  • 


Note  that  is  not  well  defined  on  L'’[0,  r],  but  on  the 
subspace  of  continuous  functions  in  this  distinction 

will  be  irrelevant  since  in  our  use  of  y^,  assumption  are 
made  (i.e.,  the  presence  of  the  strictly  causal  filter  F  above) 
to  guarantee  that  y^  only  operates  on  continuous  signals. 
Specifically,  y^  is  only  used  in  expressions  like  y^T,  where 
T  will  always  be  an  operator  whose  range  is  made  up  of 
continuous  functions. 

The  lifting  G  given  by 


G  = 


A 

1 

5, 

Bz 

£>u 

Diz 

Cl 

4. 

^2 

relates  the  signals  w,  z,  u,  y.  On  the  other  hand,  the  system 
C  (see  Fig.  5(b))  given  by 

^  _  ^11  <^12*^ 

y^G,,  yAi-^r 


A 

BzK  ' 

c, 

b,zK 

,KCz 

^rDz^ 

KDzz-K, 

(17) 


relates  the  signals  iv,  z,  7,  u.  This  formulation  shows  one  of 
the  advantages  of  the  lifting,  in  that  all  signals  in  the  system 
are  viewed  over  the  same  time  set  (discrete  time)  without 
losing  any  pan  of  the  continuous-time  signals  w  and  z.  The 
signals  iJ,  y  take  values  in  and  but  w  and  z  take 
values  in  the  much  larger  space  L^[0,  r]. 

We  now  explicitly  evaluate  the  operators  in  (17).  ^2^  is 
a  matrix  obtained  by  feeding  B2  a  constant  input,  i.e., 


ds  =  ^2  = 

(where  ^(r)  :=  dr).  ^^€2  is  obtained  by 

dt  = 
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(a)  ,  (b) 

Fig.  5.  (a)  Hybrid  system,  (b)  Lifted  system  with  discrete  time  controller. 


Similarly 

DxzK  =  r[C,e^"'%.-s>B2  +  -  s)].ds 

•'0 

=  +  £),2 
=  B2  +  Di2  • 

Note  that  Di2»^r  given  bj  its  kernel,  a  function  of  a 
single  variable  /,  since  Di2^t  operator  from  Ii“ 

L^[0,  r].  We  also  compute 

*'0 

and  similarly,  *^^22  =  0  implying  that 
In  summary,  we  arrive  at  the  following  realization  for  G 


Note  that  the  four  subsystems  in  G  are  shift-invariant  opera¬ 
tors  with  the  following  input-output  spaces: 

^11  •  ^LP\0.t\  ^  4^[0,t] 

^12'  ^L^IO.rJ 

^21'  ^LP\0.r\ 

G22  •  /jf"  ^ 

We  now  comment  on  the  synthesis  problem  for  the  hybrid 
system  using  this  new  setting.  Let  us  adopt  the  notation 
^{Py  K)  as  referring  to  a  generalized  plant  P  in  feedback 
with  Ky  and  also  to  the  resulting  closed-loop  mapping  be¬ 
tween  the  exogeneous  input  and  the  regulated  output.  Fig. 
5(a)  shows  the  original  hybrid  system  J^(G,  J^C.5^)  and 
Fig.  5(b)  shows  the  lifted  system  G  with  the  sampler,  hold 
and  controller  J^{Gy  C). 

Since  w  =  and  z-  then  the  closed-loop  sys¬ 
tems  are  related  by 

^(c,c)  =  w^'j^{Gy\r^cs,)w:'^ 


or  in  other  words,  the  closed-loop  operator  J(GyC)  is  the 
lifting  of  the  closed-loop  operator  of  the  hybrid  system 
J^(G,  By  the  isometry  properties  of  the  lifting 

we  have  that 

)  11  =  11  .^-(C,C)|i  (19) 

where  the  norms  are  the  L  ^-induced  norm  on  J^(G, 

and  the  /fpjQ  ^pinduced  norm  on  (C,  C),  and  note  that  the 

same  controller  C  is  on  both  sides  of  the  equation  in  (19). 

The  consequence  of  (19)  is  that  the  design  problem  for  the 
continuous-time  plant  G  with  a  sampled-data  controller 
is  equivalent  to  the  design  problem  for  the  general¬ 
ized  plant  G  and  the  controller  C.  The  advantage  of  this 
reformulation  is  three  fold;  first,  both  the  generalized  plant 
and  the  controller  are  discrete-time  (thus  the  hybrid  nature  of 
the  system  is  no  longer  problematic);  second,  both  C  and  C 
are  time-invariant  (thus  ‘‘removing”  the  periodicity  from  the 
system);  third,  the  controller  C  has  no  structural  constraints 
on  it  (i.e.,  that  it  be  a  sampled-data  controller  of  the  form 
The  price  paid  for  these  advantages  is  the  infinite- 
dimensionality  of  the  exogeneous  input  and  regulated  output 
spaces.  However,  as  will  be  seen  in  the  next  section,  the 
infinite-dimensionality  of  the  input  and  output  spaces  can 
essentially  be  “removed”  without  affecting  the  norm. 

The  equivalence  just  mentioned  is  not  complete  without 
addressing  the  issue  of  the  stability  of  the  hybrid  system.  By 
internal  stability,  we  mean  that  the  state  of  the  system  is 
exponentially  convergent  to  zero  given  any  initial  conditions. 
The  following  theorem  provides  an  equivalence,  between  the 
stability  of  the  hybrid  system  and  the  stability  of  a  discrete¬ 
time  system,  it  is  essentially  a  restatement  of  [11,  Theorem 
4]. 

Theorem  3:  A  controller  C  internally  stabilizes  the  hy¬ 
brid  system  in  Fig.  5(a)  if  and  only  if  it  internally  stabilizes 
the  discrete-time  system  (Fig.  6). 

Note  that  since  «5^G22^  is  a  finite-dimensional  discrete¬ 
time  system,  the  stability  of  the  hybrid  system  is  well  un¬ 
derstood.  In  particular,  one  can  parametrize  all  (finite 
dimensional)  controllers  that  stabilize  the  hybrid  system  as 
the  (finite-dimensional)  controllers  that  stabilize 

Finally,  we  comment  that,  as  is  well  known  y^G-y^-K 
may  not  be  stabilizable  even  if  G22  is,  i.e.,  even  if  (/4,  5^) 
is  stabilizable,  there  is  a  discrete  set  of  sampling  periods  { 
such  that  '^(t,)52)  tnight  lose  controllability  of  certain 
eigenvalues.  But  if  r  is  chosen  outside  of  the  set  where 
(C2,  e'"*^)  is  not  detectable  and  is  not  stabiliz¬ 

able,  then  we  guarantee  that  .'4G22^t  thus  the  hybrid 
system)  is  stabilizable  if  (C^,  A)  is  detectable  and  ( /I,  is 
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Fig.  6.  C  in  feedback  with  the  discretized  system 

stabilizable,  we  call  such  sampling  periods  nonpathological 
and  for  the  remainder  of  the  paper  we  assume  that  t  is 
nonpathological. 

IV.  The  Jf°°  Problem  for  Hybrid  Systems 

We  now  apply  the  lifting  technique  to  solve  the 
problem  for  the  hybrid  system  of  Fig.  1.  Specifically,  we  will 
find  all  controllers  C  (if  they  exist)  such  that  the  closed-loop 
1}  induced  norm  is  less  than  some  prespecified  level,  i.e., 
<y.  This  is  done  by  establishing  an 
equivalence  between  the  hybrid  system  and  a  certain  finite¬ 
dimensional  discrete-time  system,  in  the  sense  that  the  L 
induced  norm  of  the  hybrid  system  is  less  than  a  prespecified 
7  if  and  only  if  the  norm  of  a  discrete-time  system  is 
less  than  y.  The  latter  problem  is  well  understood  in  the 
literature,  and  its  solution  provides  all  controllers  that  con¬ 
strain  the  closed-loop  norm  to  be  less  than  y.  A  basic  fact 
that  we  use  in  our  constructions  is  that  the  norm  is  the 
induced  operator  norm  on  a  Hilbert  space.  This  allows  us  to 
apply  the  geometric  structure  of  the  underlying  Hilbert  space. 

Consider  Fig.  5.  By  the  isometry  properties  of  the  lifting 
and  the  stability  discussion  in  the  previous  section,  the  fol¬ 
lowing  two  statements  are  equivalent  ^ 

i)  internally  stabilizes  G  and  ||,^‘(G, 

ii)  C  internally  stabilizes  G  and  \\^(G,  C)  ||  <  y. 

The  induced  norms  are  over  Z,‘[0,  oo)  and  rp  respec¬ 
tively.  Therefore,  from  now  on  we  will  be  concerned  with 
the  second  problem  involving  G  (note  that  to  simplify  nota¬ 
tion  y  will  be  considered  1  from  now  on,  the  general  case 
follows  as  usual  by  scaling). 

Our  approach  will  be  to  establish  a  further  equivalence 
between  ii)  and  a  finite-dimensional  discrete-time  problem. 
This  is  ^ne  in  two  steps,  the  first  is  obtain  from  G  another 
system  G  with 


such  that  II  .5^(0,011  <  1  if  and  only  if  ||J^(G,  C)J  <  1. 
The  second  step  is  to  reduce  the  problem  with  G  to  a 
finite-dimensional  problem.  _ 

We  describe  the  second  step  first.  Given  G  with  a  realiza¬ 
tion  as  above,  the  operators  in  the  realization  have  the  saine 
input- output  spaces  as  the  corresponding  operators  in  G, 
namely  r  —  —  — 

A  B2 

G=  0  Wy. 

Cj  o'  0 


I-[0,  t]  .  (21) 

We  are  interested  in  characterizing  all  controllers  C  such  that 
J'(G,  C)  is  internally  stable  and  ||  C)||  <  1.  The  basic 

idea  is  that  since  the  state  space_is  fmite^dimensional,  then  the 
infinite-dimensional  operators  Bi,C|,  i?i2  are  actually  finite 
rank  operators,  and  by  examining  their  range  and  null  spaces 
closely,  the  problem  can  be  reduced  to  a  finite  dimensional 
one. 

Let  us  denote  by  A'{T)  and  ^(T)  the  null  and  range 
spaces  of  a  given  operator  T,  respectively.  Consider  first  the 
operator  B,:L^[0,  t]  its  initial  space  can  be  decom¬ 
posed  as  L^[0,  t]  =  J'(B,)  B  ;  where  J^(5,)-" 

:=  I^[0,  t)  e  J^(B^).  With  respect  to  this  decomposition, 
5,  has  the  following  “block  matrix”  representation 

J{B,) 

B,  =  [0  B,]:  ® 

J'{B,)^ 

An  important  point  here  is  that  since  B^  has  a  finite¬ 
dimensional  range,  then  B|  is  zero  on  all  Imt  a  finite-dimen¬ 
sional  subspace  of  1^[0,  t],  that  is,  is  finite-di¬ 

mensional.  The  nonzero  part,  of  B,,  namely  B,  := 
B,  1  <  ,  is  a  linear  mapping  between  finite-dimemional 

Hilbert  spaces.  The  decomposition  of  the  operator  B,  in¬ 
duces  a  decomposition  on  the  input  signal  w,  by 

w  =  .  , 

rA 

w,€/„,(g,)*  Note  that  w,  is  an  infinite¬ 

dimensional  signal  while  wy  is  a  finite-dimensional  signal. 

A  similar  argument  works  for  decomposing  the  output 
space  and  the  signal  z.  Define 

^(C,,D,2):=  ^(C,)  -F  ^(5,2) 

and  note  that  ^?(C,,  D,2)  is  finite-dimensional  since  both  C, 
and  D,2  have  finite-dimensional  ranges.  We  now  decompose 
the  output  space  and  the  C,,  2?, 2  operators  as  follows: 

C,  =  ^  :  _®_  ; 

^  ^(C,,D,2) 

:  ® 

^(c,,:d,2). 

And  similarly,  the  output  signal  z  can  be  decomposed  into 


Note  that  Zi  and  if  are  infinite-  and  finite-dimensional 


4:8 
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signals,  respectively.  The  decompositions  make  G  into  a 
three-input  three-output  system  given  by 

A((a,) 


A 

0 

5, 

Bz 

0 

0 

0- 

0 

G. 

0 

0 

^.2 

C2 

0 

0 

0 

G  = 


Define  the  subsystem 


A  I  (B,)-* 


4" 


c, 

^12 


5,  5, 


0  D 


12 


(B,) 


4* 


^JKCx.Dx^) 


'SI' 


0(C,.O,2) 


(22) 


G  can  now  be  rewritten  in  terms  of  G  as 


G  = 


G  0 
0  0 


^(G.C)  = 


sr{G,c) 

0 


(a)  (b) 

Fig.  7.  (a)  C).  (b)  J(G.  C). 


where 


B,  :=  r* 


0 


,  [C,  £>^2 


cd:=  rank 


[C^D,2\ 


=  dim{;^(C,,D,2)}; 


It  noi^ follows  that  if  the  controller  m  =  O'  is  connected  to 
both  C  and  G  (Fig.  7)  then 


(23) 


We  Aus  conclude  that  C)  is  internally  stable  and 
C)J|  <  1  if  and  only  if  C)  is  internally  stable 
and  ||^(G,  C)||  <  1.  The  equivalence  of  the  norm  bounds 
follows  trivially  from  (23),  and  the  eqmvalence  of  internal 
stability  follows  from  the  fact  that  ^(G,  C)  and  C) 
have  the  same  matrices. 

The  new  input  and  output  signals  z j  and  ny  take  values  in 
the  Jinite-dimensional  Hilbert  spaces  ^(Cj,  and 

^(5,)*“' ,  respectively.  Any  finite-dimensional  Hilbert  space 
of  dimension  n  is  isometrically  isomorphic  to  the  Ejaclidean 
space  B"^thus  with  the  proper  identification  of  ^(C|, 
and  with  Euclidean  spaces,  the  problem  witfi  C  is 

reduced  to  a  standard  finite-dimensional  discrete-time 
problem.  This  is  done  in  the  next  theorem.  _ 

Theorem  4:  Given  the  infinite-dimensional  system  G  de¬ 
fined  by  (21)  ,  form  the  6  x  nonsingular  diagonal  matrix 
and  the  cd  X  cd  nonsingular  diagonal  matrix  Ec^  from 
the  following  symmetric  factorizations 


B,B*  =  T* 


Then 

i)  b:=  rankiBiBf}  =  dim )•*•}. 

Cf  ' 

D,;* 

ii)  For  a  discrete-time  time-invariant  controller  C 

a)  ^{G,  C)  is  internally  stable  if  and  only  if  ^{G,  C) 

b)  ||>(G,C)||  =  ||^(C.C)||. 

Remark;  G  here  is  simply  G  defined  previousl^but  with 
a  p^icular  choice  of  orthonormal  basis  for  >'(5,)-^  and 
i^(C|,Z),5),  and  jhe  matrices  B^,C^,D^2  represent  the 
operators  B,,  C,,  .D,,  in  this  particular  basis. 

Proof:  To  show  i)  note  that  for  any  Hilbert  space 
operator  T 


dim{^(r)}  =  dim{J^(r)^}; 
01  {T)  =  0i{TT*)  =  01{TT*T). 


(24) 


The  first  identity  is  standard  since  for  any  linear  operator 
T:  Hi-*  H2,'*/e  have  i?,  /  J^(T)  =  01  (T),  and  in  a  Hilbert 
space  HJ  J<{T)  =  .  The  first  equality  in  the  sec¬ 

ond  identity  follows  from  0i{T*)  =  ^{T)^  ,  and  the  sec¬ 
ond  equality  follows  from  0i{T)  =  . 

Now 

rank{B,Bf}  :=  dim{^(B,B*)}  =  dim{^(B,)} 

=  dim  |,/K(B,)''‘|  . 

For  ^(CjDjj),  note  that  ^(C,,D,2)  =  ^([Cj  D,2]),  and 


2^  0 
.  0  0. 

TbI 

'cf  ■ 

[G,  0,2] 

rank 

’g*' 

D,2* 

N 

[C|  £>12] 

J 

=  T* 
^CD 


'CD- 


Serf  0 

0  0. 

Define  the  finite-dimensional  system 


:=  dim 


=  dim 


Gf 


A 

B,  Bj 

G  = 

G, 

0 

^.2 

G. 

0 

0  ‘ 

hi" 


ht“ 


hi"" 


'si' 


'12 


[G,  D,2] 


=  dim{j'([C,  D,2])"}  =dim{^([C,  D,2])}. 
To  show  ii)  b),  recall  from  the  earlier  discussion  that  the 
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internal  stability  and  norms  of  J^(G,  C)  and  C)  are 
equivalent.  G  was  given  by 


A 

5,  B2 

^ .if  (Cl ,  D\2) 

c  = 

A 

o  o 

o 

K> 

1 _ 

e 

with  [C|^D|2]  -D|2]- 

From  i),  and  ^(C,,Z)i2)  are  isometrically  iso¬ 

morphic  to  and  respectively.  To  find  this  isomor¬ 
phism,  note  that 


/  r _  '  ^  T  V 


=  ^ 

'Zb 
.  0 

o' 

0. 

•= 

[sm 

I* 

.  0 

o' 

0. 

So  define  the  operator  V:  h'^‘‘  -►  J(C,,  Z?,,)  C  Z,-[0,  r]  by 


K:=[C, 


As  before,  V  is  an  isometry  onto  ^(C^,D^2)■  Now 
V*\  is  an  isometric  isomorphism  from  ^(C,,Z),2) 

to  so  define 


C.:= 


:=  y* 


.#(C|.  £>,2)^12 


which  can  be  evaluated  explicitly  by 

[C,  i^ij]  =  1^* I  .?(C|,5,2)[^i  ^12] 

I  jf(?i.5,2)^  y(C|,5|2>[Q  ■^12] 

=  K*[C,  5,2]  =  0]Tco. 


Thus  the  new  system  C  can  be  written  as 


where  the  last  equality  follows  because  0t{,TY)  =  St{T) 
whenever  Y  is  invertible.  Furthermore 


J^iBt)"-^  3t 

'  Bxn 

'z,  o' 

.  0  0. 

=  ^ 

.  0  J; 

So  define  an  operator 

U-.li'’  jy{B^)^ C  L^[0,r]  by  U.=  B*T^ 


'a 

i,  B2' 

A 

ByU  B2 

G  = 

C^ 

0  i?,2 

F*C, 

0  v*b,2 

.  ^2 

- 1 

0 

0 

r 

0  0 

And  when  connected  in  feedback  with  any  C 

Sr{G,C)  =  V*^{G,C)U‘, 

«^(C,  C):  I  y (^j) j-"**  5,2) »  «^(C,  C) :  L^cd, 


The  fact  that  U  and  V  are  isometries  allows  us  to  conclude 
the  first  equality  in 


C/  is  an  isometry  (an  isometry  U  is  an  operator  that  pre¬ 
serves  inner  products,  i.e.,  {Ux,  Uy)  =  {x,  y)  Vx,  y,  Ais  is 
equivalent  to  i/*£/  =  /),  and  from  (25)  it  is  onto  , 

thus^it  is  an  isometric  isomorphism  between  and 
^(jB,)*^  .  Define  -►  by  B^  :=  B^U,  this  is  illus¬ 

trated  in  the  diagram  below 

jy{B,)^ - ►s- 

We  can  obtain  5j  explicitly  by 


Bj  -  BjC/  -  Bj  1 

V-  1/2 

;  0 

=  b,b*t* 

V-  1/2 

11 

y-1/2 

.  0  . 

,  0  , 

Similarly  for  the  output  space,  we  have 

^(C„5,2)  =  ^([C,  5,2]) 


[c.  P,:] 


cr 

^,*2 


[c.  0,2] 


=  ^  [c,  ■D,2jr^ 


* 

CD 


0 


\\nc,c)\\  =  \mG,c)\\  =  \\nc,cn 

the  second  equality  follows  from  the  discussion  before  the 
theorem. 

Finally  the  equivalence  of  the  internal  stability  of  ^(G,  C) 
and  ^(G,  C)  is  immediate  since  they  both  have  the  same 
"A”  matrix  (internal  stability  is  determined  by  the 
A,  B2,C2,  Z?22  matrices  of  the  plant  and  by  C,  all  of  which 
are  the  same  in  both  ^(G,  C)  and  fiG,  C)).  ■ 

The  preceding  theorem  offers  a  solution  to  the  Jf  “  prob¬ 
lem  for  an  infinite-dimensional  system  of  the  type  where  the 
D„  operator  is  zero.  Recall  that  the  hybrid  system  problem 
is  equivalent  to  that  for  G,  and  the  £),,  operator  in  G  is  £>, , 
which  comes  from  the  lifting  of  the  original  G,,.  3,,  can 
only  be  zero  if  G,,  is  zero,  and  this  is  rarely  the_case  in  most 
problems.  However,  G  can  be  reduced  to  a  G  whose  £>,, 
operator  is  zero,  such  that  ||J^(G,  C)||  <  1  if  and  only  if 
||.^(G,  C)||  <  1.  This  reduction  combined  with  the  previous 
theorem,  will  provide  a  complete  solution  to  the  original 
problem. 

To  accomplish  this  “removal”  of  D,,,  we  use  an  opera¬ 
tor-valued  version  of  “loop-shifting”  (see  [22]),  and  for  this 
we  need  Lemma  5  below,  which  is  an  operator-valued  ver¬ 
sion  of  the  Redheffer  lemma  [6,  Lemma  15]  [22,  Lemma  2]. 
To  begin  with,  let  T  be  any  operator  on  Z.^[0,  t]  such  that  • 
(|r||  <  1,  it  follows  that  the  operators  (/-  and 

(/-  7T*)'^^  exist  and  are  positive  definite.  It  also  follows 


430 

that  the  operator  9  on  I^IO,  r]  ®  L=[0.  t]  defined  by 

-T  iI-TT*y 
T* 
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6:= 


V 1  /  2 


(26) 


is  unitary. 

Lemma  5:  Let 


0  = 


^11 


^2 

<>22 


be  the  unitary  operator  defined  by  (26).  Let 
H  = 


A 

B 

[c 

d\ 

Fig.  8) 

i)  H  is  internally  stable  and  ||  //  H  <  1 ; 

ii)  H)  is  internally  stable  and  ||.^(0,  //)||  <  1- 

Proof:  First,  note  that  a  realization  for  H)  is 

given  by 


A.  4’  BR  22^ 

BR-'e^i 

e^2S-'c 

®  U  ®  12  *®21 

H 


Fig.  8.  .HB.H). 

the  only  facts  about  ©  used  in  the  first j)art  of  the  proof.  It  is 
straightforward  to  verify  that  ^ (©',  H))  =  H,  there¬ 

fore  this  direction  follows  from  the  first  part  of  the  proof  wiA 
0  replaced  by  0'  and  H  replaced  by  J^(©,  H)._  ■ 

We  will  use  this  lemma  on  G  to  remove  the  D,,  operator 
by  the  proper  choice  of  ©.  First,  recall  that  the  objective  is 
to  find  C  such  that  1|J^(G,C)|1  <  1.  Recall  the  realization 
of  G 


’  A 

52* 

G  = 

c, 

Du 

Dn 

0 

0 

0 

where  /?  =  (/-  ^22^)  S  =  (/  -  .£>^22)- 
i)  =»  ii):  For  internal  stability  we  need  to  show  that 
Ah:=  A  +  BR~'d^2C  has  all  its  eigenvalues  in  the  open 
unit  disk.  Recall  tha^  11^2211  =  l|7'||  <  L  and  since  \\H\\< 
1,  then  II £>11  <  1,  thus  (/  -  022^)"'  exists  and  ^(Q,  H) 
is  well  posed.  It  is  true  that  A^  is  the  ‘'A"  matrix  of  the 
system  (/  -  ll^flljK,.  <  1  and  l|022ll 

<  1,  then  11«22*££(z)11  <  1  for  { 1  z  I  ^  1}  (where  H{z)  is 
the  z-transform  of  H).  Thus,  (/ —  exists  for 

{ 1  z  1  <1}  and  therefore  (/  -  z/l//)“'  exists  for  { j  z  |  <  1} 
implying  that  all  the  eigenvalues  of  are  in  the  open  unit 

disk. 


A  straightforward  manipulation  of  this  realization  and  that  of 
a  C  shows  that  the  “D”  operator  in  C)  is  D^^.  Now 
by  the  definition  of  the  norm 

||,jr(G,c)||;,- =  sup  llJ^(G,C)(z)|| 

UI<| 

s  l|jr(c,C)(0)l|  =  |1P„||. 

This  inequality  implies  that  ||  ^,|  ||  <  1  is  a  necessary  condi¬ 
tion  for  II  J(G,  Oil  <  1,  we  assume  this  from  now  on. 

Given  that  ||I>„11  <  1.  we  form  the  unitary  operator 
matrix 

x'/2‘ 


0  = 


-Dn 

{l-D*uDu) 


{I-DuD*n) 


1/2 


D* 


Putting  C  and  ^in  feedback  as  shown  in  Fig.  9.  we  obtain 
the  new  system  G  given  by 


’  A 

B, 

B2‘ 

b,(/-5T,5„)-'^ 

p,d*P"‘5,2-fB2 

G  = 

c, 

0 

5,2 

= 

0 

(/-A,5r,)'"'5„ 

Cl 

0 

0 

0 

0 

0 

(Fig.  8) 

Ikf +  ||uf  =  ||H1^  + Ikll^-  lli’f 

=  ii.>'ii^-ii«ir-  (27) 

Therefore 

11 //ii  <  1  -  ii>'ii"-ii«f<o-ikf-iivr- 
<0*  ||i^(©,//)||  <  1.  (28) 

ii)  ^  i):  Define 

[  T  (/-r*r)'^^ 

®  (/-  7T*y^  .  -T* 

0'  is  unitary  and  11^2211  <  correspond  to 


where  P  =  (/- 

Lemma  5  states  that  ||^(G,Oll  <  I  _only  if 

||ir(0,  jr(G,0)||  =  ||.:^(G,0||  <  L  But  now  G  is  in 
the  form  needed  by  Theorem  4  to  reduce  the  problem  to  a 
finite-dimensional  one.  We  summarize  this  in  the  next  theo¬ 
rem. 

Theorem  6:  Given  the  infinite-dimensional  system  G  de¬ 
fined  by 


'A 

B, 

B2 

G  = 

c. 

Du 

5,2 

Cl 

0 

0 
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Fig.  9.  jF(e,  J(C.  O)  -  C). 


with  ||.D,,||  <  1.  Form  the  matrices 

B,(/ 


0 


cr 


Serf 

0 


•CD 


{I  -  [cAi]  =  T^d 

where  Srf.  Serf  are  diagonal  and  nonsingular,  and 


In  the  next  section,  the  required  operator  compositions  are 
done  analytically,  and  formulas  for  the  resulting  matrices  are 
given  in  terms  of  the  matrices  of  the  realization  of  the 
original  continuous-time  system  C.  The  formulas  involve 
only  matrix  operations  such  as  exponentiation  and  inversion. 

iii)  The  factors  2^,  can  be  obtained  by  diag¬ 

onalizing  the  two  symmetric  matrices  using  well  known 
algorithms  such  as  in  [13], 

iv)  In  the  next  section,  we  will  also  give  methods  for 


checking  the  condition  ||Pn||  <  1. 
interesting  connection  with  an  c#** 
terns. 


This  condition  has  an 
problem  for  delay  sys- 


V.  The  Operator  .D,,  and  Other  Explicit  Formulas 

Theorem  6  yields  the  equivalent  finite-dimensional  prob¬ 
lem  given  the  original  infinite-dimensional  system  C.  G  is 
given  explicitly  below  (see  also  Fig.  5  and  (18))  from  the 
matrices  of  the  realization  of  the  original  continuous  time 
generalized  plant  G 


A 

Bx 

4' 

■  gAr 

eA(r-s)B^ 

^(t)B2 

6  = 

A 

bn 

0 

bn 

0 

— 

C^e^' 

c. 

0 

C,'i^(0B2 

0 

are  finite  matrices.  Define  the  finite-dimensional  system 


’  A 

B,  4‘ 

G  = 

c^ 

0  ^,2 

4 

0  0 

L^b 


Ij^cd 


where 


B,  :=  T* 


S>/2 

0 


,  [C,  /?„]:=  [Xi/  0]T, 


CD 


A:^A+B,DWl-DuDuy'Cu 

4  :=  )■' A2  +  4:  4  := 

Then  the  following  are  equivalent: 

i)  S^(G,  C)  is  internally  stable  and  \\^(G,  C)l|  <  1. 

ii)  ^(G,  C)  is  internally  stable  and  ||.^(G,  C)||l. 
Remarks: 

i)  Note  that  evOT  though  quantities  like  (/- 

appear  in  ©  and  G,  this  operator  square  root  does  not  need 
to  be  evaluated  since  in  the  final  equivalence  to  G  it  does  not 
appear. 

ii)  To  apply  Theorem  6,  one  needs  to  compute  the  follow¬ 
ing  operator  compositions  (which  are  finite  matrices) 


D*, 


B,{i-b*,b,y'B*-, 


A  +  B■^b*^[I  —  b^^b*^^  Cl* 
B,b*,{i -  b,,b*,)~' b,.-^  B.. 


(29) 


Where  we  have  assumed,  for  simplicity,  that  the  matrices 
D,|  =  D|2  =  0.  For  the  remainder  of  this  section  we  will 
also  assume  that  {A,B{)  is  controllable  and  A)  is 
observable. 

To  carry  out  the  explicit  computations  called  for  by  Theo¬ 
rem  6  we  need  to  examine  carefully  the  operators  (/- 
-  ’  -  -  -  ~  •  ■ 


£>n^n) 


-  1 


and  (/-D|,Z),,) 


Recall  that  Z?,,  is  the 


“truncation”  of  C,,,  that  is  D,,  =  11^2(0 


u 

!  L^lO.r] 


The 


easiest  way  to  deal  with  this  operator  is  to  consider  the 
associated  system  of  differential  equations  over  the  finite-time 
horizon  [0,  t].  Note  that  regardless  of  whether  G,,  is  stable 
or  not,  jDj,  is  an  £^[0,  t]  stable  operator.  The  relation 
/  =  D|,t/  is  equivalent  to  the  following  system  of  differential 
equations: 

;ir,(0  =  24x,(0  +5,m(0 

f{t)  =  jr,(0)  =  0,  0</<T.  (30) 

It  is  easy  to  verify  that  the  adjoint  operator  is  given  by  the 
adjoint  differential  equation,  that  is,  y  =  b*xf  means 

x^(t)  =  -A’x,{t)  -  C\f{t) 
y{t)  =  B\X2{t)\  x^{t)=0,  0</£t.  (31) 

Combining  (30)  and  (31),  it  follows  that  the  operator  compo¬ 
sition  y  =  (I  -  b*^b^])u  is  given  by 


’^2(0 

r 

.^i(0. 

. 

-A' 

0 


-c;c, 

A 


Xiit) 

xAt) 


0 

-5, 


y{t)^[B\  0] 


^2(0 

•>fi(0 


u{t) 

(32) 


+ 


Xziy 

j:,(0) 


=  0;  Os  t  < 


432 


IEEE  TRANSACTIONS  ON  AUTOMATIC  CONTROL.  VOL.  37.  NO.  4.  APRIL  1992 


Note  the  two-point  boundary  condition  on  the  states.  The 
inverse  (if  it  exists),  can  be  found  by  rewriting  the  equations 
for  u  in  terms  of  y,  yielding 


-c;c 


+  jy(0  (33) 


“(')  =  [«;  ol 


0  <  I  <  T. 


In  contrast  to  (32),  this  system  of  equations  may  not  have  a 
solution.  It  has  a  solution  when  the  two-point  boundary 
values  are  well  posed,  and  this  happens  exactly  when  the 
operator  (/  -  i>n.D|,)  is  invertible  [12].  The  necessary  and 
sufficient  condition  for  this  is  as  follows;  form  the  matrix 


'  '  r„(0  r„(<)  ’’ 


-A'  -c:c, 


obtain  the  output  u(t)  as 

u(0  =  [b;  o]jr(0  ^ 

B, 

+  ^r(/  -5)  >-(5)  -i-3'(0- 

Thus  the  operator  (  /  ~  £>*  JD,,)"  ‘  is  given  by  the  kernel 

(/  -  (/,  5) 

=  [o  c,]jr(0  Or(r-:r)[^! 

+  V..r(f-^)  }  +/S(t-s).  (37) 

As  for  the  operator  (/  -  a  similar  manipulation 

of  the  differential  equation  and  its  adjoint  as  above  yields  the 
following  kernel 


then  (33)  has  a  solution,  or  equivalently,  (/-  Z>*,Z)||)  is 
invertible  if  and  only  if  r,,(T)  (or  equivalently,  r22(T))  is 
invertible  ([27],  [12]).  We  remark  here  that  a  similar  argu¬ 
ment  is  used  in  [27]  to  obtain  a  condition  for  a  given  a  to  be 
a  singular  value  of  an  operator  like  there  the  invertibil- 
ity  of  (a^/  -  is  in  question,  and  a  condition  similar 

to  the  one  above  is  given. 

The  standing  assumption  here  is  that  ||  -Du  ||  <  1,  since,  as 
remarked  in  the  previous  section,  this  is  a  necessary  condi¬ 
tion  for  the  existence  of  a  C  such  that  ||  (C,  C)l[  <  1.  This 

assumption  guarantees  that  the  operator  (/~.D*D,|)  is 
invertible,  implying  that  and  r22(7’)  are  also  invert¬ 

ible. 

To  find  the  kernel  representation  of  the  operator  (/- 
Pji)'*,  we  find  the  solution  of  the  differential  equation 
(33)  as  a  function  of  the  input.  Let  r(/)  be  as  in  (34),  it  is  the 
state  transition  matrix  for  the  system  (33).  From  the  varia¬ 
tions  of  constants  formula,  given  any  input  y(t),  the  states 
are  given  by 

*^2(0  _  p/.  _  ^  \  '^2(^0) 

+  f'T{t  -s)  g  j'(s)  ds.  (35) 

*0 

« 

Using  .the  two  boundary  conditions  X2(r)  =  0  and  3ri(0)  =  0 
twice  in  (35)  and  subtracting  the  resulting  equations  we  get 

■a:2(o)1^[  -r,V(T)  o' 

/.(Oj  [r2,(r)r,V(r)  /. 

r(T-5)  y(s)ds.  (36) 
Using  the  expression  for  ^*2(0)  and  (35)  (with  =  0),  we 


( /  —  .D|, Dfi)  (/,  5) 

=  [o  c,]jr(r)[''"'('>  “ 


o' 


0  o'  lo 


+  /S(t-s), 


These  kernel  representations  can  be  used  to  compute  the 
operator  compositions  required  for  the  application  of  Theo¬ 
rem  6.  The  computations  are  rather  lengthy,  here  are  the  final 
formulas  (see  the  Appendix  for  the  details): 

B,(/-D*D,,y'^*  =  I'2,(r)r,-,'(r)  (38) 

Cr(/- A.^r.)"'c,  =  -r,l'(r)r,2(r)  (39) 

A  -t-  B,D*(/ -  DnD*y'c,  =  r,2(T)  -  r,,(r) 

•rr,'(r)r„(r)  (40) 

B,i)*(/- A.^n)''^i2=  [^22(0  -^(^) 

-r2,(r)rr,'(0^.2(^)]52 

(41) 

(7^(7  —  13,1  .Dfi)  D^2~  ~^ii '(^)^i2(’’)^2  (42) 

D*  (/  -  £)„Of,)"'P,2  =  B2'[Q,2(^)  -  4'„(r) 

•rr.'(0*.2(^)]52  (43) 

where  ^(r):=  ds,  and  the  matrices  §(t),  0(t)  are 
defined  by 


^t):=  rT{s)ds 

Jq 

fi(0:=  J'i  /  r(r)c(rj  ds 
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and  are  partitioned  conformably  with  T(t),  We  note  that  the 
integrations  required  to  form  Q  can  be  done  using  the 
formula 


f  ds  =  [I  0]e 
J 


A  '/ 
,1  0  0^ 


(45) 


Now,  it  can  be  shown  that  ||  ||i>ii||,  where 

II  is  the  induced  norm  over  Euclidean  space  (i.e., 

the  maximum  singular  value).  Thus  we  can  compute  ||  .Du  || 
by  taking  n  large  and  computing  the  maximum  singular 
value  of  the  matrix 


which  is  true  for  any  matrix  A.  Thus  ’I'(t),  ^(t)  can  be 
computed  each  by  performing  matrix  exponentiations,  and 
using  (45)  twice  in  (44),  fi(r)  is  computed  by  performing  one 
matrix  exponentiation. 

With  these  formulas  and  Theorem  6,  the  equivalent 
finite-dimensional  problem  can  be  obtained  from  the  realiza¬ 
tion  of  the  original  plant  in  the  hybrid  system. 

Finally,  note  that  from  Theorem  6,  a  necessary  condition 
for  the  existence  of  a  controller  that  constrains  the  closed-loop 
norm  to  be  less  than  I  is  that  ||  D,,  ||  <  1,  (this  condition  also 
guarantees  the  invertibility  of  r,,(T)),  which  leads  us  to  the 
question  of  how  this  condition  could  be  checked.  There  is 
a  connection  between  ||D|,||  and  the  value  of  a  certain 
Jf*  problem  for  delay  systems.  Recall  that  D,,  = 
ntJ|o.,iG,,  1  If  is  stable,  it  is  an  application  of 

Sarason’s  result  [23]  (see  also  [7])  to  show  that 


Appendix 

OuTUNE  OF  THE  DERIVATION  OF  THE 

Formulas  (38)-(43) 

The  formulas  for  the  matrices  (38)-(43)  involve  the  com¬ 
positions  of  the  appropriate  operators.  The  compositions  are 
performed  by  integrating  the  kernel  representations  of  the 
operators  against  each  other,  and  the  given  formulas  are  the 
results  of  the  explicit  evaluation  of  these  integrations. 

f38)-m: 

We  give  an  outline  of  the  deviation  of  (38),  the  derivations 
of  (39)-(40)  are  entirely  similar  and  are  therefore  omitted. 

We  first  determine  the  operator  (/  -  DfiD,,)”'.^*,  since 
it  is  an  operator  from  Ifl"  to  Lr[0,  t],  it  is  given  by  a  kernel 
which  is  function  of  one  variable,  specifically 


II -On  II  -  ||nr.2|o.Ti^ii  I  z.-|o.t)II 


inf  ||G„-e— Q||. 
ge.r" 

(46) 


Thus  the  norm  of  D,,  is  the  value  of  a  certain  sensitivity 
minimization  problem  for  a  plant  with  pure  delay.  Using 
so-called  “skew  Toeplitz  theory”  the  computation  of  this 
norm  can  be  reduced  to  finding  the  singular  values  of  a 
certain  finite  matrix.  See  [8]  for  all  the  details.  (Software  for 
this  purpose  already  exists  at  the  University  of  Minnesota  and 
Honeywell,  SRC.)  Consequently,  one  can  explicitly  compute 
the  norm  HDnII- 

For  the  case  when  Gj  j  is  not  necessarily  stable  a  different 
method  can  be  used  to  compute  ||  D,,  ||.  Let  Jf„  and  be 
the  following  operators  defined  between  L}[0,  t]  and  Jl"  (B" 
with  the  euclidean  norm): 


y„-L^[0,7]  -B” 


(•5^«“)(') 

Mit)  ■■ 


=  l\l-D*,D,,y'{t,s)Br{s)ds. 

From  the  formulas  for  the  kernels  of  (/  -  (37) 

and  B*  (29),  we  compute 


((/-Dr.A.)“5r.)(o 
=  [d;  o]fr(0 


-rn'(^)  0 


■y 


-A' 

-  1 

(r-5) 

0 

£|!s 

\ 

-qc, 

[a, a; 

A 

(t-5) 

0 

5,5; 

•'0 


The  integrals  in  the  equation  above  can  be  explicitly  evalu¬ 
ated  by  noting  that 


(strictly  speaking,  is  not  an  operator  on  L^[0,  r]  but  on 
the  subspace  of  left  and  right  continuous  functions,  this 
distinction  is  irrelevant  here  since  in  our  use  of  it  below,  .5^ 
operates  only  on  continuous  signals),  the  above  operators  can 
be  thought  of  as  “fast”  sample  and  hold  operators. 

We  now  form  the  matrix  (recall 

that  w,  z  are  the  dimensions  of  the  signals  w  and  z, 
respectively).  The  matrix  can  be  explicitly  computed  as 
follows,  denote  by  (»5^^ii‘^)/,y>  the  /,  yth  block  of  size 
z  X  w,  then 

{KDuK)i.j 

_  I  C,e-^‘"^'''‘('-'^'i'(T/n)5,  for  /  -  y  >  1 
”  ■(  0  for/ 


After  evaluation  of  the  integrals,  some  terms  cancel,  and  we 
obtain 


((/-DriA.)“5r)(o 

f-^'  ,r  1 

=  \B\  ^  . 

•  L  0  . 

To  evaluate  the  matrix  B^{I  -  b*^b^^)~'B*,  we  inte- 
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grate  the  kernels  of  the  operators  and  (7  ^  .DfjDu)"  '5* 

•^0 


-qql 

\ 

^  r 
^  0 

,  il-S) 

A 

■qc,  ■ 
.  0  . 

e'*'^-^'dsB.  dr 

J 

+  C,  / 


=  [  0]J 

7  n 


■  -A'  -c;c, 

•  S,  B\  A 


dt 


rr.'(0 


The  two  integrals  (in  s)  can  be  evaluated  explicitly  using 


d 

—  \e 


This  integral  can  also  be  evaluated  explicitly  using  an  identity  ds 
similar  to  (47),  and  we  obtain 


-A’  -CJC| 
A 


,As{ 


-A'  -CJC, 


£,(/-£»*  A. )T'5r=[0  /]e 


[  -A'  -ClC.l 

=  e 

B^B\  A 

s 

c^  q 

[b,b|  a  J" 

\i] 

T.V(r) 

.  0 

(48) 


This  yields  (after  cancellations) 


=  ra,(r)r,V(r). 

The  derivations  of  (39)  and  (40)  are  very  similar  to  the 
above,  the  only  nonroutine  steps  being  several  uses  of  the 
identity  (47). 

(4IH43): 

As  before  we  only  outline  the  derivation  of  (42),  the  other 
two  being  very  similar. 

The  derivation  of  (42)  is  slightly  more  complicated  than 
what  we  have  already  seen  because  of  the  operator  jDj2. 
First,  recall  that  the  kernel  of  D^2  is  given  by 

A  simple  change  of  variables  shows  that 

^2(0 = c^yy^dr^, = yiy'-^^dy,. 

Now  we  compute 


((/- A.^r,)''A2)(0 

=  [0  ° 

I  L  0  oj 

•  /  r(T  -  r)  dr  +  f'vit  -  r)  dr 


The  matrix  C,*(/ -  is  evaluated  by  integrat¬ 

ing  the  kernel  of  Cf  (that  is  {e^''C\})  against  the  kernel 
above,  this  involves  the  use  of  an  identity  like  (48)  and 
switching  of  integrals  and  yields,  after  cancellations 


cr(/- Ai^m)’'A2=  -r,V(0[/  0] 


/r(r-r) 

*' n 


dr 


B, 


=  “r,V(r)<i>,2(r)52 


The  derivations  of  (41)  and  (43)  are  very  similar  to  the 
derivation  above,  the  only  nonroutine  steps  being  the  use  of 
identities  like  (48)  and  the  switching  of  the  order  of  integra¬ 
tion  in  a  manner  very  similar  to  that  shown  above. 


=  [0  C,'] 


r(?) 


rr.'(T)  0 


-A'  -qc, 

B\ B\  A 


J  n 


-A'  -CiC, 
B^B\  A 


0 

"■■"’r  c;c 


f  drB^ds 

J  n 


J-'O 


]/; 


eA(s-n  ^ 


n 


+  C,  / 


integrating  with  respect  to  the  variable  s  first 


=  [o  c;) 


■ff 

Jq  j  ^ 


r(0 


r,V(r)  0 

0  0 


-A'  -CiC, 
.  A 


(T-S) 


c;c, 


e^^^-^^dsB,  dr 
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Abstract — The  following  problem  is  addressed:  Given  a 
continuous- time  plant,  with  continuous- time  performance  objec¬ 
tives,  expressed  in  terms  of  the  L“-induced  norm,  design  a 
digital  controller  that  delivers  or  optimizes  this  performance. 
This  problem  differs  from  the  standard  discrete-time  methods  in 
that  it  takes  into  consideration  the  inter-sample  behavior  of  the 
closed-loop  system.  The  resulting  closed-loop  system  dynamics 
consist  of  both  continuous-time  and  discrete-time  dynamics  and 
thus  such  systems  are  known  as  hybrid  systems.  It  is  shown  that 
given  any  degree  of  accuracy,  there  exists  a  standard  discrete¬ 
time  F  problem,  which  can  be  determined  a  priori,  whose 
solution  yields  a  controller  that  is  almost  optimal  in  terms  of  the 
hybrid  L”-induced  norm.  This  is  accomplished  by  first  convert¬ 
ing  the  hybrid  system  into  an  equivalent  infinite-dimensional 
discrete-time  system  using  the  lifting  technique  in  continuous 
time,  then  the  infinite-dimensional  parts  of  the  system  which 
model  the  inter-sample  dynamics  are  approximated.  We  present 
a  thorough  analysis  of  the  approximation  procedure,  and  show 
that  it  is  convergent  at  the  rate  of  iX/n).  Explicit  bounds  that 
are  independent  of  the  controller  are  obtained  to  characterize 
the  approximation.  Finally,  it  is  shown  that  the  geometry  of  the 
induced  norm  for  the  sampled-data  problem  is  different  than 
that  of  the  standard  F  norm,  and  hence  there  might  not  exist  a 
linear  isometry  that  maps  the  sampled-data  problem  exactly  to  a 
standard  discrete-time  problem. 


I.  Introduction 

This  paper  is  concerned  with  designing  digital  con¬ 
trollers  for  continuous-time  systems  to  optimally 
achieve  certain  performance  specifications  in  the  presence 
of  imcertainty.  Contrary  to  discrete-time  designs,  such 
controllers  are  designed  taking  into  consideration  the 
inter-sample  behavior  of  the  system.  Such  hybrid  systems 
are  generally  known  as  sampled-data  systems,  and 
have  recently  received  renewed  interest  by  the  control 
community. 

The  difficulty  in  considering  the  continuous-time  behav¬ 
ior  of  sampled-data  systems,  is  that  it  is  time  varying,  even 
when  the  plant  and  the  controller  are  both  continuous- 
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time  and  discrete-time  time  invariant,  respectively.  In  this 
paper,  we  consider  the  standard  problem  with  sampled-data 
controllers  (or  the  sampled-data  problem,  for  short)  shown 
in  Fig.  1.  The  continuous-time  controller  is  constrained  to 
be  sampled-data  controller,  that  is,  it  is  of  the  form 
The  generalized  plant  is  continuous-time  time 
invariant  and  C  is  discrete-time  time  invariant,  ^  is  a 
zero  order  hold  (with  period  t),  and  is  an  ideal 
sampler  (with  period  t).  ^  and  .5^  are  assumed  synchro¬ 
nized.  Let  .^G,^C5^)  denote  the  mapping  between  the 
exogenous  input  and  the  regulated  output  (i.e.,  w  and  z). 
.^G,^C,5^)  is  in  general  time  varying,  in  fact  it  is  r- 
periodic  where  t  is  the  period  of  the  sample  and  hold 
devices. 

Sampled-data  systems  have  been  studied  by  many 
researchers  in  the  past  in  the  context  of  LQG  controOers 
(e.g.,  [21]).  Recently,  Chen  and  Francis  [4]  studied  this 
problem  in  the  context  of  ^  control,  and  were  able  to 
provide  a  solution  in  the  case  where  the  regulated  output 
is  in  discrete  time  and  the  exogenous  input  is  in  continu¬ 
ous  time.  The  exact  problem  was  solved  in  [1],  [2],  and 
independently  in  [13]  and  [22].  The  L”-induced  norm 
problem  (the  one  we  are  concerned  with  in  this  paper) 
was  considered  in  [10]. 

In  this  paper,  we  will  use  the  framework  developed  in 
[1],  [2],  to  study  the  sampled-data  problem.  Precisely, 
the  controller  is  designed  to  minimize  the  induced  norm 
of  the  periodic  system  over  the  space  of  bounded  inputs 
(i.e.,  L“).  This  minimization  results  from  posing  time 
domain  specifications  and  design  constraints,  which  is 
quite  natural  for  control  ^tem  design.  To  emphasize  the 
point  made  earlier,  the  inputs  are  continuous-time  inputs, 
the  errors  are  continuous-time  errors  (see  Fig.  1),  however 
the  system  is  a  hybrid  system  with  a  continuous-time  plant 
and  a  discrete-time  controller.  The  discrete-time  method 
for  designs  (e.g.,  [5],  [17],  [9]),  cannot  handle  this 
problem  directly,  and  is  only  concerned  with  the  perform¬ 
ance  at  the  sampling  instants. 

The  solution  provided  in  this  paper  is  to  solve  the 
sampled-data  problem  by  solving  an  (almost)  equivalent 
discrete-time  problem.  While  this  was  the  approach 
followed  in  [10],  the  main  contribution  of  this  paper 
is  using  the  lifting  framework  of  [1],  [2]  to  provide  a 
thorough  and  more  transparent  analysis  of  the  approxi¬ 
mations  involved  in  forming  the  almost  equivalent  prob¬ 
lem.  Furthermore,  our  analysis  shows  explicitly  how  the 
approximation  procedure  amounts  to  approximating  the 
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Fig.  1.  Hybrid  discrete/continuous-time  system. 


inter-sample  dynamics  of  the  hybrid  system,  and  that 
the  inter-sample  dynamics  are  governed  only  by  the  plant 
and  not  the  controller  dynamics.  We  use  the  latter  fact 
to  derive  explicit  bounds  on  the  approximation  [main 
inequality  (5)]  which  can  be  computed  a  priori  and  depend 
only  on  the  plant.  We  also  show  that  the  rate  of  conver¬ 
gence  of  the  approximation  is  (l/n). 

As  already  mentioned,  sampled-data  systems  are  peri¬ 
odic,  the  main  theoretical  tool  we  use  for  dealing  with 
periodic  systems  is  a  lifting  technique  for  continuous-time 
systems  developed  in  [1],  [2].^  The  technique  establishes  a 
strong  correspondence  between  periodic  systems  and  time 
invariant  infinite-dimensional  systems.  In  the  next  section, 
we  briefly  describe  the  lifting  and  it’s  application  to  the 
sampled-data  problem.  We  then  set  up  an  equivalent 
infinite-dimensional  problem  whose  solution  is  obtained 
using  an  approximation  procedure.  Formulas  for  the 
(almost)  equivalent  discrete-time  problem  are  given  in 
Section  III.  In  the  later  sections,  the  issue  of  the  conver¬ 
gence  of  the  approximation  procedure  is  investigated,  this 
is  done  by  decomposing  the  equivalent  infinite-dimen¬ 
sional  problem  and  analyzing  the  decomposition.  In  the 
last  section,  a  geometric  interpretation  is  given  for  the 
reduction  of  the  infinite-dimensional  problem,  and  it  is 
compared  with  the  ^  sampled-data  problem  from  [1]. 
We  also  discuss  possible  reasons  behind  the  fact  that  in 
the  sampled-data  problem  (in  contrast  to  the  ^  sam¬ 
pled-data  problem),  the  solutions  are  given  by  approxima¬ 
tion,  rather  than  exact  procedures. 

Finally,  we  note  that  although  the  closed  loop,  sampled- 
data  system  is  periodically  time  varying,  and  thus  one 
cannot  refer  to  the  norm  of  its  impulse  response,  it  is 
shown  in  [3]  that  the  L* -induced  norm  of  a  periodic 
system  can  be  interpreted  as  a  type  of  an  norm  of  the 
operator-valued  “impulse  response”  of  the  lifted  system. 
This  justifies  calling  this  problem  the  sampled-data 
problem. 

n.  The  Lifting  Technique  in  Sampled-Data 
Systems 

In  this  section,  we  briefly  summarize  the  lifting  tech¬ 
nique  for  continuous-time  periodic  systems  developed 
in  [1],  [2],  and  apply  it  to  the  sampled-data  problem. 
The  idea  of  the  lifting  technique  is  to  put  a  periodic 

^Essentially  the  same  technique  was  arrived  at  independently  in  [22] 
and  [23]. 


continuous-time  system  in  a  strong  correspondence  with  a 
shift  invariant  (i.e.,  discrete-time  time-invariant)  system, 
which  amounts  to  rearranging  the  original  system  so  that 
its  periodicity  can  be  viewed  as  shift  invariance.  To 
accomplish  this,  we  first  define  the  lifting  for  signals,  for 
which  the  appropriate  signal  spaces  need  to  be  established. 

For  continuous-time  signals,  we  consider  the  usual 
L*[0, 2c)  space  of  essentially  bounded  functions  [8],  and  it’s 
extended  version  L*[0,  ^).  We  will  also  need  to  consider 
discrete-time  signals  that  take  values  in  a  function  space, 
for  this,  we  define  to  be  the  space  of  all  Z-v^ued 
sequences,  where  X  is  some  Banach  space.  We  define 
as  the  subspace  of  with  bounded  norm  sequences,  i.e., 
where  for  {/)}  e  the  norm^  11{/)}||/^  ==  supJ|/;-||;i'  <  «. 
Given  any  /  e  L®[0,ccX  we  define  its  lifting  fs 
follows:  /  is  an  L*[0,  r]-valued  sequence,  we  denote  it  by 
{f^,  and  for  each  / 


f.{t)  :=  fit  -Ft/)  0  <  /  <  T. 

The  lifting  can  be  visualized  as  taking  a  continuous-time 
signal  and  breaking  it  up  into  a  sequence  of  “pieces”  each 
corresponding  to  the  function  over  an  interval  of  length  r 
(see  Fig.  2).  Let  us  denote  this  lifting  by  W^:  L”[0,oo) 

is  a  linear  isomorphism,  furthermore,  if 
restricted  to  ViO,^\  then  W,:  L“[0,^) -> is 
isometry,  i.e.,  it  preserves  norms. 

Using  the  lifting  of  signals,  one  can  define  a  lifting  on 
systems.  Let  G  be  a  linear  continuous-time  system  on 
L“[0,»X  then  its  lifting  G  is  the  discrete-time  system 
G  —  Wj.GWr'^,  this  is  illustrated  in  the  commutative 
diagram  below: 


4l0.r] 


mo ,  =0) 


\k  ■ 
L-J.0  ,  ■») 


Thus,  G  is  a  system  that  operates  on  Banach  space 
(L“[0,  r])  valued  signals,  we  will  call  such  systems  infinite 
dimensional.  Note  that  since  is  an  isometry,^  if  G  is 
stable,  i.e.,  a  bounded  linear  map  on  L“  then  G  is  also 
stable,  and  furthermore,  their  respective  induced  norms 
are  equal,  IlGII  =  ||Gil.  The  correspondence  between 
a  system  and  its  lifting  also  preserves  algebraic  system 
properties  such  as  addition,  cascade  decomposition  and 
feedback  (see  [1]  for  details). 

The  usefulness  of  the  lifting  in  the  sampled-data  prot^ 
lem  is  the  fact  that  if  G  is  a^  r-periodic  systein,  then  G 
commutes  with  the  shift  on  ^ 

invariant.  This  basic  fact  allows  us  to  treat  continuous-time 
periodic  systems  as  discrete-time  time-invariant  systems, 
albeit  infinite-dimensional  systems. 

State  space  models  can  be  found  for  the  lifted  systems. 
To  illustrate,  let  G  be  a  continuous-time  time-invariant 

•In 


system  given  by  a  state  space  realization  G  = 

[1]  it  was  shown  that  the  lifting  G  has  a  state  space 


A 

A 

C 

BAMIEH  et  a!.:  MINIMIZATION  OF  THE  L'-INDUCED  NORM  FOR  SAMPLED-DATA  SYSTEMS 


719 


Fig.  2. 


realization  given  by: 


B:  r[0,  t] 

A:  R"' 

C:  R''-^L*[0,t] 

D:  mr]-^r[0,T] 

where  the  operators  C,  B,  D  are  given  in  terms  of  their 
kernel  functions,  and  1(.)  is  the  unit  step  function. 

■  Notation:  It  simplifies  the  notation  greatly  to  use  the 
same  symbol  for  an  operator  and  its  kernel,  for  example, 
D{t,  s)  [or  5(^)1  refer  to  the  kernel  functions  representing 
the  operator  D  (or  B).  For  operators  that  map  a  function 
space  to  R",  such  as  B  above,  we  generally  use  s  (or  s)  to 
denote  the  variable  of  the  kernel  function,  and  for  opera¬ 
tors  that  map  R"  to  a  function  space  such  as  C  above,  we 
use  the  variable  t  (or  t).  The  kernel  representation  for  the 
operators  B,  C,  D  means  that  their  action  is  given  by 

Bu  =  f  Bis)uis)  ds  (Cx)(t)  =  C(t)x,  f€[0,  t] 

■'0 

iDu)(t)  -  f  D(t,s)u(s)  ds. 

•'0 

Note  that  the  state  space  of  G  is  finite  dimensional  (the 
n,  in  R"'  refers  to  the  dimension  of  the  state  space  of  G), 
while  its  input  and  output  spaces  are  infinite  dimensional. 
This  fact  is  significant  in  that,  although  lifted  systems  have 
infinite-dimensional  input  and  output  spaces,  they  can  be 
realized  with  a  state  space  of  dimension  no  larger  than 
the  dimension  of  the  original  continuous-time  state  space 
model. 

To  apply  the  lifting  to  the  sampled-data  problem,  con¬ 
sider  again  the  standard  problem  of  Fig.  1,  and  denote  the 
closed-loop  operator  by  Since  the  lifting 

is  an  isometry,  we  have  that  1I.?(G,J^C,5^)II  = 
(G,XC5^)FPrMl,  this  is  shown  in  Fig.  3(a).  In  Fig.  3(b), 
we  lump  the  lifting  operators  W,  and  W~^  and  the 
sample  and  hold  operators  and  consider  a  new  gener¬ 
alized  plant  G.  G  is  a  discrete-time  system  with  one 
infinite-dimensional  input  and  output  (corresponding  to 
w  and  f)  and  one  finite-dimensional  input  and  out¬ 


Fig.  3.  Equivalent  problem. 


put  (corresponding  to  u  and  y).  Thus,  SKG,C) - 
which  means  that  the  closed-loop 
operator  i^G,C)  is  in  fact  the  lifting  of  the  closed- 
loop  operator  SKG,^.CS^r^.  Since  the  lifting  is  an 
isometry,  we  have  then  characterized  the  I,“-induced  norm 
of  the  hybrid  system  as  the  /^.jo.Tj'induced  norm  of  the 
time-invariant  system  ^G,C).  The  conclusion  is  that  the 
problem  of  minimizing  the  L”  induced  norm  of  the 
sampled-data  system,  is  equivalent  to  that  of  minimizing 
the  induced  norm  of  the  infinite  dimensional  but  time-in¬ 
variant  system  SKG,  C).  The  previous  discussion  together 
with  the  characterization  of  internal  stability  for  hybrid 
systems  in  [12]  (conditions  for  nonpathological  sampling) 
yields  the  foUowing  theorem. 

Theorem  1:  Let  G  and  G  be  as  in  Fig.  3,  then  for  any 
finite  dimensional  C. 

i)  9{G,^CS^r^  is  internally  stable  if  and  only  if 
y(G,C)is. 

ii)  ll^G,^CSi)H  =  1I.^G,C)||. 

This  reformulation  of  the  sampled-data  problem  to  the 
problem  with  G  has  several  advantages,  first,  the  con¬ 
troller  has  no  “structural  constraints”  on  it,  in  contrast  to 
the  previous  formulation  where  the  controller  is  con¬ 
strained  to  be  a  sampled-data  controller,  i.e.,  of  the  form 
second,  both  the  controller  C  and  the  generalized 
plant  G  are  shift  invariant,  thus,  the  periodicity  of  the 
original  system  is  “removed,”  and  third,  all  parts  of 
the  system  are  operating  over  the  same  time  set  (discrete 
time).  The  price  paid  for  these  advantages  is  the  infinite 
dimensionality  of  the  input  and  output  spaces.  In  this 
paper,  we  will  show  how  one  can  reduce  the  problem  to  a 
finite-dimensional  one  by  “approximating”  the  input  and 
output  spaces  by  finite-dimensional  spaces,  thus,  reducing 
the  problem  to  a  standard  finite-dimensional  problem. 

We  now  present  (from  [1])  a  state  space  realization  for 
the  new  generalized  plant  G  which  will  be  useful  in  study¬ 
ing  the  problem  further.  Let  the  original  continuous-time 
plant  G  be  given  by  the  following  realization 


'A 

B,' 

G  = 

Cl 

Du 

Di2 

C2 

0 

0 

It  is  assumed  that  the  sampler  is  preceded  with  a  presam¬ 
pling  filter  which  is  a  strictly  causal  linear  system,  this  is  a 
realistic  assumption  since  an  ideal  sampler  is  not  a  physic 
cal  device,  a  real  sampler  can  be  modeled  as  an  integrator, 
with  a  fast  time  constant  followed  by  an  ideal  sampler. 
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The  system  shown  above  represents  a  generalized  plant 
with  the  presampling  filter  absorbed  in  it  the  fact  that 
D21  =  D22  ”  0  is  due  to  the  strict  causality  of  the  presam¬ 
pling  filter,  this  also  guarantees  that  the  ideal  sampler 
only  operates  on  continuous  signals.  It  can  be  shown  ([!]) 
that  a  realization  for  the  generalized  plant  G  (Fig.  3)  is 
given  by 


We  also  note  that  because  of  Theorem  1,  suboptimal 
solutions  to  the  above  problem  will  also  be  suboptimal 
(with  the  same  norm)  for  the  hybrid  system. 

The  above  infinite-dimensional  problem  is  solved  by  an 
approximation .  procedure  through  solving  a,  standard 
MIMO  problem.  The  idea  we  use  is  similar  to  that  in 


where  ^{t)  —  /J  ds.  The  system  G  has  the  following 
input  and  output  spaces  i 


Gij: 

4l0,r] 

G,2: 

U[0.rl 

G21: 

4”[0.r] 

^22- 

The  main  theme  of  this  paper  is  to  approximate  the 
infinite-dimensional  input  and  output  spaces  L*[0,  r]  by 
finite-dimensional  spaces.  Bounds  on  the  approximation 
of  the  closed-loop  system  (i.e.,  with  controller)  will  be 
obtained  that  are  characterized  only  in  terms  of  the 
operators  which  in  turn  are  charac¬ 

terized  by  the  original  continuous-time  plant  and 
independent  of  the  controller. 

^  The  interpretation  that  can  be  given  to  the  operators 

characterize  the  inter-sample 
behavior  of  the  overall  system.  In  the  lifted  formulation 
of  the  sampled-data  problem,  the  state  of  the  system 
is  the  state  of  the  plant  G  and  the  state  of  the  con¬ 
troller  C,  both  of  which  evolve  in  discrete  time.  The 
controller  thus  has  an  effect  on  the  state  of  the  system 
only  at  the  sampling  instants,  and  the  inter-sample 
behavior  is  governed  only  by  the  plant  dynamics.  This  fact 
is  made  intuitive  by  the  observation  that  in  between  the 
samples,  the  system  is  essentially  operating  in  open  loop 
since  there  is  no  feedback  («  is  constant  in  between 
samples). 

The  lifting  of  the  sampled-data  problem  makes  clear 
that  the  inter-sample  dynamics  are  characterized  by  the 
operators  and  thus  the  issue  of  approxi¬ 

mating  these  dynamics  essentially  amounts  to  approximat¬ 
ing  the  operators,  which  are  independent  of  the  controller. 
The  foregoing  ideas  are  pursued  in  the  next  sections. 


^{r)B2 

\e^(^-^^(t  ~s)B^  +  D,,8(t  -  s)  C^(t)B2  +  Dn 

0  0 

[10]  and  [14]  where  multirate  sampling  is  used  to  obtain 
discrete-time  systems  that  approximate  the  continuous¬ 
time  behavior  of  hybrid  systems.  This  approximation  pro¬ 
cedure  was  used  in  [10]  to  address  the  sampled-data 
problem.  The  approximation  procedure  we  use  is  essen¬ 
tially  equivalent  to  that  in  [10],  however,  since  we  intro¬ 
duce  it  directly  as  an  approximation  to  the  lifted  problem 
(2),  the  nature  of  the  approximation  is  more  transparent 
and  we  are  able  to  explicitly  isolate  the  parts  of  the  system 
that  need  to  be  approximated  independently  of  the  con¬ 
troller.  The  consequence  is  that  we  are  able  to  obtain 
explicit  bounds  on  the  degree  of  approximation  in  terms 
of  constants  that  can  be  computed  a  priori,  and  that  are 
dependent  only  on  the  plant. 

We  now  describe  the  approximation  procedure.  Let  ^ 
and  be  the  following  operators  defined  betw*een 
L“[0,  r]  and  /*(nX/^(«)  is  with  the  maximum  norm 

«  erjO.T] 

/;(/:) =  «|  ^  J; 

{«(/)}  e  l^(n) 

(strictly  speaking,  is  not  an  operator  on  L“  but  on  the 
subspace  of  left  and  right  continuous  functions,  this  dis¬ 
tinction  is  irrelevant  here  since  in  our  setting,  assumptions 
are  made  to  guarantee  that  ^  operates  only  on  continu¬ 
ous  signals),  the  above  operators  can  be  thought  of  as 
“fast”  sample  and  hold  operators  (see  Fig.  5).  For  simplic¬ 
ity  of  notation  we  will  suppress  the  dimension  q  in  the 


in.  Solution  Procedure 


Using  the  lifting  we  are  able  to  convert  the  problem  of 
finding  a  controller  to  minimize  the  L®  induced  norm  of 
the  hybrid  system  (Fig,  1)  into  the  following  standard 
problem  with  an  infinite-dimensional  generalized  plant  G: 


Topt 


inf  \\^G,^,CS^,)\\ 

C  stabilizing  .  .  . 


sequel. 

Now  to  approximate  the  infinite-dimensional  problem, 
we  use  the  approximate  closed-loop  system  ^.?(G,Ci^ 
(see  Fig.  4),  and  for  each  n  we  define 

y„:=  inf  WS’^^GXKW-  (3) 

C  stabilizing 


=  inf  1|^G;C)||. 

C  stabilizing 


(2) 


This  new  problem  now  involves  the  induced  norm  over 


721 


BAMIEH  ai:  MINIMIZATION  OF  THE  /.“-INDUCED  NORM  FOR  SAMPLED-DATA  SYSTEMS 


1  2  .  n  0  T/n  .  T 

Fig.  5.  The  operators  *5^  and 


i.e.,  it  is  a  standard  MIMO  /*  problem. 

Let  us  denote  the  generalized  plant  associated  with 
by  G„,  that  is,  G„  is  such  that  (see  Fig.  4) 


A  realization  for  G„  is  given  by, 


The  new  operators,  which  are  now  matrices,  are  computed 
to  be 


ij  = ’L(r/n)[5i 


where  {•}„  means  the  first  n  X  n  blocks  of  the  impulse 
response  matrix  of  the  discrete-time  system  given  by  the 
realization  in 

The  solution  to  the  original  infinite-dimensional  prob¬ 
lem  (and  thus  to  the  sampled-data  problem)  is  as  follows: 
n  can  be  chosen  large  enough  such  that  if  the  designed 
controller  C„  is  almost  optimal  for  the  approximate  prob¬ 
lem  (3),  then  it  is  almost  optimal  for  the  original  problem 
(2).  In  essence,  this  approximation  scheme  “converges,” 
i.e.,  one  can  obtain  almost  optimal  controllers  by  choosing 
n  large  enough  and  solving  a  MIMO  /'  problem.  Exactly 
what  convergence  means  here  is  described  next. 

rv.  Design  Bounds 

In  this  section  we  investigate  the  nature  of  the  approxi¬ 
mation  of  \\S^G,  Oil  by  11.^0,  Oil.  In  order  to  show  that 
the  synthesis  procedure  outlined  in  the  previous  section 
yields  controllers  with  performance  arbitrarily  close  to  the 
optimal,  one  needs  to  obtain  explicit  bounds  on  the  degree 
of  approximation  of  ||.^G,C)||  by  ||.^G„,OII. 

Let  us  begin  with  analysis.  Note  that  since  \lSKG,C)\\  is 
an  infinite-dimensional  system,  its  ,.j-induced  norm  is 
not  readily  computable.  A  method  of  computing  11.^ G,  C)|| 
comes  from  the  limit 

||y(G,C)||=  lim  0.^11=:  lim  \\^G„C)\\ 

n-*<^  n^<x3 

(4) 

for  a  fixed  C.  This  formula  can  be  proved  using  arguments 
about  the  approximation  of  continuous  functions  by  sim¬ 
ple  functions  in  IT  ([19]),  and  also  follows  immediately 
from  the  main  inequality  below.  Since  G„,C)  is  a 
time-invariant  MIMO  system  and  ||.^G„,C)I1  is  its 
norm,  it  can  be  computed  to  any  desired  accuracy,  conse¬ 
quently,  by  (4)  the  actual  norm,  ||.^G,C)||  can  be  com¬ 
puted  to  any  desired  accuracy.  However,  (4)  is  by  far  not 
sufficient  to  show  the  convergence  of  the  synthesis  proce¬ 
dure,  since  given  only  (4),  the  rate  of  convergence  may 
depend  on  the  choice  of  C. 

Our  objective  is  to  obtain  explicit  bounds  on  ||.^G,C)|| 
that  do  not  depend  on  the  controller  in  the  following  form 

Main  Inequality:  There  are  constants  and  which 
depend  only  on  G,  such  that  for  n  >  2n^,  and  r/n  non- 
pathological 

||^G„,C)||^|1.^G,C)|| 

Remarks: 

a)  The  significance  of  the  bound  (5)  is  that  it  is  exactly 
what  is  needed  for  synthesis.  When  one  performs  an 
design  on  the  approximate  discretization  G„,  the  result  is 
a  controller  that  keeps  ||.^G„C)||  small,  but  the  objective 
is  to  keep  the  L“;induced  norm  of  the  hybrid  system  (or 
equivalently  ||5KG,C)||)  small,  and  the  inequality  (5)  guar¬ 
antees  this.  It  is  thus  essential  that  we  bound  the  hybrid 
norm  from  above  by  a  function  of  |1.^G„,C)||. 
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b)  The  above  inequality  shows  that  the  approximation 
converges  at  a  rate  of  (1  /nX 
The  first  inequality  in  (5)  is  easy  to  obtain,  first  note 
that 

||.^G„,C)||<|KG,C)||  Vn, 

since 

<  \\S^J\\S^G,C)\\W\  ^  ||•^G,C)|| 

because  |1^||  <  1  on  r(n)  and  <  1  on  the  subspace 
of  LT  for  which  it  is  defined. 

One  way  to  utilize  the  main  inequality  for  'getting 
a  priori  guarantees  on  the  hybrid  norm  in  terms  of  the 
discrete-time  problem  is  guided  by  the  following;  for  a 
fixed  «,  if  one  performs  a  MIMO  design  (as  in  [9],  [17]) 
on  G„  and  obtains  a  7„  -f  e  optimal  controller  (given  by 
C„),  i.e.,  \\^G„,C„)\\  <y„  +  e,  then  inequality  (5)  pro¬ 
vides  that  if  C„  is  implemented  in  the  hybrid  system,  then 


<  \\^G,G„)\\  ^  ^  +  (l  +  ^)h4,C)|1 


n 


+  U  +  “  K%  +  e) 

n 


K,  I  K. 

< - (- 

n  \ 


1  +  ~  k^ODt  +  e) 


(6) 


where  the  last  inequality  follows  from  7,  <  y^pt,  which  is  a 
consequence  of  the  first  inequality  in  (5). 

The  above  inequality  can  be  simplified  by  using  an 
upper  bound  on  y^^^,  such  a  bound  can  be  obtained  by 
finding  any  stabilizing  controller  Cg  and_  computing  an 
upper  bound  on  the  hybrid  norm  of  ^G,  Cg)  (by  using 
the  main  inequality  with  a  large  n).  Call  that  upper  bound 
M.  Then  by  using  y^^^  <  M,  inequality  (6)  can  be  rewritten 
as 


Topt  ^  ||•^G,C„ 


jjfi  KgiM  e) 
n 


+  e  +  Top,. 


the  approximation  of  the  infinite-dimensional  parts  of  G, 
namely  the  operators  D12,  £>u- 


V.  Decomposition  and  Approximation  of  G 

It  will  be  very  helpful  in  the  derivation  of  (5)  to  intro¬ 
duce  a  decomposition  of  the  infinite-dimensional  system 
G  by  “extracting”  the  infinite-dimensional  parts  of  the 
system.  The  basic  idea  is  roughly  that  the  behavior  of  the 
hybrid  system  between  samples  is  essentially  governed  by 
the  infinite-dimensional  parts  of  G,  namely  the  operators 
5],  Cj,  Di2,  and  Dji.  These  operators  are  independent  of 
the  controller,  and  thus  it  should  be  possible  to  approxi¬ 
mate  the  behavior  in  between  the  samples  independently 
of  the  controller  by  “approximating”  the  aforementioned 
operators.  To  illustrate  this  point  further,  we  first 
decompose  G  as 


_ 

A 

5i 

1 - 

Cl 

G  =  Gg  + 

■^11 
.  0 

0 

0. 

Cl 

0 

Dv. 

C2 

0 

0 

and  we  note  that  Gg  can  be  further  decomposed  ^ 


This  decomposition  is  Ulustrated  in  Fig.  6.  The  closed-loop 
mapping  ^G,  C)  is  correspondingly  decomposed  as 

^G,C)  =  Ai  +^Gg,C) 

=  +  D,2\^Cgg,C)B,.  (8) 

We  will  use  the  notation  ^  ~  [Cj  and  call  tf  the 
output  operator  and  the  mput  operator. 

With  this  decomposition,  Ggg  is  finite  dimensional,  and 
<f,  are  finite  rank  operators 


Thus,  in  order  that  C„  guarantees  IL^G,  ^ 

%p,  -I-  S  for  any  5  >  0,  we  choose  e  and  n  a  priori  to 
satisfy 

K^+KgiM+e) 

8  < - F  e. 

n 

It  is  worthwhile  noting  that  the  problem  of  minimizing 
ll.^G„,C)||  is  immediately  a  standard  problem  with 
time-invariant  plant  Also,  we  note  that  even  though  the 
approximation  problem  is  essentially  equivalent  to  a  mul¬ 
tirate  sampled-data  problem,  it  reflects  no  structural  con¬ 
straints  on  the  controller.  General  multirate  sampled 
problems  do  not  share  this  property  (see  [7]). 

The  next  section  is  devoted  to  the  derivation  of  the- 
main  inequality  (5).  Several  interesting  issues  come  up, 
and  we  get  bounds  on  the  approximation  by  characterizing 


_»i,-[0,T],  Bi;L“[0,t] R'’*. 

As  (8)  shows,  only  a  finite-dimensional  part  of  the  system 
[i.e.,  ^G{Ggg,  C)]  is  dependent  on  the  controller,  while 
the  infinite-dimensional  parts  are  independent  of  C. 
Roughly  speaking,  the  controller  (being  discrete  time) 
only  effects  the  hybrid  system  at  the  sampling  instants, 
while  in  between  the  samples,  the  systems  evolution 
is  governed  by  the  operators  Rj,  which  are  in 

turn  dependent  only  on  the  dynamics  of  the  original 
generalized  plant  G. 

The  remainder  of  this  section  and  the  appendixes  are 
devoted  to  deriving  the  main  inequality,  and  can  be 
skipped  without  loss  of  continuity. 

We  now. consider  the  issue  of  “approximating”  the 
infinite-dimensional  plant  G  by  a  finite-dimensional  plant 
G„.  First  we  note  that  the  two  norms  to  be  compared  are 
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Fig.  6.  Decomposition  of  G. 


of  ^G,  C),  which  has  L“[0, 7]  as  an  input-output  space, 
and  of  C)^,  which  has  r(n)  as  an  input-output 

space.  Therefore,  it  is  not  strictly  true  that 
approximates  SKG,  C)  since  comparisons  like  liF{G,  C)  - 
S^„SKG,C)^\\  <  €  do  not  make  sense.  We  will  replace 
^„^G,  C)^  by  another  system  which  has  the  same  norm, 
but  truly  approximates  ^G,  C). 

Define  the  following  operator  (the  normalized  integra¬ 
tion  operator)  5^:  L°°[0,  t]  -» /“(«)  by 

7  ■'ir/n 

The  following  properties  of  ^  can  be  easily  checked:  ^ 
is  a  linear  operator,  |15^||  =  1,  and  5^  is  a  left  inverse 
to  i.e.  5^  =  identity.  If  is  regarded  as  an  oper¬ 
ator  on  L'[0, 7],  i.e.,  S'„:  L*[0, 7] -» /Hn),  then  it  is 
easUy  shown  that  ^  is  the  adjoint  of  (r/n)^,  that  is 
=^.  Similarly,  if  is  regarded  as  an  oper¬ 
ator  on  /*(«),  i-O-,^:  (Kt:)  L^O,  7],  then  ^  =  (,T/n)^, 
which  also  implies  that  i^^)*  = 

Let  us  denote  by  T  =  ^G,  C),  and  by  f„  ==  ^G„,  C). 
As  already  mentioned,  T  and  T„  cannot  be  compared 
directly  since  they  do  not  have  the  same  input  and  output 
space.  The  operator  ^  will  aUow  us  to  form  a  system  T„ 
with  norm  equal  to  that  of  f„,  but  with  the  same  input 
and  output  spaces  as  T.  _ 

Lemma  2:  Define  the  system  r„  ==  then 

llfjl  =  llfjl. 

Proof:  It  is  true  that  =  II^T^II  since 

and 

Also,  since  Pin)  -*  L“[0,  t]  is  an  isometry,  we  con¬ 
clude  that 

ilfjl  ==  « lirji. 


Remark  The  above  lemma  is  of  general  interest  since  it 
provides  a  systematic  way  of  addressing  the  question  of 
how  a  discretized  system  ,5^ii^“approxiniates”‘the  <OTgi- 
nal  system  if, .  by  comparing  the  systems  if  and  if  == 


This  comparison  is  typically  easier  since 
H  and  H  are  both  continuous-time  systems  with  the  same 
input  and  output  spaces. 

Let  G„  be  the  generalized_plant  cmrespoiiding  to  the 
closed-loop  operator  r„,  i.e.,  r„  -9{G„,C).  G„  is  defined 
by 


0 


0 

I 


The  consequence  of  Lenmm  2  is  that  one  only  needs  to 
show  inequality  (5)  with  ^G„,  C)  instead  of ^G„,  C).  As 
already  mentioned,  the  advantage  is  Aat  ^G„,  C)  has  the 
same  input  and  output  spaces ^G,  C),  namely  L“[0, 7]. 

Next,  we  will  show  that  9{G„,C)  actually  approximates 
9{G,C),  and  this  will  yield  the  main  inequality  {5). 

Approximation  of  G:  The  approximation  of  G  will  be 
done  in  two  parts  corresponding  to  the  decomposition 
HG,  C)  =  Du  -1-  ^G„,  C)  =  Dii“+  C)B^.  It  will 

be  useful  in  this  section  to  use  a  short  hand  notation  for 
(see  Fig.  7) 

7;  :=  T,,  :=  C)  (9) 

:=  A  ==  (^^„)Du(.^) 

(10)  - 

and  corresponding  to  the  decomposition  T  =  D^  +  Tg„, 
we  have 


T„  =  (^^„)(D„  +  r„)(^)  =  D„  +  Tg„. 

We  will  first  show  that  Tg„  approximates  Tg,  then  we  show 
that  D„  approximates  Du- 

Proposition  3:  Let  n  >:  2n„  such  that  r/n  is  not  a 
pathological  sampling  period,  there  exists  a  constant  Kg 
which  depends  only  on  G,  such  that 

WTg  -  TggW  ^  ^ HT^jl. 
n 

Remark  L  is  important  that  the  above  bound  is  in 
terms  of  llTo^H  which  corresponds  to  part  of  ^G„,  C). 
The  reason  being  that  in  the  main  inequality,  we  must 
bound  the  norm  of  the  hybrid  system^  firom  above  by  the 
norm  of  the  discretized  system  ^G„,C).  In  fact,  it  is 
much  easier  to  produce  an  inequality  as  above  but  with 
lITall  on  the  right-hand  side,  but  this  would  not  be  useful 
for  bounding  the  norm  of  the  hybrid  system. 

Proof:  The  jiroof  makes  use  of  the  decomposition 
of  Tg  =  (fT^o^v  and  of  its  approximation  = 
(JP„S'f)<PTggBf^„^„).  The  basic  idea  of  the  proof  (on  the 
output  side)  is  that  C^^)  operates  on  functions  in 
c  L“[0, 7],  and  functions  in  are  continuous  and 
there  are  bounds  on  their  rate  of  change  (depending  on 
the  dynamics  of  the  plant),  so  on  the  operator 
C^J^)  approximates  the  identity,  and  it  also  has  a  left 
inverse  which  approximates  the  identity  as  n  -»  *. 

We  now  approximate  from  the  output  side.  Lerruna 
'4  below  states  that  0^.5^)  has  a  left  inverse  on 
i.e.,  there  exists  C^^)"'^:  <^^“[0,7] 
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Fig.  7.  Decomposition  of  the  approximate  system  9{G„,  C). 


such  that  =  identity  on  We  now 

establish 

-  Il(^  ~ 

where  the  operator  /  is  the  identity,  or  the  embedding  /: 

-*■  Also  from  Lemma  4,  we  have  that 

ll(/ this  implies 

|1(^,^„)T,  -  7,11  <  ^||C^„.S^„)rJ|.  (11) 

Now,  to  approximate  on  the  input  side,  we  need  to  take 
preadjoints  (see  Appendix  B): 

=  ll(*5i  - 

=  ||(*il  -  {^Xn)*B,y{^K^n)<^'^oo)\V 

From  Lemma  4  below,  C^)  has  a  left  inverse 
when  restricted  to  i-e-»  i^ 

=  identity  on  cLHO.t],  therefore 

\\(^„S’„)T,  -  (Jg’Xn')W^X\ 

=  |1((^)"'’(«)*A 

^  ll((^^)'"  -  i|(^^n)7;(^^)|| 

<  — II7,JI  (12) 

n 

where  the  Icist  step  is  again  from  Lemma  4. 


Combining  inequalities  (11)  and  (12),  we  get 
IT.  -  TJ\  =  ||7,  -  UXn)UK^n)\\ 

=  \\T,-iK^Xo-^^n^n)To 

<  1|7,  -  (^^„)r,l|  +  ||(^>F:)r, 

-(^^„)7,(<^^)|| 

<  ^\\(XXn)U  +  ^IT.nll 


but  (12)  also  implies  that  ||C^i^)7,l|  <  (1  +  {K§/n)) 
||f,„ll,  therefore 


117,  -  TJ\  < 


f, 

*05 

14-  - 

+  — 

n  ' 

”  / 

«  J 

||7,J|  <  ^i|7,„||. 


where  ~  +  Ki^Kg  +  Kg.  ^  ■ 

Lemma  4  below  captures  the  idea  that  C^.5=^)cf  approx¬ 
imates  i,  because^  the  sampling  operator  samples  only 
elements  in  ^{.S\  and  since  there  is  a  bound  on  the 
variation  of  functions  in  one  can  get  a  bound  on 

how  well  C^^)  approximates  elements  in  ^{(^).  Similar 
arguments  are  made  about  This  lemma  is  the 

key  to  obtaining  approximations  that  are  independent  of 
the  controllers,  since  the  behavior  of  the  signals  jn  the 
input  and  output  spaces  is  governed  by  &  and  the 
nature  of  the  approximation  depends  on  these  two  opera¬ 
tors  and  not  C.  The  rate  of  convergence  of  the  approxi¬ 
mations  is  determined  by  the  constants  K§,  Kj,  which  are 
completely  determined  by  the  operators  B  and  respec¬ 
tively,  which  in  turn,  are  completely  determined  by  the 
original  plant. 

Lemma  4:  Assume  n  >  2/i^,  and  t/ti  is  not  a  patholog¬ 
ical  sampling  period,  then 

a)  3  an  operator  C^,.^)"^;  T^O,  t] 

such  that  —  identity, 

LH0,t]  LT0,t]  l'[0,r] 

and  a  constant  Kg,  such  that 


b)  3  an  operator  -*  L^O,  r]  such 

that  =  identity, 

r[0,r]  L“[0,t]  mr] 

and  a  constant  such  that 

il(-^  ~  (‘^>^)  ^  “• 
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The  proofs  of  this  lemma  and  the  next  one  are  quite 
technical  and  involved,  and.  thus  are  relegated  to  the 
appendix. 

The  next  lemma  takes  care  of  approximating  the  direct 
feed-through  operator  Du,  which  is _approximated  by  the 
direct  feed-through  operator  D„  of  G„. 

Lemma  5:  There  is  a  constant  such  that 

llA, -DJ|<^. 

Combining  Proposition  3  and  Lemma  5,  we  get  that 
approximates  T  by 

lir-2;ii<— iir.ji-t- — .  (i3) 

n  fi 

To  get  a  bound  with  l|f„||  on  the  right,  note  that  f„  = 
fg„  +  D„,  which  implies  by  the  triangle  inequality  that 
I17;„||  -  llD„il  <  lifjl,  and 


linj!<llDj|  +  iirj|<iiAill  +  IIU 

Since  IlDull  is  a  constant,  combining  with  (13)  yields 

K,  .  -  Kd 

||r-fJ<-^||D„|l  +  -^li7j|  +  -^. 

n  n  n 

Finally,  since  ||r||  -  ||r,||  <  117  -  7J|,  we  get 


II7II  < 


KID, 


^  +  fl-^^1l|7j| 


n 


WTJ 


and  thus  we  have  arrived  at  the  main  inequality  (5). 


VI.  Geometrical  Interpretations 

In  the  previous  section  we  gave  an  approximation  pro¬ 
cedure  to  obtain  approximately  optimal  controllers.  The 
procedure  is  based  on  forming  an  “approximate”  finite¬ 
dimensional  system  to  an  infinite-dimensional  one. 
A  question  may  be  asked  as  to  whether  the  infinite- 
dimensional  problem  may  be  exactly  reducible  to  a 
finite-dimensional  problem.  For  example,  in  [1],  the 
^  sampled-data  problem  was  treated  by  the  lifting 
technique,  and  an  exact  reduction  of  the  resulting 
infinite-dimensional  problem  to  a  finite-dimensional  one 
is  possible.  This  motivates  .the  question  as  to  whether  a 
similar  exact  reduction  is  possible  in  the  problem. 

In  this  section,  we  will  not  give  a  definite  answer  to  this 
question,  but  it  is  our  purpose  to  illustrate  some  of  the 
underlying  geometry  in  the  reduction,  and  to  suggest  that 
the  sampled-data  problem  may  not  be  exactly  reducible 
to  a  finite-dimensional  problem.  We  will  give  a  geomet¬ 
ric  reasoning  which  shows  that  the  fundamental  differ¬ 
ence  between  the  reduction  of  the  ^  and  the 
sampled-data  problems  has  to  do  with  the  difference 
between  the  geometry  of  finite-dimensional  Hilbert  and 
Banach  spaces. 


Let  us  go  back  to  the  formulation  of  the  problem 
involving  the  infinite-dimensional  generalized  plant  G, 
and  consider  the  decomposition  of  G  in  feedback  with  the 
controller  C  (Fig.  6). 

To  facilitate  the  geometric  arguments  we  are  about  to 
make,  we  assume  that  the  operator  =0.  Note  that 
this  assumption  is  valid  only  when  G^  =  0,  and  this  is  an 
unrealistic  assumption  for  most  interesting  control  prob¬ 
lems,  but  the  assumption  is  made  Jor  the  purpose  of 
illustration.  With  the  assumption  =  0,  the  decom¬ 
posed  system  in  feedback  with  C  is  shown  in  Fig.  8, 
where  —  [Cj  25^2 

We  first  look  at  possible  decompositions  of  the  output 
space  L*[0,  r].  From  Fig.  8,  it  is  clear  that 

which  means  that  the  output  signal  f  takes  values 
in  (at  each  ^point .  in  time).  Since  if: 

2.“[0,  t],  then  Mif)  is  a  finite-dimensional 
subspace  of  L*[0,r],  pd  there  exists  a  projection  on  it 
n^(^y  L*[0,  t]  [20].  By  the  definition  of  a  projec¬ 
tion,  we  have  that  for  any  x  g  ||ifx||£'(o,r]  = 

therefore 

=  \\<^5iG,o,C)B,\\  =  |1.^G,C)||. 

Note  that  C)B,  is  a  sy^stem  with  a  finite¬ 

dimensional  output  space,  namely  .^(if ),  and  the  norm  on 
is  the  norm  it  inherits  as  a  subspace  of  L“[0,  rj. 

A  similar  reduction  is  possible  with  the  input  space,  for 
this,  we  need  to  look  at  the  preadjoint  operators.  Since  for 
any  Banach  space  operator  A,  I1A||  =  |M*||,  we  have  that 

m^c^M^ooX)B,\\  =  11*5,  •.^G,„C) 

and  as  before,  we  can  project  on  c^HO,  r]  with¬ 

out  changing  the  induced  norm 

where  the  last  equality  follows  by  taking  the  adjoints. 
Also,  note  that  since  L^O,  t] then 

(M*Bi))*r  nO,T],  where  {^{*B,))*  is  the 
dual  ^Jace  of  ^{*B,),  and  it  is  finite-dimensional  since 
Si{*B,)  is. 

Combining  the  reduction  on  both  the  input  and  the 
output  spaces,  we  have 

||<^g„,c)A||  - 

||MG,C)||,  (14) 

where  G  is  defined  by 

[0  /J  L  0  /.■ 
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Fig.  8.  Decomposition  of  G  with  ==  0. 


Equation  (14)  shows  that  the  original  problem  is  reducibje 
to  the_standard  problem  with  the  generalized  plant  G. 
Since  G  has  finite-dimensjonal  input  and  output  spaces 
(since  and  are  finite  dimensional), 

we  have  arrived  at  an  equivalent  finite-dimensional  prob¬ 
lem.  This  problem  is  not  necessarily  a  standard  finite¬ 
dimensional  problem,  it  is  only  so  if  the  input  and 
output  spaces  and  (^(*.Bi))*)  are  linearly 

isometrically  isomorphic  to  an  r{n)  space  for  some  n. 

Remark:  In  the  ^  sampled-data  problem,  the  skuation 
is  much  simpler.  In  that  case,  and  as 

subspaces  of  L*[0,  r],  are  immediately  linearly  isometric 
to  Euclidean  spaces  (that  is  /^(n)),  since  every  finite¬ 
dimensional  Hilbert  space  is  linearly  isometric  to  a 
Euclidean  space  of  equal  dimension. 

Thus,  the  question  arises  as  to  what  the  spaces  M{(^) 
and  look  like,  and  to  whether  they  are  isomet¬ 

ric  to  r{n)l  If  the  answer  is  affirmative,  we  can  use  this 
identification  with  r{n)  and  obtain  a  generalized  plant 
which  has  an  r{n)  for  each  of  its  input  and  output  spaces, 
and  the  problem  then  becomes  a  standard  problem. 
However,  the  answer  is  negative.  This  can  be  seen  by  a 
simple  example,  where  we  plot  the  unit  ball  of  the  space 
*^(^)  and  show  that  there  is  no  linear  transformation  that 
can  transform  it  to  a  unit  ball  of  an  r{n)  space. 

The  example  we  consider  is  as  follows:  first  recall  that 
the  operator  ^  is  given  by  the  following  kernel  function 


^(r)  ==  [Ci(r)  = 


C^e 


At 


We  will  consider  the  subspace  ^(Cj)  and  show 

that  it  cannot  be  a  subspace  of  any  /"(n).  Recall  that  the 
norm  on  the  space  SliCy)  is  the  norm  inherited  as  a 
subspace  of  L”[0,  t].  The  unit  ball  in  .^(Cj)  can  be 
plotted  by  choosing  a  basis,  and  then  computing  the 
L*[0,  t]  norm  for  combinations  of  the  basis  elements.  The 
particular  example  we  pick  is 


C  =  [l  1/2], 


with  T  =  1.  For  this  example  has  dimension  two, 

and  a  basis  for  it  is  given  by 


c/O  :=  Q  ;  XjCf)  ~  C^t 


At 


To  plot  the  unit  ball  in  we  represent  any  x  e 

^(Ci)  by  X  —  ajXj  +  02^2-  Th®  ^  represents 


llxll  =  1,  and  the  axes  are  aj  and  aj-  The  unit  ball  in 
an  r{n)  space  is  an  /z-cube,  and  the  unit  ball  of  any 
2-dimensional  subspace  of  r(.n)  is  a  2-dimensional  “slice” 
through  an  n-cube,  and  it  is  clear  that  the  boundary  of 
this  2-dimensional  cube  must  be  made  up  of  straight  lines, 
i.e.,  it  must  be  a  polygon.  Now,  for  ^(C^)  to  be  linearly 
isometric  to  a  subspace  of  /*(n),  a  necessary  condition  is 
that  its  unit  ball  [that  of  .^(Cj)]  must  be  linearly  trans¬ 
formable  to  a  polygon,  which  means  that  it  should  itself 
be  a  polygon.  Since  the  unit  ball  of  the  particular  example 
in  Fig.  9  is  not  a  polygon,  we  conclude  that  ^(Cj) 
[and  consequently  is  not  linearly  isometrically 

isomorphic  to  an  r(/j)  space  for  any  n. . 

We  end  this  section  with  a  geometric  interpretation 
of  the  approximation  procedure  given  previously.  K  we 
apply  the  approximation  procedure  to  the  system  in 
Fig.  8,  the  result  is  the  system 

(15) 

Looking  only  at  the  output  side  (the  input  side  can  be 
interpreted  similarly  using  adjomts),  the  norm  on  the 
output  side  is  essentially  measured  by  sampling  the  ele¬ 
ments  in  that  is,  the  norm  of  a  function  / 

is  computed  by  taking  the  /”(«)  norm  of  ji  samples.  As 
before,  we  can  plot  the  unit  ball  of  .^(Cj)  in  this  new 
norm  which  we  will  call  the  “samples  norm.”  (Actually,  we 
will  plot  the  coefficients  orj,  a,*  hence  the  plot  is  two 
dimensional).  This  norm  approximates  the  actual  norm  on 
,5?(Ci)  for  large  n.  This  approximation  can  be  seen  in  Fig. 
10  (for  n  =  3),  where  the  samples  norm  unit  ball  is 
superimposed  over  the  actual  unit  ball  of  It  is 

interesting  to  see  that  what  is  being  done,  is  approxima¬ 
tion  of  the  unit  ball  of  by  polygons.  Thus  the 

approximation  procedure  for  solving  the  sampled-data 
problem  can  be  interpreted  as  an  approximation  of  norms 
of  the  input  and  output  spaces.  It  is  interesting  to  note 
here  that  the  unit  balls  of  and  (.^(’Bj))*,  generally 
represent  nonlinear  constraints,  very  much  as  in  the  con¬ 
tinuous-time  L}-  problem  [6],  while  in  discrete-time 
problems,  the  constraints  are  always  linear.  Therefore,  the 
fact  that  the  norms  in  the  sampled-data  problem  repre¬ 
sent  nonlinear  constraints  (roughly  speaking),  seems  to  be 
a  consequence  of  the  continuous-time  nature  of  the  prob¬ 
lem  (just  as  in  the  1)  problem).  However,  by  essentially 
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Fia.  10.  The  unit  balls  of  with  the  actual,  and  the  samples 


approximating  the  nonlinear  constraints  by  linear  ones, 
we  are  able  to  reduce  the  problem  to  a  standard  discrete¬ 
time  problem. 

Finally,  we  point  out  that  the  mathematical  reason 
behind  the  difference  in  the  reductions  of  the  ^  and 
sampled-data  problems,  is  that  in  the  former,  any  finite¬ 
dimensional  Hilbert  space  is  linearly  isometric  to  iHn), 
while  in  the  latter,  not  every  finite-dimensional  Banach 
space  is  linearly  isometric  to  r{n).  This  reflects  the  fact 
that  the  isometric  class  of  Banach  spaces  of  dimension  n 
is  a  much  richer  class  (there  is  an  infinite  number  of 
them,  for  example  /^(n)  for  1  <  p  <  “),  than  the  class  of 
Hilbert  spaces  of  dimension  n  [of  which  there  is  only  one, 
iHn)]. 

VII.  CONCXUSIONS 

This  paper  provides  a  solution  for  the  sampled-data 
problem  through  approximation.  Utilizing  lifting  tech¬ 
niques,  the  input/output  map  is  decomposed  in  such  a 
way  that  the  infinite-dimensional  part  of  the  system  is 
isolated  independently  of  the  controller.  This  part  is  then 
approximated  in  a  precise  way  by  a  finite-dimensional 
system,  whose  dimension  can  be  determined  given  any 
degree  of  accuracy.  Computable  bounds  on  the  norm  of 
the  difference  of  the  actual  system  and  the  approximated 
system  are  furnished,  and  they  all  depend  entirely  on  the 
sjrstem’s  data.  It  is  shown  that  the  rate  of  convergence  of 
this  approximation  is  (l/n). 

It  is  interesting  to  note  that  the  same  approach  and 
approximation  arguments  in  this  paper  can  be  followed  to 
obtain  bounds  like  the  main  inequality  for  the  LMnduced 
norm  sampled-data  problem.  A  combination  of  this  with 
the  Riesz-Thorin  convexity  theorem  would  then  show 
that  the  main  inequality  (with  different  constants)  holds 
for  general  L  ^-induced  norm  problems.  In  particular  this 
holds  for  the  L^-induced  norm  case.  In  this  case,  this 
approximation  procedure  was  shown  to  converge  in  [15]. 
The  results  of  this  paper  and  the  above  convexity  argu¬ 
ment  indicate  that  stronger  convergence  at  the  (1/n)  rate 
actually  holds.  However,  for  the  case  of  the  LMnduced 
norm  sampled-data  problem,  an  exact  equivalence  to  a 
discrete-time  problem  can  be  obtained  [1].  It  is  indicated 
in  this  paper  by  geometric  arguments  that  this  exact 


correspondence  may  not  be  possible  in  general  for 
L“-mduced  norm  sampled-data  problems. 

The  approach  followed  in  this  paper  is  readily  applica¬ 
ble  to  the  structured  perturbations  problem  for  sampled- 
data  systems  [16].  The  minimization  problem  in  this  set-up 
involves  spectral  radius  functions,  and  a  similar  result 
follows  from  the  continuity  of  the  spectral  radius  function. 
The  derivation  of  explicit  bounds  takes  more  work  and 
will  be  reported  elsewhere. 

Appendix  A 

In  the  following  proofs  it  is  assumed  for  simplicity 
that  the  matrices  and  Dj,  are  zero.  If  Dj,  is  not 
zero,  the  statement  of  Lemma  4  still  holds.  If  Du  is 
not  zero,  the  statement  of  Lemma  5  does  not  hold,  how¬ 
ever  the  main  inequality  does  hold  but  has  to  be  derived 
differently. 

Proof  of  Lemma  4 

a)  If  =  B\e'^‘^'~‘'>x,  for 

some  X  e  R"'.  We  may  assume  without  loss  of  generality 
that  (A,  Bf)  is  controllable,  since  if  not,  we  can  decom¬ 
pose  the  state  space  into  the  controllable  and  uncontrol¬ 
lable  subspaces,  and  write 


where  (^4^,  Bf)  is  controllable,  T  is  nonsingular,  and  then 
note  that  is  the  same  as  the  range  of 

and  thus  work  with  (Ac,B^)  instead  of  iA,Bi).  We  also 
note  that  since  the  eigenvalues  of  A^  are  a  subset  of  the 
eigenvalues  of  A,  then  if  r/n  is  nonpathological  for  A,  it 
is  nonpathological  for  A^. 

Now,  to  show  that  has  a  left  inverse,  we  need  to 

show  that  ^  ■^H0,t]  is  injective,  but  since 

l^in)  -*  LHO,  t]  is  injective,  it  suffices  to  show  that 

‘5  injective,  or  equivalently,  that  it  has  no 
null' space.  Given  let  f~^J,  since  fit)  = 

fQj,  jQjjjg 

T  •'h/n 

T  -^0 

T 

or  in  matrix  notation 

'  /o  1 

*.  =  —  I  X  —•  —^'„x.  (16) 

Note  that  for  n  ^  n^,  contains  the  controllability 
,,  matrix  of  ie^'’''',-^ir/n)B^,  and  since  (A,  Bj)  is  control¬ 
lable  and  r/n  is  a  nonpathological  sampling  period,  then 
(e^^/''^^(r/n)Bi)  is  controllable,  and  thus  the  matrix 
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see  (18)  which  means  that 
\-i 


has  full  rank.  Therefore,  if  /-o,  then  /  = 

B^x,  for  some  x  G  R'*^,  .x  0,  consequently  0  (since 

has  full  rank),  implying  that  has  no  null  space  and  il(/  -  )\L^^ .6 , 

thus  IS  injective.  s,). 

To  obtain  the  bounds  we  need,  it  is  necessary  to  bound 
the  norm  of  x  that  solves  the  equation  /=.^^  a:  by  the 
norm  of  /.  Since  has  full  rank  (as  a  matrix),  there 
exists  a  constant_  c,  such  that  if  f=(n/T)^;,x  then 
Kn/T)\\x\\x  ^  (where  ||x||i  is  the  1-norm  on  R"-). 

constant  can  be  taken  as  the  norm  of  the  left 
mverse  to  See  the  appendix  for  the  proof  that  c,  is 
independent  of  n. 

If  we  define  f  then  we  have  from  the  definition 

Combimng  this  with  the  previous  bound  yields  that  for 


7“  1  * 

n  n 


Proof  of  b):  By  definition,  i  ==  [Cj  and 


=  [0  C, 


^12(0]  = 

. 

.f°  “Ilfo 

Bi 

-J  [, 

0  . 

^At 


ds\B-, 


IWIl  ^Clll/Ilz.‘[0,r]. 

Now,  to  compute  a  bound  on  |i(/  - 

let  /  be  an  element  in  he.,  f=^^B^x  for 

some  X  e  IR"».  We  have  already  shown  the  existence  of 
the  left  inverse  by  its  definition  (^^)-^f  = 

*BjX,  therefore  ” 

=  \lK^B,x-*B,x\\oio,rj 
=  fj{-^^B,x)(t)  -  (*Ax)(r)||  dt 


where  the  last  equality  is  a  consequence  of  the  formula 

fo  e  iZs  =  [0  /]«[/  "^J^fQj-  With  an  argument  similar  to 
that  in  the  proof  of  part  a),  we  can  replace  (0  CJ  and 

[?  ^  J  Co  and  such  that  (C^,  AJ  is  observable,  i.e.. 


[0  C 


’:]e[/  ^]' 


B, 


=  [Co  Ok 


[t  L}t 


Bt 

0 


=  0] 


^i' 

^2 


*'0 

71-1 


■  ,5  -  {•sV)(/)j|* 

1  =  1  •'zt/72  T  yir/n  ) 

1-1  "/n  ^Vir/n  j 

-*B,(t)\\dt\\x\U 


where  ==  rj®  Furthermore,  we  can  replace 

by  Bjt,  which  is  made  up  of  the  linearly  independent 
columns  of  R^,  and  define  ^(0  ==  C,e^’‘Bn  we  then 
have  ^ 

CJel° 

Now,  to  show  the  existence  of  (<^,5^)-'^  on  or 

equivalently,  that  is  injective,  it  suffices  to  show 

that  ^  has  no  null  space  in  (since  r(n) 
Z.“[0,  t]  is  injective).  By  the  representation  above,  if  /e 
0,  then  /(/)  =  Cae^^'B^x  for  some  x  0,  x  e 
(where  p  ^  +  n,).  Let  f'-^S^J,  then  f  = 

C^e  ‘"/"BfX,  or  in  matrix  notation 


n-l  ^2 


Jo 

/El. 

BfX  —• 


KBfX. 


^  E  sup 

i-l  "  Os/ST  dt 


rt  —  1 

^  :^IUili  E  sup 

1-1  OSIST 


’l|T 


(17) 


Since  (C^,  Af)  is  observable  and  r/n  is  not  pathological, 
then  (C„,  e'**’’/")  is  observable  implying  that  the  matrix 
has  full  column  rank  (for  n  >  Inf),  and  since  B,  also 
has  column  rank,  then  which  shows  that  S’„  has  no 
null  space  in  " 

To  obtain  the  bounds  we  need,  it  is  necessary  to  have  a 
bound  on  the  norm  ||xlU  (||  •  (loo  is  the  maximum  compo¬ 
nent  norm  in  R^)  of  solutions  of  the  equation  /=  9’,ByX. 
Since  both  and  B^  have  full  column  rank,  they  both 
have  left  inverses  Bj^,  and 

llxlU  ^115/^111197^11 
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Since  r(n)  -*  L“[0,  r]  preserves  norms,  that  is,  for  from  the  fact  that  if  each  entry  in  the  matrix  of  norms 
/”^/=  (^-5^)/.  we  have  that  II/IIz.io,ti  =  ll/llr(n),  the  tends  to  0  separately,  then  the  maximum  row  sum  will  also 
above  bound  becomes  tend  to  zero. 

The  L“[0,  rj-induced  norm  of  an  operator  given  by  a 
j|x|U  <  C2ll/|lz,*[o,Ti-  kernel  function  Mt,s)  is 


The  proof  that  the  bound  c,  is  independent  of  n,  though 
.  long,  is  entirely  similar  to  that  for  in  part  a). 

Now  let  /  therefore  /  which  means  that 

f  =  (fgX  for  some  x  e  Let  /  ==  (4^,5^)/,  by  the  defi¬ 
nition  of  we  have  that  =  f  = 

We  now  compute, 

=  sup  \\{^„s^j,x)(t)  -  {^.xyow 

0^r<r 

=  sup  sup  \\{^„S’„(f^x)it  +  h/n) 

— 1  0<t:^T/n 

-(4^)((  +  ,VA)|| 

=  sup  sup  ||(^^ji:](iT/n) 

0^t<T/n 

-[<f„x)(t  +  ir/n)\\ 

<  sup  sup  II  ^is||  lUlU 

o^isr/n  ^ 

A 

<  sup  sup  r'^‘’'^"||-T^(5)||  dj||x|U 

O^t^r/n  ^ 

<  sup  r^‘'*’^^'^"||-j^(j)||  iislIxiU 

0^i£n-l^ir/n  ^ 

T 

<  sup  sup  ll-T— (^)||-II^IU 

Osisn-1  OSSST  ds  n 

<  sup  sup  ||C<,IMU<,IIe"''‘’"1l5/ll-l|j:|U 

^  IICJI  IUJlell'^•»nl5/ll-C2ll/IL^o,.l, 
n 

which  results  in 

^\\CMAo\\e^^^nBA\c^T- m 
‘  n  n 

Proof  of  Lemma  5 

If  Du  comes  from  the  lifting  of  a  MIMO  Cn,  then  Du 
operates  on  vector  signals,  i.e.,  Du.-  L"(0,  t]  -*  L”  [0,  t]. 
'ITie  induced  norm  of  such  an  operator  is  bounded  above 
by  the  maximum  row  sum  of  the  matrix  of  the  L“[0,  t]- 
induced  norms  of  the  SISO  subsystems.  We  will  prove  the 
lemma  as  if  D^  is  scalar,  the  MIMO  statement  follows 


IWI  =  sup  (  \^{t,s)\ds. 

Osr^T  •'o 

The  kernel  function  of  Du  is  given  from  (1)  by 

The  operator  D„  ==  C^,5^)DuC^^)  has  a  kernel  func¬ 
tion  which  is  piecewise  constant  over  squares  of  width  r/n 
in  [0,  r]  X  [0,  t],  in  particular,  for  t  =  f  +  ir/n  and  s  = 
s  +  jr/n,  t,s  ^  [0,  r/n] 


where  is  the  unit  step  function  with  a  discrete  parame¬ 
ter.  We  now  compute 

llAi  -^„ll 

=  sup  HDuCLs) -D„(r,j)|d5 

Oi/sr  •'0 


n-1 


V*  fij'^l)7/n 

sup  L  I 

U^r/n  j:=i0  jr/n 

•|D„(r,s)  -  D„(r,s)|dy 


sup 


sup  sup  Y.  f  ^ 
i  ‘t  y-O  V(’’- 


■(/+  l)r/n 
T/n) 


n 


•(/+l)r/'>  Id 


■/: 


ds 


^  IlCjll  IIDJI  sup  sup  Y, 

I  t  ;-0 


l)r/n 
;(r/rt) 


.  n 

_ 

^  ht-s) 


j(r/n) 

^  IlCj  sup  sup 

i  t 

\j~0-'j(r/n)  T 


•f 

^JWn) 


drl|ds 


-F  d?|. 
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where  the  last  term  represents  the  case  i  =  j.  From  (20)  in 
Appendix  B,  we  can  bound 


_  n  Kj+Dr/n 


^Ji-r/n) 


~  V-M 


<  —\\gA‘-j(r/n))  _  g-/l;(T/n)|j 

n 


+  -  sup  \\Ae^^‘~^'>\\ 

^  UW't)£S£(J-r  Ih/n 


+  sup  Me  ■'*'■11  -y 

;(T/n)<r^(/+l)r/n 


<  _eMliy(r/n)||^>lr  _  ^11  ^  II^II^MIIr  ' 

n  n- 


<  -  1)  +  lUII^  . 

n  rA 


Substituting  back  yields 


Ili3„  -Dj|<||C,||||Bilk^M-sup  sup 


of  the  norms.  Note  that  in  the  following  bounds,  ||  •  ||  is 
any  matrix  norm  provided  that  the  same  norm  is  used  on 
both  sides  of  the  same  inequality, 


{h  -a)- 1  dF  \ 

^ 5 -  sup  11-^0)11  (18) 


\\jhit)F'{t)  dt-jl J^Fis)  dsj f  fF'(r)  dr 


dF  Y 


<27''  sup 


^\b  -  a\\F,(.a)  -  F,(a)\ 


II  dF, 

+  2 

^  Xast^b 


£  1) +||^||i:  + 1 

y-o  M  j  n 


dF, 

+  sup  ||-2f(0|l 

a^:^b 


■\b-a\\ 


1)  +  Mli—  +  - 

n  n  n 


Appendix  B 

Integral  Inequalities 

Let  F(t),  Flit),  F2(t)  be  differentiable  matrix  valued 
functions.  Some  useful  bounds  shown  below  can  be  estab¬ 
lished  by  using  the  formula 


Completion  of  Proof  of  Lemma  4-a) 

Claim:  Cj  is  independent  of  n. 

Proof:  We  will  construct  Cj  as  an  upper  bound  on  the 
norm  of  the  left  inverse  to  This  is  done  by  taking  the 
pseudo-inverse  as  a  left  inverse  to  and  finding  a 
bound  on  its  norm  that  is  independent  of  n.  The  pseudo¬ 
inverse  to  is  and  note  that  the  inverse 

exists  since  has  full  column  rank.  We  first  boimd 
\K,^„^I,)~^\\.  From  the  definition  of  we  have 


-  1 

=  L  e''"^'"^'iT/n)BiB'{<fr'i7/n)e^""^\ 


rt  dF 

Fit)=‘Fia)+  f  —is)ds, 
L  dt 


Denote  the  controllability  Granunian  over  the  finite  time 
T,  by 


and  some  manipulations  involving  cancelling  common  fac¬ 
tors  and  bounding  the  norm  of  an  integral  by  the  integral 


re^‘BiB[e^'‘ , 

•'n 


BAMIEH  ei  al.:  MINIMIZATION  OF  THE  L'-INDUCED  NORM  FOR  SAMPLED-DATA  SYSTEMS 


731 


We  will  first  show  that  W. 

=  dt 

^  /-o 

=  \{j: 

1  =  0 

i=s0  ^ 

T 

z  =  0 

«-I  y3 

<  T’  _ 

1  =  0 

•(  sup  lisjl  lUlle"^"')'  (21) 

'0s?sr/n  ' 

where  the  last  step  is  a  consequence  of  formula  (19). 
After  bounding  <  g^Miir  gjjd  summing  to  yield  a 

factor  of  n,  (21)  becomes 

71  1 

\\W^-  -(.^„.^;)||  ^2e^ll^“1lSilPMI|-^  ==Mi— , 

T  /I"* 

^  CO 

where  Mj  is  a  constant.  Now,  since  (n/rX^n^P  W^, 
it  follows  that  ((n/T).^„.^p~*"-»  [18,  theorem 

10.12].  An  explicit  bound  (for  large  n)  on  the  norm  of 
in  terms  of  the  norm  of  W~^  can  be 
constructed  in  several  ways,  one  way  is  by  [18,  theorem 
10.11] 

+  2111^7  IP 

==A/j, 


for  n-  >  2iV/il|WrMi.  To  take  care  of  the  case  of  n 
such  that  n-  <  2Afil|Hr'||,  note  that  is  only  a  finite  num¬ 
ber  of  such  n’s,  and  let  be  the  maximum  of 
over  this  finite  set  of  n’s  (note  also  that 
||(.^„.^P"MI  exists  if  rt  >  n,  and  r/n  is  not  a  pathological 
sampling  period).  Letting  ■—  rnsxiM^,  M^},  we  obtain 

Vn  >  such  that  r/n  is  not  pathological.  Finally,  to  find 
note  that  this  is  the  induced  norm  from 
/'(n)  to  R"'  with  the  ||  •  lli  norm,  i.e.,  it  is  the  maximum 
column  sum  norm  on  the  matrix,  therefore 

•|l^(T/n)[(e'^^/'')'’‘'5i  -  fii]|| 

<  ||(.^„.^;)”^||||N[^(T//i)||max 
•{||(e^^/'')”-'||,-,lk^^/'>||}||5ill 

T  n 

<  Mi  =:  Cl, 

since  ||■^'(T/n)ll  =  ||  Jq'^"  dy||  <  ds  ^  /g/" 

g]\A]\T/n  ^  <  (T/n)e'*'^''"'''’.  This  yields  the  desired  bound 
Cl  which  is  independent  of  n.  □ 

Existence  of  Preadjoints 

Given  an  operator  H‘.  X*  X*,  where  X*  is  the  dual 
of  some  Banach  space  X,  its  preadjoint  *H  is  such  that 
*H:  X  ^  X  and  (*H)*  =  H.  Not  every  operator  has  a 
preadjoint,  but  ^e  operators  that  we  are  dealing  with  do. 
For  example.  Si:  L^O,  t]  -*  R"^  has  a  preadjoint  *Si: 
R"*  L^O,  t].  Let  .Bi(r)  denote  the  matrix  valued  kernel 
function  representing  the  operator  Bi,  it  is  very  easy  to 
check  that  the  operator  from  R"'  to  L^O,  t]  given  by  the 
matrix  valued  kernel  function  S](r)  (here  '  denotes  matrix 
transpose)  is  a  preadjoint  to  the  operator  Si. 
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Abstract:  Necessary  and  sufficient  conditions  for  stability  and 
performance  robustness  of  discrete-time  systems  are  provided 
in  terms  of  the  spectral  radius  of  a  certain  nonnegative  matrix. 
The  conditions  are  easily  computable  and  provide  a  simple 
and  efficient  method  for  computation  of  the  robustness  condi¬ 
tions  for  SISO  as  well  MIMO  perturbations.  The  problem  of 
robust  controller  synthesis  is  explored,  and  an  iteration  scheme 
for  controller  synthesis  is  introduced. 

Keywords:  Robustness;  robust  stability;  robust  performance; 
structured  uncertainty. 


1.  Introduction 

In  the  last  decade,  the  control  of  uncertain 
systems  has  gained  considerable  attention.  While 
system  behavior  is  governed  by  precise  and  fixed 
laws  and  principles,  it  is  almost  always  impossible 
to  get  an  exact  mathematical  model  for  the  sys¬ 
tem  due  to  the  complexity  of  such  systems  and 
the  difficulty  of  measuring  various  system  param¬ 
eters  and  accounting  for  ail  its  dynamics.  As  a 
result,  system  models  which  partly  capture  system 
behavior  must  be  used,  and  the  system  to  be 
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controlled  is  viewed  as  being  uncertain,  beyond 
the  information  provided  by  its  model. 

Aside  from  system  uncertainty,  one  is  usually 
concerned  with  signal  uncertainty.  Uncertain  sig¬ 
nals  model  various  disturbances  which  may  afifect 
the  system.  Such  disturbances  are  not  completely 
arbitrary  and  are  usually  assumed  to  belong  to  a 
certain  class  of  signals.  One  such  class  of  signals 
contains  those  signals  which  have  a  bounded  I? 
nprm.  These  signals  are  bounded  in  energy.  When 
designing  controllers  with  the  objective  of  mini¬ 
mizing  the  effect  of  these  signals  on  the  energy  of 
certain  system  output  signals,  the  if*  techniques 
provide  a  systematic  procedure  for  achieving  this 
task.  In  many  occasions,  however,  it  is  the  magni¬ 
tude  of  the  disturbance  and  output  signals  that  is 
of  concern.  In  this  case,  the  class  of  uncertain 
signals  considered  is  that  containing  signals  with 
a  boimded  L“  norm.  In  this  case,  the  design 
techniques  are  provided  by  the  L}  theory. 

While  the  and  L}  methodologies  provide 
analysis  and  synthesis  techniques  for  nominal  lin¬ 
ear  time-invariant  systems,  they  do  not  directly 
address  system  ,  uncertainty.  The  issue  of  system 
robustness  to  uncertainty  in  the  H°°  setup  has 
been  addressed  by  various  researchers.  Of  partic¬ 
ular  interest  is  the  notion  of  structured  uncer¬ 
tainty.  The  significance  of  treating  structured  un¬ 
certainty  is  that  it  reduces  the  conservatism  in  the 
analysis  and  design  by  incorporating  information 
about  the  location  of  the  uncertainty  in  the  sys¬ 
tem.  This  problem  has  been  introduced  and  first 
studied  in  [13,14,3,15,4].  A  robustness  measure, 
termed  which  treats  structured  uncertainty 
was  introduced  in  [15]  and  a  similar  measure, 
termed  the  Structured  Singular  Value  (SSV)  or 
fi,  was  introduced  in  [3].  The  computation  of  the 
SSV,  which  is  equal  to  l/k„,  can  however  be 
computationally  difficult  especially  in  the  pres¬ 
ence  of  a  large  number  of  perturbation  blocks.  In 
particular,  exact  computation  of  the  SSV  is  in 
general  possible  only  when  3  or  fewer  perturba- 
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tion  blocks  are  present.  Computable  upper  and 
lower  bounds  can  be  used  to  obtain  estimates  in 
the  case  of  more  than  3  blocks. 

Robustness  in  the  L}  framework  in  the  pres¬ 
ence  of  norm-bounded  perturbations  has  also 
been  addressed.  In  [1]  necessary  and  sufficient 
conditions  for  stability  robustness  were  provided 
in  the  presence  of  unstructured  perturbations,  i.e. 
for  one  perturbation  block.  In  [6,7]  the  problem 
of  minimizing,  in  the  presence  of  unstructured 
uncertainty,  the  worst  case  norm  of  the  sensitivity 
function  subject  to  stability  was  addressed,  thus 
adding  a  performance  requirement.  An  exact  ex¬ 
pression  for  the  worst  case  norm  of  the  sensitivity 
function  was  provided,  and  it  was  shown  how 
controllers  which  minimize  this  expression  can  be 
designed  while  achieving  robust  stability.  These 
results  were  generalized  in  [8,7]  where  necessary 
and  sufficient  conditions  were  derived  for  stabil¬ 
ity  robustness  in  the  presence  of  structured 
norm-bounded  uncertainty,  and  therefore  an  ar¬ 
bitrary  number  of  perturbation  blocks  can  be 
treated.  These  conditions  were  given  in  terms  of 
the  region  in  which  a  system  of  inequalities  has 
its  solution.  The  system  of  inequalities  is  com¬ 
pletely  determined  by  the  interconnection  of  the 
nominal  system  at  hand  and  stabilizing  controller. 
Even  though  conditions  for  stability  robustness 
are  important  in  their  own  right,  they  also  give 
conditions  for  performance  robustness.  This  has 
been  demonstrated  in  [8]  where  it  was  shown  that 
a  performance  robustness  problem  can  be  con¬ 
verted  to  a  stability  robustness  problem  by  adding 
a  fictitious  perturbation  block  to  represent  the 
performance.  The  conditions  for  stability  robust¬ 
ness  which  result  are  exactly  those  for  perfor¬ 
mance  robustness  for  the  original  problem.  In 
this  paper  we  establish  a  connection  between  the 
conditions  for  stability  robustness  and  the  spec¬ 
tral  radius  of  a  certain  nonnegative  matrix.  The 
use  of  the  spectral  radius  conditions  allows  one 
not  only  to  obtain  numerically  efficient  ways  for 
determining  when  a  certain  system  achieves  ro¬ 
bust  stability  and  performance,  but  it  also  pro¬ 
vides  the  means  to  design  robust  controllers  for 
any  number  of  perturbation  blocks.  This  is 
achieved  by  an  iterative  scheme  for  controller 
synthesis  similar  to  the  D  -  X  iteration  in  the  ix 
theory.  The  results  in  this  paper  have  been  previ¬ 
ously  presented  by  the  authors,  without  any  of 
the  proofs,  in  [10,9]. 


2.  Notation  and  preliminaries 

We  use  to  denote  nonnegative  real  num¬ 
bers. 

Since  we  will  be  working  with  signals  with 
bounded  magnitude,  the  class  of  signals  of  inter¬ 
est  will  be  J°°.  It  is  the  space  of  all  bounded 
sequences  of  real  numbers,  i.e.  x  =  {x(^)}i_o 
if  and  only  if  sup*  1  x{k)\  <».li  x  belongs  to 
then  i 

IUII«=  supU(A:)|. 

k 

We  will  be  dealing  with  vector  signals  with  each 
component  belonging  to  /*.  The  class  of  such 
signals  will  be  denoted  by  /*  where  n  is  the 
number  of  components.  Given  x  =  (xj, . . . ,  x„)  e 

II X  lu  =  max  II  Xj  ||». 

i 

Given  a  stable  linear  shift-invariant  system 
(LSI),  its  impulse  response  will  belong  to  /*,  the 
space  of  absolutely  summable  sequences.  If  x  6  /  * 
then 

00 

iuiii=  L  ix(fc)i  <». 

The  J/  norm,  II  •  11^,  of  a  z-transform  of  an  if ' 
sequence,  is  the  norm  of  that  sequence.  So 
for  an  LSI  system,  this  will  be  the  /  *  norm  of  the 
impulse  response  of  that  system.  This  is  a  mea¬ 
sure  of  the  maximum  amplitude  gain  of  the  sys¬ 
tem  or  the  induced  r  norm  of  that  system.  For 
a  system  matrix,  the  j/-norm  is  the  maximum  row 
sum  of  individual  SISO  entry  norms.  Inthis  paper, 
whenever  the  j/  norm  is  used,  it  is  assumed  that 
the  quantity  whose  norm  is  taken  is  the  transfer 
function  of  a  certain  LSI  system. 

We  will  be  dealing  with  perturbations  of 
bounded  norm.  We  use  to  denote  the  set  of 
admissible  perturbations.  In  the  set  of  all  opera¬ 
tors  mapping  /“  to  with  induced  norm 
less  than  or  equal  to  one.  Hence, 

:=  1^:  d  is  strictly  causal 

II  4x  lU 

and  sup  -r — r—  ^  1 

II  ^11- 
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If  p  =  9  =  1  we  will  refer  to  this  set  as  A.  A 
related  set  is 

•••.(/’«.<?«)]). 

the  set  of  all  diagonal  operators  of  the  form 
A  *  diagfidj, ...,A„)  where  4,  sA'’>^'’‘.  If  p,-  =  <?, 
=  1  for  all  i,  we  refer  to  this  set  as  ^(n).  It 
should  be  noted  here  that  the  perturbations  are 
allowed  to  be  time-varying  and  nonlinear.  The 
results  of  this  paper  will  remain  true  if  the  per¬ 
turbations  are  restricted  to  be  linear  and  possibly 
time-varying,  or  if  the  perturbations  are  restricted 
to  be  time-invariant  but  allowed  to  be  nonlinear. 

For  the  remainder  of  this  section  we  collect 
some  of  the  results  available  on  nonnegative  ma¬ 
trices  which  will  be  used  later  on  in  this  paper.  A 
matrix  A  is  said  to  be  nonnegative  if  all  its 
entries  are  nonnegative.  In  this  case,  we  write 

S:  0.  By  >1  S: 5,  we  mean  A -  B^O.  We  now 
state  the  following  definition. 

Definition  1.  An  n  X  n  matrix  A  is  reducible  if 
there  exists  &n  nXn  permutation  matrix  P  such 
that 


where  y4,j  is  an  r  X  r  submatrix  and  .<422  ‘S 
n-rXn-r  submatrix,  with  r<n. 

A  matrix  which  is  not  reducible  is  called  irre¬ 
ducible.  Irreducible  nonnegative  matrices  have  a 
variety  of  interesting  properties.  Among  these  is 
the  following  theorem  which  is  a  consequences  of 
Perron-Frobenius  theory  for  nonnegative  matri¬ 
ces  (See  [5]) 

Theorem  1.  Lef  .<4  =  (fl,y)  be  a  nonnegative  square 
matrix.  Then 

(1)  A  has  a  nonnegative  real  eigenvalue  equal 
to  its  spectral  radius,  p{A). 

(2)  To  p(A)  there  corresponds  an  eigenvector 
r>0.  If  A  is  irreducible  then  r  >  0. 

(3)  p{A)  is  a  monotone  increasing  fitnction  of 
any  of  the  entries  of  A.  If  A  is  irreducible,  the 
monotonicity  is  strict. 


(4)  Let  r,  >  0  for  /  =  1, . . . ,  n.  Then 
■  1  ” 

p(/l)  max  -  2^  r^a,y. 

n  n 

<5>  min  Y,  ^  max  Y  “ij. 

•  j-l  ‘  ;-l 


3.  Problem  setup 

i 

We  start  by  setting  up  the  robustness  problem 
for  LSI  systems.  Consider  the  system  in  Figure  1. 
In  the  figure,  Fq  is  a  nominal  LSI  plant.  ^  is  a 
LSI  controller  stabilizing  ^q.  For  the  analysis 
problem,  ^  is  assumed  given  and  fixed.  M  repre¬ 
sents  the  nominal  part  of  the  systems  composed 
of  the  nominal  LSI  plant  and  the  LSI  stabilizing 
controller.  M  can  be  either  continuous-time  or 
discrete-time.  We  will  assume  it  is  discrete-time, 
although  the  results  cany  over  with  obvious  mod¬ 
ifications  to  the  continuous-time  case,  w  repre¬ 
sents  the  unknown  disturbances.  The  only  as¬ 
sumption  on  w  is  that  it  is  bounded  in  magnitude, 
i.e.  w  belongs  to  the  space  /*,  and  we  assume 
that  II  w  lU  ^  1.  z,  on  the  other  hand,  is  the 
regulated  output  of  interest.  4j,...,4„  are  the 
system  perturbations  modelling  the  uncertainty. 
Each  perturbation  block  4,  is  causal  and  has  an 
induced  /"-norm  less  than  or  equal  to  1.  There¬ 
fore,  each  Ai  belongs  to  A^‘^^<.  Whereas  M  is 
given  and  fixed  (at  least  in  the  analysis  problem 
where  a  controller  is  given),  each  perturbation 


,  M 


Fig.  1.  System  with  structured  uncertainty. 
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block.  4,  is  allowed  to  vary  over  the  set 
The  combined  effect  of  all  perturbation  blocks 
can  be  equivalently  captured  by  one  perturbation 
block.  A,  which  has  a  diagonal  structure.  A  now 
belongs  to  the  class 

9n)])- 

With  this  setup  in  mind,  the  system  is  said  to 
achieve  robust  stability  if  it  is  /“-stable  for  all 
admissible  perturbations,  i.e.  for  all  • 


Theorem  2.  System  I  achieves  robust  performance 
if  and  only  if  System  II  achieves  robust  stability. 

A  similar  relationship  holds  when  the  pertur¬ 
bations  are  time-invariant  and  when  we/*  as 
has  been  shown  in  [4].  As  a  result  of  this  theo¬ 
rem,  we  can  focus  our  efforts  on  finding  stability 
robustness  conditions.  Conditions  for  perfor¬ 
mance  robustness  will  automatically  follow  from 
the  stability  conditions. 


It  is  said  to  achieve  robust  performance  if  it 
achieves  robust  stability  and  at  the  same  time 
II  II  <  1  for  all  admissible  perturbations, 
where  is  the  map  between  the  input  w  and 
the  output  2.  Note  that  when  the  perturbation  A 
is  zero,  ||  II  is  the  induced  /*  norm  of  the 
nominal  system  and  is  equal  to  the  /*  norm  of 
the  impulse  response  of  the  map 

Next,  we  briefly  discuss  the  relationship  that 
exists  between  stability  robustness  and  perfor¬ 
mance  robustness.  When  M  is  time-invariant,  it 
was  shown  in  [8]  that  a  certain  interesting  equiva¬ 
lence  between  stability  robustness  and  perfor¬ 
mance  robustness  holds.  More  specifically,  a  per¬ 
formance  robustness  problem  can  be  treated  as  a 
stability  robustness  problem.  Consider  the  two 
systems  in  Figure  2.  The  first  system  in  the  figure. 
System  I,  is  that  corresponding  to  the  robust 
performance  problem  and  has  n  —  1  perturbation 
blocks.  By  adding  a  fictitious  perturbation  block, 
Ap,  where  Ap&A,  we  get  System  II.  System  II, 
therefore,  corresponds  to  a  stability  robustness 
problem  with  n  perturbation  blocks.  The  follow¬ 
ing  theorem,  whose  proof  can  be  found  in  [8], 
establishes  the  relation  between  the  two  systems: 


System  I  System  II 

Fig.  2.  Stability  robustness  vs.  performance  robustness. 


i 

4.  Stability  robustness  analysis 


In  this  section,  we  state  our  main  theorem 
establishing  the  necessary  and  sufficient  condi¬ 
tions  for  robust  stability  of  System  II  in  Figure  2 
in  terms  of  the  spectral  radius  of  a  certain  matrix 
as  well  as  other  conditions.  We  do  this  in  the 
SISO  and  MIMO  cases. 

4.1.  SISO  perturbations 


When  the  perturbations  are  SISO,  the  class  of 
admissible  perturbations  is  Sin).  As  a  result,  M 
will  have  n  inputs  and  n  outputs.  It  can  be 
expressed  as  follows: 


M:= 


M 


11 


M, 


In 


M. 


nl 


Since  M  is  LSI  and  stable,  each  M^j  has  a  pulse 
response  which  belongs  to  the  space  The 
norm,  or  the  sf  norm  of  Mij  can  be  computed 
arbitrarily  accurately.  We  define  M  to  be  the 
following  matrix  of  norms 


llAfn  II4/ 


M:= 


II  Ml,  IL 


IIM,J|^  ...  IIM,J|^ 


Defining  ^  to  be  the  set  of  all  nXn  real 
diagonal  matrices  with  positive  entries  on  the 
diagonal,  we  can  state  the  following  theorem: 


Theorem  3.  The  following  are  all  equivalent: 

(1)  System  II  in  Figure  2,  with  2t{n)  as  the 
perturbation  class,  achieves  robust  stability, 

<2>  The  system  of  inequalities:  x<Mx  has  no 
nonzero  solution  x  e  R"  which  satisfies  x  ^  0. 
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<3>p(M)<l. 

<4>  inf^e^||/?-‘Afl?IU<L 

Proof.  That  <1>  and  (2>  are  equivalent  has  been 
shown  in  [8].  To  show  <2>  implies  <3)  suppose 
p(A/)^l.  Since  M  is  a  nonnegative  matrix,  its 
spectral  radius  is  itself  an  eigenvalue  and  the 
associated  eigenvector,  say  x,  satisfies  x  ^  0.  The 
fact  that  p(M)  is  an  eigenvalue  implies  that 
piM)x  =  Mx.  Since  x  ^  0  and  p(M)  ^  1  we  have 
x^Mx.  Thus,  <2>  implies  <3). 

We  now  show  <3>  implies  <4>.  Suppose  <3> 
holds.  If  M  is  reducible,  form  by  perturbing 
M  slightly  so  that 

(a)  M,^M, 

(b)  M,  is  irreducible,  and 

(c)  p{M,)  <  1. 

This  can  always  be  done  by  slightly  increasing 
the  zero  entries  in  M,  and  using  the  continuity  of 
the  spectral  radius  to  ensure  the  spectral  radius 
does  not  increase  beyond  one.  The  resulting  M,, 
being  positive,  will  be  irreducible  (see  [5]).  If 
f  >  0  is  the  positive  eigenvector  corresponding  to 
the  spectral  radius  of  guaranteed  by  Theorem 
1  then  clearly 

From  Theorem  1,  this  implies  that 

p(M,)  =  mf  mM  j  E  (1) 

Furthermore,  implies  that 

1  " 

inf  max  -  E  o(^e)<7 
^>0  i  rj  yTi  '•  ^ 

1  " 

^  inf  max  —  E  (2) 

^>0  I  r,. 


Finally,  we  show  that  <4>  implies  <1>.  Suppose 
(4)  is  true.  Then  for  some  R  &3i, 

||i?-'AfRlL<l. 

From  the  Small  Gain  Theorem,  it  follows  that 
{l-R-^MRAY^  is  r-stable  for  all 
But  since  R~^AR=A,  it  follows  that 

{I-R-^MRR-^AR)~^ 

is  /“-stable  for  all  A  e.2f{n).  This  in  turn  implies 
that  R~\I  —  MA)~^R  is  (“-stable  for  all  ie 
9>{n\  which  is  equivalent  to  U-MA)~^  being 
/“-stable  for  all  A  ^3fin).  It  can  be  easily  seen 
[8]  that  this  last  condition  is  necessary  and  suffi¬ 
cient  for  robust  stability  of  System  II  in  Figure  2. 
This  completes  the  proof.  □ 

The  proof  of  Theorem  3  above  suggests  a  way 
to  compute  the  optimal  scaling  matrix,  R,  which 
achieves  the  infimum  when  M  is  irreducible.  This 
is  summarized  in  the  following  corollary: 

Corollary  1.  Let  M  be  as  defined  above.  If  M  is 
irreducible,  then 

inf  \\R-^MR\\^=\\R-^MR\\j^, 

Rea 

where  R  ~  diagdi, . . . ,  f„),  with  (rj, . . . ,  f„Y  being 
the  eigenvector  corresponding  to  p(M)  which  is  an 
eigenvalue  of  M. 

Proof.  Follows  directly  from  the  arguments  used 
in  the  proof  of  Theorem  3.  .□ 

Another  fortunate  consequence  of  the  nonneg¬ 
ativity  of  M  is  that  both  the  spectral  radius  and 
its  corresponding  eigenvector  can  be  computed 
very  easily  using  power  methods.  To  see  this 
consider  the  following  theorem  (see  [18]): 


Combining  (1),  (2),  and  the  fact  that 

II M IL  =  max  E  II  Mij  IL 
'  y-i 

we  have  that 

inf  ||i?-*M/?||^<l. 

Rea 

This  completes  the  proof  that  (3)  implies  (4). 


Theorem  4.  Suppose  M  is  primitive  (M"‘  >  0  for 
some  positive  integer  m).  Let  x>0  be  any  n  vec¬ 
tor.  Then 


(M'"-"‘x),. 

min - s - ^  p{M)  ^  max 

.  (M^x),  i 


(M^’-'^x),- 

(M^x),- 


Furthermore,  the  upper  and  lower  bounds  both 
converge  to  p(M)  as  m -*<*>. 
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This  theorem  can  be  used  to  compute  the  spec¬ 
tral  radius  for  large  matrices  by  computing  the 
upper  bound  and  the  lower  bound  for  the  spec¬ 
tral  radius  which  are  guaranteed  to  converge  to 
the  spectral  radius.  Finally,  if  M  were  not  primi¬ 
tive,  it  can  be  made  so  by  replacing  every  zero 
entry  with  an  e  >  0.  Since  the  spectral  radius  is  a 
continuous  function  of  the  matrix  entries,  it  fol¬ 
lows  that  the  solution  of  this  modified  problem 
will  approach  that  of  the  original  one  as  e  ap¬ 
proaches  zero. 

4,2,  MIMO  perturbations 


We  now  discuss  the  case  when  each  of  the 
perturbations  can  have  multiple  inputs  and  out¬ 
puts.  In  this  case,  the  class  of  admissible  pertur¬ 
bations  is 

^[(Pu  9n)] 

:=  {4  =  diag(4i,...,4„): 

We  define 


p~{Pi,...,p„)  and 

M  can  be  partitioned  according  to  the  structure 
of  the  perturbations.  Hence, 


Ml,  . 

M„,  ., 

•• 

where  My  has  pj  inputs  and  outputs.  In  order 
to  refer  to  the  rows  of  My  we  denote  the  mth 
row  of  My  by  (My)„. 

Before  we  discuss  the  next  theorem  giving 
necessary  and  sufficient  conditions  for  stability 
robustness,  we  need  some  definitions.  First,  de¬ 
fine 


^ '■=  kj  is  a  positive  integer 

and  1  ^  A:,.  ^  q^) . 


From  this  definition  it  is  clear  that  the  set  JT  has 
exactly  elements.  To  each  k  = 

(Atj,  . . . ,  A:„)  e  .T  we  define; 


M*:= 


Accordingly,  (My);^  will  have  Pj  inputs  and  one 
output.  Similar  to  the  SISO  case,  we  define 


M. 


ll(Ki)*JL 


As  has  been  shown  in  [8],  it  is  M*  for  A:  that 

determine  the  robust  stability  of  the  system.  This 
will  be  expressed  in  the  next  theorem. 

Finally,  given  /?  =  diag(ri,...,r„) e.5?,  and  a 
vector  of  positive  integers  /  =  we  de¬ 

fine 


^r=diag(r„...,ri . r„,...,r„). 

with  r,-  repeated  /,  times,  i  =  l,...,n.  Qearly,  R, 
depends  on  both  R  and  /. 

Before  we  state  the  main  robustness  theorem 
for  the  MIMO  case,  we  need  the  following  lemma: 


Lemma  1.  Let  and  A 2  be  nXn  irreducible 
nonnegative  matrices  such  that  for  some  R  ^31'. 
(1)  All  the  rows  of  R~  A ^R  have  equal  sum. 
<2>  The  last  n  -  1  rows  of  and 

R~A2R  are  identical. 

(3)  The  sum  of  the  Ist  row  of  R~A2R  is 
strictly  larger  than  the  sum  of  the  1st  row  of 
R~AiR,  i.e. 

LiR-A,R),j<t{R-A2R),j. 

y-i  y-i 

Then  piAi)<p(.A2). 

Proof.  It  follows  from  part  <5)  of  Theorem  1  that: 

00 

y-1 

^p{R-A2R)  Vi. 

Let  A2  be  any  matrix  formed  from  R~A2R  by 
retaining  the  last  n-1  rows  and  subtracting  posi¬ 
tive  quantities  from  the  entries  of  the  first  row  of 
R~A2R  so  as  to  make  the  sum  of  the  1st  row 
equal  to  the  sum  of  any  of  the  remaining  rows. 
Applying  (5>  of  Theorem  1  to  .,4  we  get  that 

p{R-A,R)^p{A). 
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But  from  part  (3)  of  Theorem  1  we  have  that 
p{A)  <p{R~^A2R). 

Thus 

p{R-AiR)<p{R-^A2R) 

and  the  result  follows  from  the  similarity  of  Aj 
and  R~AjR.  □ 

Theorem  5.  The  following  are  all  equivalent: 

<1)  System  II  in  Figure  2,  with 

9n)] 

as  the  perturbation  class,  achieves  robust  stability. 
(2)  Given  any  the  system 

has  no  nonzero  solution  j:  e  R"  satisfying  x  ^  0. 
<3>  For  all  ke.^,  p(M*)<l. 

<4>  mf„^^\\R;^MRj^<l. 

Proof.  The  equivalence  of  0)  and  (2)  was  dis¬ 
cussed  in  [8],  The  equivalence  of  <2>  and  (3>  is  a 
direct  consequence  of  the  equivalence  of  <2)  and 
0)  in  Theorem  3.  It  remains  to  show  the  equiva¬ 
lence  of  (3>  and  <4>.  In  doing  that  we  will  make 
the  assumption  that  for  each  k^JT,  the  nXn 
matrix  is  irreducible.  If  this  were  not  the 
case,  it  can  be  made  irreducible  by  adding  to  each 
entry  a  sufficiently  small  e  >  0.  It  is  not  difficult 
to  show  that  the  equivalence  of  <3>  and  (4>  for 
the  modified  irreducible  matrix  implies  the  equiv¬ 
alence  of  <3>  and  <4>  for  the  original  reducible 
matrbc. 

To  show  the  equivalence  of  (3>  and  <4>,  first 
choose  k^JT  such  that 

p(Mi.)=  m^p(M*). 

Now,  let  R  =  diagC?!, . . . ,  r„)  be  the  matrfac  formed 
from  the  eigenvector  corresponding  to  Mj.  We 
therefore  have 

=  Vi.  (3) 

; 

In  fact,  equation  (3),  together  with  part  <4>  of 
Theorem  1  and  the  definition  of  the  j3/-norm 
imply  that 


It  follows  from  equation  (4)  and  the  definition  of 
the  j/-norm  that: 

^\\r;'mr,\1  ^R^si. 

Accordingly,  to  prove  the  equivalence  of  <3>  and 
<4>  it  is  enough  to  show  that 

Assuming  p(Mi)<  we  next  show 

that  this  results  in  a  contradiction,  and  thus  (5) 
must  hold.  Without  loss_of  generality,  we  may 
assume  the  j^-norm  in  ||  is  achieved 

at  the  first  row.  Defining  k'  (l,  Xj, . . . ,  k„),  we 
therefore  have 

(6) 

From  equation  (3)  £nd  (6)  it  is  clear  that 
R~^MiR  and  R~^M^'R  satisfy  the  hypothesis  of 
Lemma  1.  It  follows  from  Lemma  1  that  p(Mj)  < 
piMh-X  which  is  clearly  contradiction.  The  proof 
is  now  complete.  □ 

As  was  the  case  in  the  SISO  perturbations 
case,  the  optimal  scaling  matrices  Rp  and  R^ 
achieving  the  infimum  can  be  computed  from  a 
certain  eigenvector.  Here,  the  eigenvector  used  is 
that  corresponding  to  piM^X  This  is  summarized 
in  the  following  corollary: 

Corollary  2.  Let  M  be  the  interconnection  system 
matrix,  partitioned  according  to  the  stmcture  of 
the  perturbations  as  shown  above.  Let  k  be  such 
that 

p(Ms)  =  maxp(M*). 


If  Ml  is  irreducible,  then 


where  R  =  diag(rj, . . . ,  r„),  with  diag(rj,  ,  r„)  be- 
ing  the  eigenvector  corresponding  to  p{Mi\ 

Proof.  Follows  from  arguments  used  in  the  proof 
of  Theorem  5  above. 
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5.  Optimal  scalings  and  robust  controller  synthe¬ 
sis 

In  this  section  we  discuss  the  uses  and  some  of 
the  limitations  of  the  optimal  scalings  in  the 
synthesis  of  robust  controllers.  Since  M  forms  the 
interconnection  of  the  nominal  LSI  system  and 
LSI  controller  it  can  be  put  in  the  following  form: 

M=T,-T^QT^ 

where  T^,  T2,  and  are  stable  and’ depend  only 
on  the  nominal  I  plant.  Q,  is  a  free  parameter  to 
be  chosen  from  the  set  of  all  stable  rational 
function  and  determines  the  controller  according 
to  the  Youla  parametrization.  In  the  analysis 
problem,  Q  is  fixed  and,  as  a  result,  so  is  M.  For 
synthesis,  we  will  need  to  find  an  appropriate  Q 
which  results  in  a  controller  providing  satisfactory 
robustness  properties.  The  robustness  synthesis 
problem  for  SISO  perturbations  can  thus  be 
stated  as  follows: 

Find 

inf  p(M) 

Q  stable 

=  inf  inf 

Q  Stable 

The  spectral  radius  is  a  nonconvex  function  of 
Q  and  so  it  is  not  clear  how  the  optimization 
problem  in  the  left  hand  side  of  the  equation 
above  can  be  solved.  The  optimization  problem  at 
the  right  hand  side  of  the  equation  involves  a 
norm  minimization,  and  therefore  the  following 
iteration  scheme  can  be  used: 

1.  Set  i  ~  1,  and  Rq  ~  /. 

2.  Set 

!2,  i=arg  inf  ”  ^2<273)^/-iL- 

Q  stable 

3.  Set 

i?,.~arg  inf 

r 

4.  Set  i  !=  /  -I- 1.  Go  to  step  2. 

The  optimization  problem  in  the  second  step 
of  the  iteration  involves  solving  a  standard 
norm  minimization  problem.  This  problem  has 
been  discussed  in  [2,11,12,16,17]  and  software 


packages  for  its  solution  exist  and  involve  only 
linear  programming.  The  optimization  problem  in 
the  third  step  involves  computing  the  eigenvector 
of  a  certain  matrix  as  shown  in  Corollary  1  and 
can  be  solved  easily.  Furthermore,  it  is  clear  that 
this  iteration  converges  since  the  infimum  values 
obtained  in  the  consecutive  application  of  steps  2 
and  3  will  be  monotonically  decreasing  and 
bounded  below  by  zero.  It  is  also  clear  that  the 
iteration  procedure  can  be  terminated  at  step  3 
whenever  a  desirable  robustness  level  is  achieved 
as  indicated  by  the  value  of  the  infimum  at  that 
step.  It  should  be  pointed  out  at  this  point  that 
this  scheme  is  similar  to  the  D  -  X  iteration  in  fi 
theory.  One  main  difference  is  that  the  scaling 
matrices  here  are  constant  (i.e.  non-dynamic)  as 
opposed  to  the  frequency  dependent  scaling  ma¬ 
trices  which  arise  in  the  p.  case.  As  a  result,  the 
optimal  scaling  matrices  here  are  much  easier  to 
compute.  Having  mentioned  that,  it  is  important 
to  keep  in  mind  the  main  difference  between  the 
two  approaches:  the  type  of  perturbations  consid¬ 
ered  here  are  norm-bounded  possibly  time-vary¬ 
ing,  as  opposed  to  the  norm-bounded  time-in¬ 
variant  perturbations  considered  in  p  theory. 

Before  we  end  this  section,  we  make  some 
remarks  about  the  convexity  properties  of  the 
synthesis  problem  stated  above.  While 

\\r-\t,-T2QT2)r\1 

is  not  convex  in  R,  when  R  is  replaced  by  exp(Y) 
with  X  =  diagfxi, . . . ,  x„),  where  at,  g  R  then 

llexp(  -X)M  exp(A’)  ||j/ 

will  be  convex  in  X.  This  is  a  direct  consequence 
of  the  definition  of  the  sf  norm  and  the  convexity 
of  exp(  ■ ).  This  fact  is  not  used  anywhere  since  the 
optimum  eigenvector  can  be  computed  directly  by 
computing  the  eigenvector  corresponding  to  the 
spectral  radius.  It  is  easy  to  show  that 

\\R-\T,-T2QT2)Rh 

is  convex  in  Q  when  R  is  fixed.  Unfortunately,  it 
is  not  convex  in  both  R  and  Q,  and  one  cannot 
conclude  that  a  local  minimizer  for  this  problem 
is  a  global  one.  In  fact  there  are  no  guarantees 
that  the  iteration  converges  to  a  local  minimum 
as  it  may  get  stuck  at  a  saddle  point.  Numerical 
experiments  show  that  the  iteration  scheme  can 
significantly  reduce  the  spectral  radius  for  many 
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problems,  resulting  in  a  controller  with  satisfac¬ 
tory  robustness  levels.  At  the  same  time,  there 
are  examples  for  which  the  final  iteration  limit  is 
not  small  enough,  and  other  initial  scaling  matri¬ 
ces  give  much  better  results.  In  the  worst  case, 
the  above  iteration  scheme  can  be  effectively 
used  as  a  starting  point  to  get  solutions  which  can 
be  further  refined  using  other  techniques.  This 
remains  an  interesting  topic  for  future  research. 


6.  Conclusion 

We  have  shown  that  certain  robustness  condi¬ 
tions  obtained  by  the  authors  in  a  previous  work 
are  closely  related  to  the  spectral  properties  of 
certain  matrices.  This  sheds  a  new  light  on  the 
robustness  analysis  problem  with  structured  un¬ 
certainty,  provides  new  and  more  efficient  meth¬ 
ods  for  the  computation  of  the  robustness  condi¬ 
tions,  and  provides  new  directions  for  exploring 
the  robust  controller  synthesis  problem. 
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Abstract:  In  this  paper  we  pose  and  give  a  complete  solution  to  an  analog  of  the  problem  for  sampled-data  system.  We 
motivate  and  develop  a  natural  generalization  of  the  cost  to  periodic  systems,  which  is  then  applied  to  the  continuous-time 
closed-loop  mapping  in  a  sampled-data  control  system.  It  is  shown  that  the  cost  criterion  developed  is  actually  a  norm  in  an 
space  of  Hilbert-Schmidt  operator  valued  functions.  We  give  state  space  solutions  to  the  optimal  and  subopdmal  controllers 
synthesis  problems  in  this  new  norm  by  establishing  an  equivalent  standard  problem. 

Keywords:  ^^-optimization;  sampled-data  systems;  periodic  systems;  lifting  technique;  infinite  dimensional  systems. 


Introduction 

We  consider  control  systems  made  up  of  a  continuous-time  time-invariant  generalized  plant  and  a 
discrete-time  time-invariant  controller  connected  together  in  feedback  by  sample  and  hold  devices. 
Figure  1  shows  this  arrangement  which  is  a  sampled-data  control  version  of  the  so-called  ‘standard 
problem’.  We  call  the  mapping  from  the  exogenous  input  >v  to  the  regulated  output  z,  the  closed-loop 
mapping  One  generally  desires  to  synthesize  a  controller  such  that  some  norm  of  the  closed-loop 
mapping  is  minimized  or  kept  small.  When  is  time  invariant,  the  more  popular  norms  to  minimize 
are  the  L^  ^  or  the  norms. 

In  the  sampled-data  system  of  Figure  1,  is  not  time  invariant  but  is  periodically  time  varying  due 
to  the  presense  of  the  sample  and  hold  devices.  It  is  necessary  to  deal  with  sampled-data  systems  as  time 


Fig.  1.  Hybrid  discretc/continuous-timc  system. 
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varying,  if  one  is  to  consider  their  continuous  time  (e.g.  inter-sample)  behavior,  to  emphasize  this  fact  we 
call  the  system  in  Figure  1  a  hybrid  system.  In  the  case  of  the  L}  or  the  problems,  there  is  little 
ambiguity  in  generalizing  the  problem  statement  to  include  time-varying  systems.  The  O  and  ^ 
problems  have  been  originally  motivated  as  those  of  minimizing  the  L  and  induced  norms 
(respectively)  of  systems,  and  it  is  natural  to  pose  the  problem  of  minimizing  these  induced  norms  for 
time-varying  systems. 

The  problem,  on  the  other  hand,  is  normally  stated  for  time-invariant  systems,  and  there  is  no 
immediate  or  widely  accepted  generalization  of  this  norm  to  time-varying  systems.  There  are  several  cost 
criteria  which  can  be  proposed  that  are  equivalent  to  the  cost  when  specialized  to  time-invariant 
systems,  but  are  different  when  applied  to  time-varying  systems.  Recently,  [3]  considered  a  problem 
where  the  norm  of  the  response  to  a  delta  input  is  minimized,  and  [2]  considered  problems  similar  to 
minimizing  the  L?  to  L*  and  the  L}  to  L?  induced  norms  respectively. 

In  the  following  section,  we  will  present  a  different  generalization  of  the  cost  which  we  will  argue 
is  the  natural  one.  We  review  the  deterministic  set  up  of  the  problem  and  from  it  motivate  a 
generalized  deterministic  time-varying  problem,  then  we  derive  an  expression  for  the  generalized  cost  for 
periodic  systems  in  terms  of  their  lifted  equivalents.  We  then  recall  the  stochastic  interpretation  of  the 
problem  and  show  that  the  proposed  generalization  has  a  natural  stochastic  interpretation  as  well.  In 
the  second  section,  we  solve  this  new  problem  for  sampled-data  systems  by  establishing  an 
equivalence  between  it  and  a  standard  discrete-time  time-invariant  problem  . 

Sampled-data  systems  are  periodically  time  varying  in  continuous  time.  The  analysis  of  periodic 
systems  is  greatly  simplified  by  the  use  of  the  lifting  technique,  which  provides  for  a  strong  equivalence 
between  continuous-time  periodic  systems  and  a  certain  type  of  infinite  dimensional  but  time-invariant 
systems.  Now  we  recall  very  briefly  some  facts  about  the  lifting  framework  from  [1],  [2],  we  refer  the 
reader  to  these  papers  for  the  full  details.  A  continuous-time  r-periodic^  L^-stable  linear  system  G  can  be 
put  in  correspondence  with  a  discrete-time  shift-invariant  system  G  which  acts  on  L^[0,  rj-valued 
discrete-time  signals,  i.e.  signals  in  the  space  ^  called  the  lifting  of  G,  and  it  has  infinite-di¬ 

mensional  input  and  output  spaces  but  a  finite  dimensional  state  space  (of  the  same  dimension  as  G),  for 
lack  of  a  better  term,  we  will  abuse  terminology  by  calling  such  systems  infinite-dimensional.  The  system 
G  is  represented  by  a  convolution  sum  in  terms  of  what  might  be  called  its  operator  valued  ‘impulse 
response’  sequence  {G/}.  For  each  /,  G/  is  an  operator  on  L^[0,  t],  and  the  system  G  acts  on  a  signal 

y  =  Gu, 

The  generalized  cost  we  define  will  take  on  a  very  familiar  form  when  viewed  in  terms  of  the  lifted 
system  G. 


1,  Generalizing  the  cost  to  time  varying  systems 
1.1.  Deterministic  setup 

Let  us  begin  by  stating  the  problem  for  scalar  time-invariant  systems.  Let  G(/)  be  the  impulse 
response  of  a  scalar  time-invariant  system  (strictly  proper,  we  assume  this  from  now  on)  which  we  donate 
by  G.  The  norm  of  the  system  is  defined  by 

\\G\\^2:=  fiGiOf  dt.  (1) 

-'o 

*  After  this  work  was  completed,  we  received  [5],  where  the  same  problem  was  considered. 
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This  norm  is  usually  interpreted  deterministically  as  the  norm  of  the  response  to  a  fixed  input.  If  by  G[i^] 
we  denote  the  output  of  the  system  given  input  u,  then  we  have 

IIG||i.:=||G[5]||^, 

where  the  input  S  denotes  the*  delta  generalized  function  5(r),  and  is  the  Hilbert  space  L^[0, Thus 
the  norm  of  the  system  G  is  the  norm  of  its  response  to  a  single  input.  This  interpretation  of  the 
norm  breaks  down  in  the  multivariable  case.  If  G  is  a  multivariable  time-invariant  system  and  Git)  is 
its  matrix-valued  impulse  response,  the  norm  is  defined  by 

IIGlli2:=tr|/V(f)G(r)drJ.  (2) 

The  norm  so  deflned  cannot  be  given  the  interpretation  of  the  L?  norm  of  the  response  to  a  fixed  input. 
However,  a  slightly  different  interpretation  can  be  given  as  follows;  if  by  5'  we  mean  the  vector  signal 
which  has  a  delta  function  in  the  /-th  position  and  zeros  in  the  other  positions,  then  the  definition  given 
in  (2)  is  equivalent  to 

liGiii-2=  E  iig[5']ii22,  (3) 

i-1 

where  n  is  the  number  of  inputs  of  G.  So  the  norm  is  the  sum  of  the  squares  of  the  norms  of  the 
responses  to  n  different  inputs;  it  will  be  more  useful  for  us  to  think  of  this  sum  as  a  square  average.  The 
set  of  n  inputs  ‘excite’  every  input  channel  of  the  system,  and  then  a  square  average  is  taken  of  all  the 
norms  of  the  different  responses.  Note  that  (3)  does  not  exactly  represent  an  average  since  a  factor  of 
1  /n  is  missing,  thus  it  is  actually  a  multiple  of  the  average,  but  since  we  are  only  interested  in  motivating 
an  interpretation  of  the  norm,  we  disregard  this  difference.  If  we  had  used  a  single  input  such  as 
jc5(r),  where  x  is  some  vector  in  R",  then  this  input  excites  the  system  in  only  one  ‘direction’,  namely  that 
of  X.  Thus,  (3)  characterizes  the  norm  as  the  square  average  of  the  norms  of  the  responses  to  a  certain 
set  of  inputs,  where  the  set  of  inputs  are  chosen  so  as  to  excite  all  ‘parts’  of  the  system. 

The  generalization  of  the  cost  which  we  will  give  is  motivated  by  the  interpretation  just  given  for 
the  cost  of  a  multivariable  system.  We  start  with  the  case  of  periodic  systems.  Consider  a  scalar  but 
T-periodic  system  G  described  by  its  kernel  (time-varying  impulse  response)  G{t,  s),  which  is  a 
doubly-periodic  function  in  t  and  s.  The  response  of  G  to  the  single  input  5(f)  is  given  by  Git,  0).  Since 
G  is  not  time  invariant,  this  response  Git,  0)  could  be  very  different  from  the  response  to  Sfft)  —  Sit  -  h), 
a  delta  applied  at  some  other  time  h.  Since  the  system  is  r-periodic  we  can  think  of  applying  many 
different  inputs  5^,  to  excite  the  different  ‘parts’  of  the  kernel  Git,  s\  Since  Git,  s)  is  a  r-periodic 
function  of  s,  it  is  completely  determined  by  its  responses  to  the  inputs  5^,,  for  0  <  r.  So  by  analogy 

with  the  multivariable  time  invariant  case,  our  set  of  inputs  for  a  r-periodic  system  is  {5;,;  0  <  A  <  r},  and 
the  generalized  cost  .should  be  the  square  ‘average’  of  the  L?  norms  of  the  responses  to  inputs  in  this 
set.  Formally,  given  a  scalar  r-periodic  system  G,  its  norm  is  defined  by 

II G  111^2  :=lf||G[5j  11^2  dA. 

r  •'o 

Thus  the  ‘average’  is  taken  by  integration.  Note  how  this  definition  reduces  to  the  standard  norm  if 
the  system  is  time  invariant,  since  ||  G[5;,]ll  l?  is  a  constant  function  of  A  if  G  is  time  invariant.  In  terms 
of  the  kernel  function  Git,  s)  we  have 

II G  iii^: = -  fw  Gi’,h)  \\h  dA = i  rf  r(G(f ,  h)f  df )  dh. 

r  Jq  t  ■'o  yo  I 

For  a  multivariable  system  G,  the  appropriate  definition  is  then 

IIG|li:==i/Jtr|/^’G'(r,/i)G(f,  A)  drj  dh. 


(4) 
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1.2.  The  norm  for  periodic  systems 

The  definition  given  earlier  in  (4)  takes  on  a  form  very  similar  to  that  for  time-invariant  systems  when 
viewed  in  terms  of  the  lifting  of  periodic  systems.  In  fact,  we  will  show  that  the  generalized  cost  is  a  norm 
in  an  space  of  operator  valued  functions. 

To  set  this  up,  we  first  need  to  review  some  facts  about  Hilbert-Schmidt  operators.  The  theory  of 
Hilbert-Schmidt  operators  generalizes  notions  related  to  the  Frobenius  norm  for  matrices.  The  space  of 
nXm  matrices  is  the  linear  space  of  all  linear  operators  from  the  Hilbert  space  R"  to  the  Hilbert  space 
R"*.  We  denote  it  by  SPiU",  R");  as  such,  it  is  a  Banach  space  if  given  the  induced  norm.  ^(R",  R”)  can 
also  be  viewed  as  a  Hilbert  space  if  given  the  Frobenius  norm 

=  (5) 

ij 

The  inner  product  corresponding  to  this  norm  is  given  by 
(A,  B)  -=  tT(A'B). 

With  this  norm,  .S'CR",  R”)  is  isometrically  isomorphic  to  R"^*".  The  Frobenius  and  induced  norms  are 
related  to  the  singular  values  {cr,}  of  a  matrix  A  by 

MII  =  maxoi,  IMIIf  =  tr(.4'.4)  =  (6) 

'  i 

thus  both  norms  are  in  some  sense  measures  of  the  ‘size’  of  a  matrix  in  terms  of  its  singular  values.  In 
this  notation,  the  norm  of  a  time-invariant  system  given  by  its  matrbc  valued  impulse  response  {G(/)) 
is  given  by 

IIG||i2:=tr|/^"G'(0G(r)  dr j  - /^"tr(G'(r)G(r))  dr  =  /j|G(r) |||  dr, 

or  if  {G^}  is  the  matrix  valued  impulse  response  sequence  of  a  discrete-time  system,  then 

IIGIli-.-  i:tr(G/G,)=  E  l|G,l||  =  :^<6tr(G'(z)G(z))  dz  =  -^-^||G(2)||Fd2,  (7) 

i-o  /-o  2TrJ^  2ttP 

where  the  last  two  equations  are  in  terms  of  the  z-transform  of  G,  denoted  by  G(z). 

Now  let  Hj,  H2  be  two  Hilbert  spaces,  the  space  H2)  given  the  induced  norm  is  a  Banach 

space.  The  class  of  Hilbert-Schmidt  operators  is  a  subspace  of  ^(//„  H2)  which  can  itself  be  endowed 
with  a  Hilbert  space  structure  using  a  norm  which  is  generally  different  from  the  induced  norm.  Let  us 
consider  operators  in  ^(L^[0,  r],  L^[0,  t])  which  can  be  represented  by  matrix-valued  kernel  functions 


y  =  Ku,  «  eL^[0,  t];  y  eL^[0,  t],  y(t)  =  j  K(t,  s)u(s)  ds. 

■'0 

Such  an  operator  is  called  Hilbert-Schmidt  (HS)  if 

lli^llHs==  rrtT(K'it,s)K(t,s))  dtds<oo,  (8) 

•'o  •'0 

and  the  HS  norm  is  given  by  the  above  equation.  It  can  be  shown  that  with  this  norm,  the  set  of  HS 
operators  is  a  Hilbert  space.  We  denote  this  space  by  HS(L^[0,  r],  L^[0,  r]),  or  simply  HS,  In  our 
particular  application,  the  operators  we  will  consider  on  L^[0,  t]  will  be  represented  by  kernel  functions 

^  Throughout  this  paper,  we  use  the  same  symbol  to  denote  an  operator  and  its  kerne!  function  representation,  e.g.  K  and  Kit,  s) 
above. 
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/C(r,  s)  which  are  bounded  on  [0,  t]  X  [0,  r]  and  thus  are  immediately  HS.  The  relationship  between  the 
Frobenius  and  the  HS  norms  is  made  clear  by  the  following  facts  [4,  Example  XI.2.20].  Let  K*  denote 
the  adjoint  operator  to  K,  if  X  is  a  HS  operator,  then  K*Kv&i  compact  self  adjoint  operator,  and  being 
compact,  it  has  a  countable  number  of  eigenvalues.  Furthermore,  its  eigenvalue  sequence  {A,(X*X)}  is 
summable,  that  is 


M&c&{K*K)  :=  £ 

/-I 

where  the  ‘trace’  defined  above  is  called  the  trace  norm.  Note  that  we  use  ‘tr’  to  denote  the  trace  of  a 
matrix,  while  ‘trace’  denotes  the  trace  of  an  operator.  Our  use  for  the  notion  of  a  trace  of  an  operator  is 
based  on  the  following  relationship  between  the  trace  of  K*K  and  the  HS  norm  of  K  [4,  Example 
IX.2.20]: 

||X|l4s«trace(X*X)*  (9) 

1-0 

In  the  space  of  HS  operators,  the  inner  product  is  given  by 

<G„G2>  =  trace(GrG2) 

A  comparison  between  (6)  and  (9)  shows  the  parallels  between  the  Frobenius  and  the  HS  norms. 

We  return  now  to  the  generalized  norm  for  periodic  systems.  Let  G(/,  s)  be  the  kernel  function 
of  an  L^-stable  periodic  system.  We  make  the  assumption  that  it  is  a  bounded  function  on  bounded 
subsets  of  Recall  that  the  lifting  of  G,  denoted  by^  G,  is  a  discrete-time  time-invariant  system  acting 
on  L^[0,  T]-valued  signals.  The  impulse  response  of  G  is  the  operator  valued  sequence  {G,},  where  the 
kernel  representation  of  each  operator  is  given  [1]  by 


C5,(?,  s)  =  GCt  +  ir,  S),  i,  s  e  [0,  t]. 

Recall  (4)  defining  the  cost  for  a  periodic  system 


IIGIli'=  =  -|:/Jtr^“G'(r,  A)G(r,  h)  drj  dh. 


After  rearranging  the  right  hand  side  in  terms  of  the  lifted  components  {G,},  we  get 
1 


IIG|li:  =  - /Jtr|  E  +  h)Git  +  Ti,  h)  dfj  dh 

=  -  ftri  E  /  G;(/,  h)G,{t,  h)  df]  dh 

’■•'o  l.-o-'o  / 

=  -  E  tr  n  fciil  h)Gi{t,  h)  d/I  df  =  -  E  IIG/IIhs, 
T /»o  Wo  Wo  1  }  r  i-o 


1  “ 


G  lli-:  =  -  E  trace(G,*G,)  =  -  E  II G,-  II 4s 
’’  1-0  /-o 


(10) 


Note  how  this  formula  (10)  resembles  the  definition  of  the  norm  for  time-invariant  multivariable 
systems  (7)  with  the  Frobenius  norm  replaced  by  the  HS  norm. 

This  new  norm  allows  us  to  put  a  Hilbert  space  structure  on  a  large  class  of  r-periodic  systems  (which 
includes  closed-loop  stable  sampled  data  systems).  As  before,  let  G  be  a  strictly  causal  r-periodic  system 
whose  kernel  function  is  a  bounded  function  on  bounded  subsets  of  (the  closed-loop  operator  in  a 
sampled  data  system  satisfies  this  condition).  If  {G,}  is  the  operator  valued  ‘impulse  response’  of  the 
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lifting  of  G,  then  the  previous  condition  implies  that  for  each  i,  G,  is  HS,  i.e.  G,  e  HS(L^[0,  t],  L^[0,  t]). 

If  we  form  the  space  with  the  norm  precisely  given  by  (10)  we  obtain  a  Hilbert  space.  One  can  take 
z-transforms  of  elements  in  /hs 

G(z):= 

i-0 

and  following  [7,  Chapter  5],  the  image  of  f^s  z-transform  is  exactly  which  is  the 

Space  of  HS-valued  functions  that  ar  analytic  in  the  unit  disc  with  the  norm  given  by 

IIG(2)||;rSs'“-^^ll<^(^)llHsd2“^^trace(G*(z)G(2))  dz,  (11) 

where  the  integral  ^  is  over  the  unit  circle.  The  z-transform  affords  an  isometric  isomorphism  between  ' 
and  this  identification  justifies  calling  this  new  norm  an  norm.  The  striking  similarity 

between  the  expressions  for  the  norm  (10),  (11)  for  periodic  systems,  and  the  standard  norm 
for  time-invariant  systems  (7),  argues  that  this  is  the  natural  extension  of  the  norm  to  periodic 
systems. 

1.3.  Stochastic  interpretation 

Let  {M(r)}  be  a  zero  mean  stationary  white  noise  stochastic  process  defined  on  the  time  interval 
(-00,  -i-oo).  If  {u(r))  is  the  input  to  a  stable  linear  time-invariant  system  G,  then  the  output  process 
y  =  Gu,  is  stationary  and  the  variance  at  any  time  is  equal  to  the  norm  of  G: 

tr(£{y(f)y'(0})  *  IIGlli'2. 

Thus  the  norm  is  usually  given  the  interpretation  as  the  variance  of  the  error  resulting  from  an  input 
of  white  noise. 

If  the  input  is  a  white  noise  process  on  the  time  interval  [0,  <»),  it  is  no  longer  stationary  and  the 
output  is  also  not  stationary,  and  the  variance  of  the  output  process  depends  on  time.  In  this  case  the 
norm  is  the  steady  state  value  of  this  variance,  i.e., 

Urn  tr(£{y(r)y'(0})  =  IIGlli^2. 

/-►QO 

The  above  expression  leads  to  a  possible  definition  of  the  generalized  cost  when  G  is  time  varying. 
In  this  case  the  output  process  is  no  longer  stationary,  and  one  might  think  of  defining  the  cost  as  the 
‘asymptotic  average’  of  the  output  variance  (AOV)  by 

AOV:=  Urn  ^  l\(E[yit)y'{t)))  dt. 

M-kxi  M  *'0 

We  will  see  that  AOV  is  the  generalized  norm  previously  defined  for  periodic  systems. 

Let  G  be  a  causal  time-vaiying  linear  system  that  is  given  by  its  kernel  function  G(/,  s).  If  the  input 
{m(0}  is  a  white  noise  process  supported  on  [0,  «),  then  the  output  process  y  has  a  correlation  function 
given  [6]  by 

£^{y(^)y(^2)}  '2)  =  /J'G('i.  r)G\t^,  r)  dr. 

Note  that  tj)  is  thus  equal  to  the  kernel  of  the  operator  GG*.  From  the  above  equation  the 

expression  for  AOV  is 

AOV=  lim  ^  f\(RJt,  t))  dt=  lim  L|"trf/'G(f,  r)G'(t,  r)  dr)  dt. 


(12) 


B.  Bamieh,  J.B.  Pearson  /  problem  for  sampled-data  sysiems 


1 


The  above  expression  can  be  interpreted  in  terms  of  the  Hilbert-Schmidt  norm  defined  earlier.  For  a 
linear  operator  ^4 :  L^[0,  ») -» L^[0,  «>),  denote  by  the  ‘truncated’  operator 

I  If  the  operator  A  is  represented  by  a  kernel  function  A{t,  s\  it  then  follows  that  the 

operator  IJj^iA)  is  represented  by  the  ‘truncated’  kernel  function,  i.e.  A{ty  s)  for  t,  5  G  [0,  M],  In  light 
of  this  fact  and  the  definition  of  the  HS  norm  (8),  (12)  can  be  rewritten  as  (after  adjusting  the  limit  of 
integration,  since  G  is  causal) 


AOV-  lim  4lli7;^(G)|l5s.  (13) 

M-*00  M 

We  note  that  the  above  expression  is  valid  whenever  the  limit  exists.  One  can  take  equation  (13)  as  a 
definition  of  the  generalized  cost  for  time-varying  systems.  It  remains  to  show  that  this  definition 
agrees  with  that  used  earlier  for  a  r-periodic  systems  (see  (10)).  First  note  that  from  the  definition  of  the 
lifting  [1]  (after  some  manipulation)  we  have, 


—  ||J7„,(G)lias  =  - 


nr 


II  Go  IIhs  + - II  Gi  Hhs  + 


+  —  IlGrt-i  IIhs 
n 


(14) 


where  n  is  an  integer.  It  is  now  easy  to  show  that  the  limit  of  the  above  expression  (as  n  *-► »)  is  precisely 
(l/r)E*.oll^i  IIhs  (see  Appendix),  which  agrees  with  the  previously  defined  norm  for  periodic  systems. 

Finally  we  note  that  in  contrast  to  periodic  systems,  where  the  generalized  norm  (or  AOV)  is 
actually  a  norm  on  the  subspace  of  r-periodic  systems  for  which  it  is  finite,  the  AOV  is  only  a  seminorm 
on  the  subspace  of  time-varying  systems  for  which  it  is  finite. 


2.  Optimizing  the  norm  of  sampied-data  systems 

We  will  now  address  the  problem  of  optimizing  the  norm  for  sampled-data  systems.  Since  the 
^Hs  itorm  has  a  more  convenient  expression  in  terms  of  the  lifting  of  the  closed-loop  operator,  we  will 
work  with  the  lifted  equivalent  of  the  sampled-data  system.  Figure  2  shows  the  original  hybrid  system  and 
the  equivalent  lifted  system.  We  will  show  that  the  ^hs  ^o^m  of  the  lifted  system  is  equal  to  the 
norm  of  a  certain  standard  (i.e.  finite-dimensional  input  and  output)  system,  thus  converting  the  ^ ^s 
operator-valued  problem  into  a  standard  matrix-valued  problem. 

Let  the  original  generalized  plant  G  (Figure  2(a))  be  given  by  the  following  state  space  realization: 


'A 

^2 

G  = 

c, 

0 

C2 

0 

0 

The  assumptions  that  D2X  =  1)22  =  0  are  made  to  guarantee  that  the  sampler  operates  on  continuous 
signals.  The  assumption  Z)jj  =  0  is  necessary  for  the  closed-loop  operator  to  be  strictly  causal.  Figure 


Fig.  2.  Left  (a):  Hybrid  system.  Right  (b):  lifted  system  with  discrete-time  controller. 
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2(a)  represents  the  so-called  standard  problem,  where  G  is  the  generalized  plant  which  contains  the 
original  plant  and  the  systems  interconnections.  In  our  setup,  the  controller  in  the  feedback  loop  is 
constrained  to  be  a  sampled-data  controller,  that  is,  it  is  in  the  form  where  C  is  a  time-invariant 

discrete-time  system,  and  are  the  synchronized  hold  and  sample  operators  (with  period  t) 

respectively. 

Let  denote  the  closed-loop  mapping.  To  work  with  the  norm  defined  in 

the  previous  section,  one  needs  to  obtain  expressions  for  the  lifting  of  This  is  accomplished  as  in 
[1]  by  lifting  the  generalized  plant  G  and  adjoining  the  sample  and  hold  operators  to  yield  a  new 
generalized  plant  G  (Figure  2(b))  such  that  y{G,  C)  =  (see  [1]  for  the  details).  A  discrete-time  state 
space  realization  of  G  is  given  by 


- 1 

A 

Bx 

B2 

II 

Cl 

Dn 

Dx2 

_ 1 

0 

0 

(15) 


with 

i,:L2[o,  C,  :R^ -^L2[0,  t], 

D„:L2[0,t]^L2[0,t],  D,2:R"-L2[0,t], 

where  x  and  u  are  the  dimensions  of  the  state  vector  and  the  control  input  vector  respectively,  and  Bj, 
C2  are  finite  matrices,  and 


B,  =  e^‘^-%,  C,  =  C,  e-^',  =  C,  (16a) 

and 

^I2  =  C,^(052  +  ^I2.  52  =  ^(t)B2,  C2  =  C2,  (16b) 

where  !(•)  is  the  unit  step  function  and  /J  e'^*  ds.  Note  that  the  operators  are  given  (where 

appropriate)  in  terms  of  their  representing  kernel  functions. 

The  problem  now  is  to  minimize  the  norm  of  y{G,  C).  Tl^  next  theorem  establishes  an 
equivalence  between  this  norm  and  the  standard  norm  of  y(G,  C),  where  G  is  a  standard 
discrete-time  generalized  plant  constructed  from  the  original  problem  data,  and  C  is  the  same  controller. 


Theorem  1.  Given  the  infinite  dimensional  generalized  plant  G  (15),  form  the  finite  dimensional  generalized 
plant 


A 

Bx 

5*2 

G  = 

c, 

,  0 

^12 

0 

0 

where  B^,C^  and  0^2  are  finite  matrices  such  that 

Then  we  have 

II  y{G,  C)  \\h»,  =  -( 11  IIhs  +  II  y{G,  C)  \\%^). 


C,' 

'c.*' 

r  -  1 

[c,  T>nl  = 

[c,  0,2] 

P'n. 

A*2. 

(17) 


(18) 
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Remark.  The  operator  compositions  on  the  right  hand  sides  of  the  equations  in  (17)  yield  finite  matrices; 
the  matrices  C„  5,2  can  then  be  obtained,  for  example,  by  Cholesky  factorizations,  or  symmetric 
factorizations. 

Proof.  The  proof  is  accomplished  by  first  performing  a  decomposition  of  G  as  follows:  First  define 


[C2  0  0  J 


We  further  decompose  Gq  into 


This  decomposition  is  illustrated  in  Figure  3.  Note  that  with  this  decomposition,  Gqq  is  a  finite-dimen¬ 
sional  system.  We  also  have  from  Figure  3, 

^{G,C)=Du  +  [Ci  D,2\^{Goo,C)Bi. 

To  apply  the  definition  of  the  norm,  let  (T;)  denote  the  operator-valued  impulse  response  of 
y(G,  C),  and  {(Too),}  the  matrix-valued  impulse  response  of  y(Goo,  C).  It  is  easy  to  check  that  the 
‘direct  transmission’  term  (Tgaio  =  0.  Then  we  have 

'  \[C.  Dn](Too)A> 


/  =  0, 
i  >  1. 
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Therefore 


\\nG,c)\\hs=-i 

i-O 


ll^nllHs+  Etrace(7;*7;) 
/-i 


00. 

II  (5,1  IIhs  +  E  trace 

5r(Too); 

'c{ 

[Cj  ^lalcroo)/^!  1 

1-1 

Pn. 

ij 

It  is  a  fact  that  for  any  two  operators  A  and  B  such  that  trace(^)  <  «  and  trace(B/4)  <  »,  we  have 
trace(  AS)  =  trace(BA), 

since  given  A  0,  A  is  an  eigenvalue  of  AB  if  and  only  if  it  is  an  eigenvalue  of  BA.  Using  this  fact, 


\\^iG,C)\\hs  = 


00  00 


IIjDj,|Ihs+  E  +  E  (^oo)i 


1-1  1-1 


Cf 

^1*2 


Cl  ^.2](7'oo),AA* 


IIAiIIhs+  Etr  (Too)] 

i-1 


c; 

D[2 


II  ^11  IIhs  +  E 

1-1 


5,'(roo), 


c; 

D'm 


[C,  D,,]{Too),B,Bi 

[Cj  T)i2^(Too)iB^ 


=  -[|I^„IIhs+  II^(G,C)||^2]. 

The  last  step  is  arrived  at  because  G  was  constructed  so  that 


[g.  0,2] 

0 

^00 

0 

0 

/. 

.  0 

7. 

which  means  that 

^(G,C)  =  [Cj  -^12]‘^(^00»  ”  [^I  ^ 


This  theorem  provides  a  method  of  optimizing  the  ^^s  tio™  of  a  sampled-data  system.  From  (18)  we 
immediately  conclude  that  a  controller  C  yields  an  optimum  closed-loop  ^hs  norm,  if  and  only  if  it  (the 
same  controller)  is  the  optimum  controller  for  the  finite  dimensional  generalipd  plant  G.  To 
compute  the  ^^s  norm  or  to  perform  suboptimal  designs,  one  needs  to  compute  ||  Djj  ||  hs-  Then  we 
simply  have  ' 

II  ^(G,C)  11^53  ^  ||^(G,C)||i:<r'T- ||D„||5s. 

Thus  the  problem  for  the  sampled-data_system  of  Figure  2(b)  is  equivalent  to  a  standard 
problem  for  the  discrete-time  generalized  plant  G.  To  actually  compute  a  state  space^  realization  of  G,  it 
is  not  necessary  to  go  through  the  lifting  step:  the  formulae  (16)  give  the  matrices  directly  in 

terms  of  the  matrices  of  a  r^liz_atioii  of  the  original  continuous-time  plant  G.  To  obtain  similar  formulae 
for  the  remaining  matrices  jBj,  Cj,  D12,  it  is  necessary  to  evaluate  the  operator  compositions  on  the  right 
hand  side  of  (17).  Such  compositions  involve  integration  of  functions  with  matrix  exponentials,  and  can 
be  evaluated  using  the  formulae  in  [8]. 
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To  conclude,  we  briefly  summarize  these  formulae.  First,  the  composition  can  be  evaluated 

using  the  matrix  exponential 

t'ni'r)  t'i2(T)  r, 3(7)1  {\-^  t  0  1) 

r(T)=  0  r22{r)  r23(r)  -exp  r  0  -A  B.B,' 

0  0  r33(T)J  I  L  0  0  A'  11 

(the  two  matrices  are  partitioned  conformably).  From  [8]  it  follows  that 

=  r  e'^’5,5,'  e-^'"  d5  =  r3'3(T)r23(l). 

-'o 

Hr)  can  also  be  used  to  evaluate  kernel  representation  of  J5i,  (16)  and  the 

definition  of  the  Hilbert-Schmidt  norm  (8),  we  write 

II  IIhs  =  tr|c.( /J/J  e^'*  ds  dr  jc( J, 

where  the  integral  can  be  evaluated  to  be 

f  f  e^*5i5,'  e-^'"  ds  dr  =  r3'3(T)r,3(T). 

•'0  •'0 

For  the  other  operator  composition,  using  again  the  formulae  from  [8]  we  can  write  the  kernel 
function  of  the  operator  [C^  0^2^ 

[c,(t)  l5,2(r)]=[C,  0]exp{['^  ^]r|  J 

(here  it  was  assumed  for  simplicity  that  the  matrix  I>i2  =  0).  The  integration  involved  in  the  operator 
composition  is  evaluated  using 

®111  r 

0  Oj 

A  7]  ’^1  [  0  ^22(t) 

.0  oJ  J  j 

where  from  the  formulae  in  [8]  we  conclude  that 


Thus  all  the  matrices  in  the  realization  of  G  can  be  computed  directly  from  the  realization  of  the  original 
continuous-time  system  G  by  elementary  matrix  algebra  and  matrix  exponentiation. 


Appendix 

We  show  here  that  as  /i  the  quantity  in  (14)  converges  to  (1/t)E7-o  II  Hhs  (for  this  section,  we 
drop  the  subscript  ||  •  ||  hs  lo  simplify  notation).  To  this  end,  first  note  that  the  assumption  that  the  limit 
in  (13)  (and  equivalently  (14))  exists,  implies  that  the  sequence  {||G,  ll}  is  summable  (if  it  is  not 
summable,  then  the  right  hand  side  of  (14)  can  be  made  arbitrarily  large).  Second,  we  check 


-  L  IIG,ll'-  — ||/7„(G)I1'  =l[-||GiP+  •••  +^^IIG„_,ll'+  E  l|G,.||'].  (19) 

T,_o  '  T[n  rt  J 
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At)  can  also  be  used  to  evaluate  ||D„I1^.  From  the  kernel  representation  of  D,i  (16)  and  the 
definition  of  the  Hilbert-Schmidt  norm  (8),  we  write 
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where  the  integral  can  be  evaluated  to  be 
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For  the  other  operator  composition,  using  again  the  formulae  from  [8]  we  can  write  the  kernel 
function  of  the  operator  [C]  D,2]  as 
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(here  it  was  assumed  for  simplicity  that  the  matrix  Dij  =  0).  The  integration  involved  in  the  operator 
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Thus  all  the  matrices  in  the  realization  of  G  can  be  computed  directly  from  the  realization  of  the  original 
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To  show  that  the  right  hand  side  converges  to  zero,  note  that  the  summability  of  { II G,-  ID  implies  first 
that  for  any  e  >  0,  there  exists  N,  such  that  the  tail  sum  II G,  ||  ^  <  e,  and  second,  that  there  exists 
N2  such  that  (1  A)E7.o  II G,- 1|  ^  <  e,  for  all  k  >  Nj.  Now  choose  n  =  max{N„  N^},  and  observe  that 
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and  since  e  can  be  arbitrarily  small,  the  right  hand  side  of  (19)  tends  to  zero  as  claimed. 
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Abstract:  A  lifting  technique  is  developed  for  periodic  linear 
systems  and  applied  to  the  Jt'*  and  sampled-data 

control  problems. 

Keywords:  Sampled-data  system;  lifted  system;  Jf***  optimal 
control;  Riccati  equation;  operator  norm. 


1.  Introduction 

Given  the  success  of  ^“-norm  based  optimi¬ 
zation  methods  for  analog  control  systems,  there 
has  recently  been  interest  in  applying  such  tech¬ 
niques  to  sampled-data  systems  [3,4,15,18].  The 
key  point  in  utilizing  such  methods  would  be  in 
their  extension  to  certain  periodic  time-varying 
systems.  An  example  of  such  a  system  is  the 
sampled-data  control  system  shown  in  Figure  1 
below-. 

*  This  research  was  supported  in  part  by  grants  from  the 
National  Science  Foundation  (NSF  ECS-8914467,  DMS- 
8811084),  the  Air  Force  Office  of  Scientific  Research 
(AFOSR-90-0024,  AFOSR-91-0036),  the  Army  Research 
Office  (DAAL03-91-G-0019).  and  NSERC. 


The  generalized  plant  G  is  a  continuous-time, 
time-invariant  system,  is  discrete-time,  time- 
invariant,  S  is  the  ideal  periodic  sampler  with 
period  A,  and  H  the  synchronized  zero-order  hold. 
Continuous-time  signals  are  represented  by  con¬ 
tinuous  lines,  discrete-time  signals  by  dotted  lines. 
The  behavior  of  the  system  from  the  exogenous 
input  w  to  the  controlled  output  z  is  in  general 
time-varying,  in  fact,  periodic  with  period  A. 

To  analyze  the  behavior  of  continuous-time 
periodic  systems,  we  use  a  lifting  technique  similar 
to  that  used  for  discrete-time  periodic  systems  in 
[16].  Once  we  develop  the  lifting  technique,  we 
apply  it  to  describe  a  complete  solution  to  the 
analysis  problem  of  verifying  that  a  given  con¬ 
troller  constrains  the  .if  ^-induced  norm  of  the 
sampled-data  system  to  be  less  than  some  pre¬ 
specified  level.  We  will  also  show  that  the  lifting 
technique  is  applicable  in  fact  to  all  norm-based 
optimization  problems,  and  in  particular  to  sam¬ 
pled-data  versions  of  the  quadratic  regulator  and 
optimal  filtering  problems. 

Given  the  success  of  -?f’"-norm  based  optimi¬ 
zation  methods  for  analog  control  systems,  there 
has  recently  been  interest  in  applying  such  tech¬ 
niques  to  sampled-data  systems  [3,4,15,18,25]. 

The  purpose  of  this  note  is  to  introduce  the 
lifting  technique  itself  and  sketch  how  it  can  be 
applied  to  two  optimal  control  problems.  To  our 
knowledge,  such  a  lifting  procedure  was  intro¬ 
duced  into  sampled-data  systems  by  Toivonen  [25], 
who  also  treats  the  sampled-data  problem. 

The  details  of  the  lifting  in  [25]  are  different  from 
those  given  here  ([25]  represents  certain  finite-rank 
operators  via  SVD,  which  is  avoided  in  our  work). 
.  The  mathematical  basis  of  such  lifting  techniques 
may  be  found  in  [21].  Reference  [1]  gives  a  de¬ 
tailed  account  of  the  application  of  the  lifting 
technique  to  the  sampled-data  problem. 

Yamamoto  [28]  also  uses  lifting  for  sampled-data 
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systems,  but  he  lifts  the  state  as  well  as  the  input 
and  output.  Consequently,  his  state  space  is  in¬ 
finite-dimensional,  whereas  ours  is  the  original 
finite-dimensional  one.  Also,  Yamamoto  treats 
asymptotic  tracking  problems,  while  optimization 
problems  are  studied  here. 

While  this  paper  was  being  reviewed,  several 
others  came  into  existence.  For  completeness  we 
mention  them  here:  a  sampled-data  JPj  problem 
(different  from  that  in  [4])  in  [2,17];  sample-data 
i?,  (i.e.,  induced  norm)  in  [23,8];  and  robust 
stability  of  sampled-data  systems  in  [24], 

In  the  operator  norm  design  framework,  this 
lifting  technique  was  developed  independently  by 
the  first  two  and  the  latter  two  authors.  Reference 
[1]  gives  a  detailed  account  of  the  application  of 
this  technique  to  the  sampled-data  problem. 


2.  Lifting  continuous-time  signals 

In  this  section  we  introduce  a  construction 
whereby  one  may  ‘lift’  a  continuous-time  signal  to 
a  discrete-time  one.  This  construction  will  also  be 
used  to  associate  a  time-invariant  discrete-time 
system  to  a  continuous-time  periodic  one.  The 
utility  of  this  technique  in  feedback  control  is  that 
all  norms  are  preserved,  as  well  as  the  feedback 
interconnection  structure. 

We  will  first  work  in  a  rather  general  frame¬ 
work  before  specializing  to  the  case  of  interest. 
Let  5"  denote  a  Banach  space  equipped  with  norm 
II  Hi  -  every  integer  p  >  1  we  set 

:=|«:[0.  oo)-^:  /^“||«(0II5-  d/<oo|. 

As  is  well-known.  S£'’’{SC)  \s  &  Banach  space  with 
norm 

l|Mil,,..r==(j^  ll»(0llrdtj  . 

For  p  =  2.  may  be  given  the  structure  of  a 

Hilbert  space  in  the  usual  way.  For  p  =  oc,  we 
have 

■■=  { u:  [0.  oc)  ess  sup||  u{t)  ||^<  oo} 

(see.  e.g..  [22]).  Finally,  to  each  of  the  spaces 
If '’(3')  we  may  associate  the  extended  space 
in  the  standard  way.  For  all  the  defini¬ 
tions  see  [6]. 


The  same  types  of  definitions  are  of  course 
valid  in  the  discrete-time  case  for  sequences.  A 
sequence  will  be  written  as  a  column  vector,  for 
example. 


Again  for  any  Banach  space  3 ,  define 

/'’(^)  =  |i]/:  ^,^3,  £  ||>/',ll5-<«}. 

1  ^p  <  00, 

r{3)  =  [^:  sup  11 1|^<  oo}. 


The  norms  are  given  by 


II  'P  ll/'’(^•)  ~ 


OO 


Vp 


£  II '^,■111- 

1-0 


II ll/*(ir)  =  sup  II  'PiWs-- 

i 


1  <p  <  00, 


Equipped  with  this  norm  l'’(3)  is  a  Banach  space 
for  all  l:£p^oo.  Once  again  for  p  =  2,  1^(3) 
may  be  given  a  Hilbert  structure  in  the  usual  way 
[22],  and  the  associated  extended  space  1^(3) 
may  be  defined:  it  is  just  the  linear  space  of  all 
sequences  in  3. 

We  are  now  ready  to  describe  the  lifting  proce¬ 
dure.  For  fixed  /i  >  0  let 

[u  ^£(”’(3)  with  support  in  [0,  h)}. 

Once  again  JC  is  a  Banach  space  in  the  natural 
way  with  norm  induced  by  ]|  Suppose  u  is 

an  element  of  3’/ (3).  Chop  u  up  into  its  compo¬ 
nents  as  follows: 


Uo(/)  =  «(/),  0<t<h, 

uy{t}  =  u(t  +  h)^,  0<t<h, 

u^{t)  =  u{t  +  2h),  0<t<h, 

etc. 

Each  piece,  u,.  belongs  to  Now  form  the 
sequence 

r-oi 


Define  the  lifting  operator  to  be  the  map 
w  i//.  It  maps  S^f{3C)  to  /;( JT'').  We  sometimes 
'write  just  W  when  p  is  irrelevant. 
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It  is  important  to  note  that  is  a  linear 
bijeciion  from  to  whose  inverse 

is  given  by 


=  hi<t<h(i-hl). 


It  is  easy  to  show  that  the  restriction  of  IV  to  the 
Banach  space  is  an  isometry. 

To  recap,  IF  is  a  bijective  linear  mapping  from 
to  and  a  bijective  linear  isometry 

from  if  to 

Of  course,  one  may  also  lift  systems.  Let 
G  :  be  a  linear  operator.  Then 

the  lifted  system  is  defined  to  be  (/= 
mapping  to  By  the  linearity  of 

each  of  the  defining  operators,  G  is  linear.  More¬ 
over,  if  G  is  also  bounded  if^(5^)  “>if^(^), 
then  G  is  bounded  too.  Since  and  are 
isometries,  one  sees  that  ||  G  ||  =  ||  G  1|,  that  is,  the 
system  (operator)  norm  is  preserved  by  the  lifting. 
Furthermore,  since  the  lifting  procedure  is  isomet¬ 
ric  and  preserves  all  the  standard  algebraic  and 
feedback  interconnection  operations,  feedback 
stability  is  also  preserved  under  lifting. 

Now  if  the  system  to  be  lifted  is  /2-periodic, 
then  the  lifted  system  will  be  time-invariant.  To 
see  this,  introduce,  the  delay  operator  defined 
by  {Df^f){t)=^f{t-hy  Gives  a  (causal)  system 
G:  J5f/(^)  -►if/(J"),  we  say  that  G  is  h-periodic 
if  it  commutes  with  Z)^,  that  is,  Dfi  =  G£>/,.  (G  is 
time-invariant  if  it  is  /i-periodic  for  every  h  >  0.) 
Let  U  be  the  unilateral  shift  operator  on  se¬ 
quences: 


It  is  easy  to  compute  that  ^  =  f/  on 

for  any  p  >\.  Consequently,  for 
G:  ^/(J^)— J5^/(^)  /7-periodic, 


VG=  W^D,W-^W(3W;^ 
^W^D.GW;^ 

=  wfiD.w;^ 

=  GU. 


so  G  is  time-invariant.  Consequently,  G  has  a 
convolution  representation. 

Finally,  we  remark  that  all  the  standard  results 
about  the  discrete  Fourier  transform  go  over  to 
the  space  We  refer  the  reader  to  [21]  for 

the  details.  This  may  be  summarized  by  the  fol¬ 
lowing  result. 


Proposition  1.  (i)  The  discrete  Fourier  transform  is 
an  isometric  isomorphism  from  the  time-domain 
space  to  the  frequency-domain  space 

{the  space  of  square  integrable  3C-valued  analytic 
functions  defined  on  the  unit  disk ). 

(ii)  If  G  is  a  bounded  analytic  3C-valued  function 
on  the  unit  disk,  it  defines  a  bounded  operator  on 
by  multiplication,  and  its  induced  norm 
equals  exactly  ||  G  \\^. 


By  the  equivalence  between  an  A-periodic  sys¬ 
tem  and  its  lifting,  this  theorem  provides  a 
‘frequency-domain’  characterization  of  the  ^ ^-in¬ 
duced  norm  of  an  A-periodic  system. 


3.  Lifting:  some  examples 

Now  we  look  at  what  lifting  means  for  state- 
space  models.  In  what  follows,  G  is  a  continuous¬ 
time  finite-dimensional  time-invariant  linear  sys¬ 
tem.  Its  input,  state,  and  output  evolve  in  finite-di¬ 
mensional  Euclidean  spaces.  Because  the  dimen¬ 
sions  of  these  spaces  will  be  irrelevant,  they  will 
all  be  denoted  by  <?.  Thus  G  is  considered  as  a 
linear  operator  on  Suppose  it  has  the 

realization  A,  B,  C,  D. 


3.1.  Lifting  G  ^ 

We  begin  by  lifting  G  itself.  The  lifted  system, 
WGW~\  acts  on  and  consequently  has  a 

matrix  representation  of  the  form 

’G„  0  0  •••“ 

G21  G22  ^ 

5^31  ^32  ^33 
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from  ^P(3C)  to 

Of  course,  one  may  also  lift  systems.  Let 
G:  be  a  linear  operator.  Then 

the  lifted  system  is  defined  to  be  G= 
mapping  to  By  the  linearity  of 

each  of  the  defining  operators,  G  is  linear.  More¬ 
over,  if  G  is  also  bounded 
then  G  is  bounded  too.  Since  and  IV^  are 
isometries,  one  sees  that  ||  G  ||  =  1|  G  || ,  that  is,  the 
system  (operator)  norm  is  preserved  by  the  lifting. 
Furthermore,  since  the  lifting  procedure  is  isomet¬ 
ric  and  preserves  all  the  standard  algebraic  and 
feedback  interconnection  operations,  feedback 
stability  is  also  preserved  under  lifting. 

Now  if  the  system  to  be  lifted  is  /z-periodic, 
then  the  lifted  system  will  be  time-invariant.  To 
see  this,  introduce  the  delay  operator  defined 
by  (D^f){t)-f{t-hy  Gives  a  (causal)  system 
G:  -►-Sf/(.2’),  we  say  that  G  is  h-periodic 

if  it  commutes  with  that  is,  Dff3-  GD^,  (G  is 
time-invariant  if  it  is  /z-periodic  for  every  h  >  0.) 
Let  U  be  the  unilateral  shift  operator  on  se¬ 
quences: 


^0 

1 — 

o 

1 _ 

^2 

: 

: 

It  is  easy  to  compute  that  —  U  on 

for  any  p  >  1.  Consequently,  for 
G:^/{ar)  -^Se^{SC)  /z-periodic. 


GG=  W^D,W^^WJ3W;^ 

=  wfD,w;^ 

=  GU. 


so  G  is  time-invariant.  Consequently,  G  has  a 
convolution  representation. 

Finally,  we  remark  that  all  the  standard  results 
about  the  discrete  Fourier  transform  go  over  to 
the  space  We  refer  the  reader  to  [21]  for 

the  details.  This  may  be  summarized  by  the  fol¬ 
lowing  result. 


Proposition  1.  (i)  TTze  discrete  Fourier  transform  is 
an  isometric  isomorphism  from  the  time^domain 
space  l^{9f)  to  the  frequency-domain  space 
{the  space  of  square  integrable  ^-valued  analytic 
functions  defined  on  the  unit  disk). 

(ii)  If  G  is  a  bounded  analytic  ^-valued  function 
on  the  unit  disk,  it  defines  a  bounded  operator  on 
3f^'^{9C)  by  multiplication,  and  its  induced  norm 
equals  exactly  |1  G 


By  the  equivalence  between  an  /z-periodic  sys¬ 
tem  and  its  lifting,  this  theorem  provides  a 
‘frequency-domain’  characterization  of  the  if  ^-in¬ 
duced  norm  of  an  /z-periodic  system. 


3.  Lifting:  some  examples 

Now  we  look  at  what  lifting  means  for  state- 
space  models.  In  what  follows,  G  is  a  continuous¬ 
time  finite-dimensional  time-invariant  linear  sys¬ 
tem.  Its  input.  Slate,  and  output  evolve  in  finite-di¬ 
mensional  Euclidean  spaces.  Because  the  dimen¬ 
sions  of  these  spaces  will  be  irrelevant,  they  will 
all  be  denoted  by  Thus  G  is  considered  as  a 
linear  operator  on  JSf/(<f).  Suppose  it  has  the 
realization  A,  B,  C,  D. 


3.L  Lifting  G 

\ 

We  begin  by  lifting  G  itself.  The  lifted  system, 
WGW^^,  acts  oa  lliX^)  and  consequently  has  a 
matrix  representation  of  the  form 

'G„  0  0  ' 

^21  ^22  0 

^31  ^32  ^33 
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Starting  with  A,  B,  C,  D  as  above,  define  the 
operators 

Q^J-DD*,  R^I-b*b 

mapping  to  and  define  the  pencil 

[o 

_  a^M-^d*c  0 
/  / 

Observe,  for  example,  that  BR^^B*  maps  ^  to  <f, 
i.e.,  it  is  a  finite  matrix.  So  S  is  a  finite  matrix 
pencil.  Suppose  S  has  no  eigenvalues  on  the  unit 
circle;  then  it  must  have  n  inside  the  unit  disc.  Let 
51  denote  the  corresponding  spectral  subspace.  It 
can  be  represented  as 

51=  Im  , 

.  2  J 

where  A",  and  X2  are  both  nX  n.  Assuming  A",  is 
invertible,  we  can  define  X  —  .Yj  A^^  This  defines 
the  Riccati  operator  Ric ;  S  A"  and  its  domain. 
Lemma  2.3  of  [14]  provides  the  following. 

Lemma  1.  ||  WGIV^^  W  following  three 

conditions  hold: 

(a)  II  ^11  <1; 

(b)  S  belongs  to  the  domain  of  Ric; 

(c)  R  -  B^XB  >  0,  where  X^  Ric(S). 

To  compute  1|  WGW^^  ||  in  this  way,  we  would 
have  to 

-  compute  the  matrices  BR'^^B*^ 

BR^^b^C  in  the  definition  of  5, 

~  compute  II  iD  II ,  and 

-  check  if  R  —  B'^XB>{^  for  a  given  matrix 
X. 

These  subproblems  are  similar.  We  will  men¬ 
tion  two  methods  for  the  second  subproblem.  First 
of  all,  let  JI:  )  •-♦  Jf  ^  denote  orthogonal 

projection.  Observe  that  D  is  the  compression  of 
the  unlifted  system  G  to  i.e., 

Note  that  the  Laplace  transform  is  an  isomor¬ 
phism  of  onto  Thus  comput¬ 

ing  II  b  II  amounts  to  computing  the  norm  of  the 
operator  ‘multiplication  by  the  transfer  matrix  for 
C’  compressed  to  In  [9]  this  com¬ 

putation  is  reduced  to  a  linear  two-point  boundary 
value  problem.  See  also  [1].  In  [10]  a  second, 
frequency-domain  (‘skew  Toeplitz’)  approach  is 
given  for  the  computation  of  ||  ^  || . 


In  summary,  the  computation  of  \\WGW~^  || 
involves  the  standard  iteractive  search  of  scaling, 
and  then  using  Lemma  1  to  check  if  the  norm  of 
the  scaled  system  is  less  than  one. 

i.2.  Lifting  SG 

The  ideal  sampling  operator  with  period  h  is 
defined  by 

^  }}/(k)  ^u{kh). 

We  shall  lift  SG,  where  G  is  as  before  except  with 
D  =  0.  Operator  SG  maps  to  ll{^)\  G  is 

assumed  strictly  causal  so  that  SG  is  bounded  on 
these  spaces.  The  output  from  SG  is  already  dis¬ 
crete-time,  so  we  need  lift  only  the  input.  The 
lifted  system,  acts  from  to 

Its  matrix  is  easily  derived  to  be 

a  \  B 

.cl  0. 

where 

A:S-^Sy  Ax  —  ef^x^ 

Bu  —  dr, 

■'0 

G :  ^ Gx  ~  Gx. 

J.J.  Lifting  GH 

Finally,  we  shall  lift  G//,  where  H  is  the  ideal 
hold  operator  with  period  /z,  defined  by 

y  = 

y{t)^xl^{k).  kh^t<{k  +  l)h. 

This  is  an*  operator  from  l^i^)  to  The 

input  to  GH  is  already  discrete-time,  so  we  need 
lift  only  the  output.  The  lifted  system,  WGH^  acts 
from  /c(^)  to  and  its  matrix  is 


where 

Ax  =  e^'^x. 

Bv—  f^c^'^drBv, 

{Cx){t)  =  C  e'"*x. 

{bv){t)=  D+l 

S4 
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4.  Application  to  optimization  of  sampled-data 
systems 

In  this  section  we  outline  an  application  to 
optimizing  the  JSf  ^(^)-induced  norm  from  w  to  z 
in  Figure  1.  Let  T  denote  the  linear  system  map¬ 
ping  w  to  z.  If  is  internally  stabilizing  (suita¬ 
bly  defined)  and  under  mild  assumptions  on  C,  T 
is  a  bounded  operator  on  It  is  time-vary¬ 

ing.  Our  approach  is  to  lift  T  up  to 
w^hich  will  be  a  time-invariant  operator  on  /^(  ^). 

The  optimization  of  |ir||  is  thus  reduced  to  a 
discrete-time,  time-invariant  optimization 

problem,  a  problem  whose  solution  is  formally  the 
same  as  the  standard  discrete-time  matrix-valued 
problem  for  which  there  exist  solutions 
(13,14,19,20).  (An  alternative  but  equivalent  ap¬ 
proach  is  taken  in  [1]  where  the  operator  valued 
problem  is  solved  through  an  intermediate 
step  of  reducing  it  to  an  equivalent  matrix-valued 
discrete-time  problem.) 

The  details  of  our  approach  are  as  follows. 
Partition  G  as 


and  let  a  corresponding  minimal  realization  be 


A 

[B,  B2] 

1 

■^n  ^12 

0  D22_ 

In  Figure  1,  bring  S  and  H  around  and  adsorb 
them  into  G  to  gel  the  setup  shown  in  Figure  2 
below.  Matrix  ^2,  is  taken  to  be  zero  so  that  w  is 
low-pass  filtered  (through  G21)  before  being  sam¬ 
pled;  the  system  could  not  in  general  be  internally 
stabilized  without  this  assumption. 

The  system  in  the  upper  block  is 

C,,  GnH  1 

SCj,  SG22H  ' 


Fig.  1.  Samplcd-data  control  system. 


Fig.  2. 


Now  lift  w  and  z  in  the  previous  figure  to  arrive 
at  the  setup  in  Figure  3  below. 

System  P  is  obviously  given  by 


w 

o' 

Gn 

GnH 

V"’ 

0 

0 

I 

SG2, 

SC22. 

0 

7 

SG2jJV-'  SG22H 

Realizations  of  the  three  liftings  WGiilV~^, 
WG^2fty  SG2j1F~’  were  obtained  in  Section  3. 
Furthermore,  is  just  G22  discretized:  a 

realization  is  well-known  to  consist  of  the  four 
matrices 

e*/<,  C2,  D22. 

In  this  way  we  get  the  realization  of  P, 


A  :  ,  Ax  =  e*^x, 

•'0 

•'0 

(Cix)(/)-Ci  e'^x. 


Fig,  3. 
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C-)  I  ^ ^  ^ —  ^2*^' 

( Ai''  )(0  =  ■Dii’'’(0  +  dr. 


O22  *  ^ "  ^22^* 

Figure  3  is  a  discrete-time  setup.  Iglesias  and 
Glover’s  solution  [14]  to  the  discrete-time 
problem  is  in  the  style  of  the  continuous-time 
solution  of  Doyle  et  al.  (7].  We  will  illustrate  how 
the  solution  of  [14]  can  be  applied  to  the  setup  at 
hand  by  looking  at  the  analysis  problem,  which  is 
easier  than  the  synthesis  problem.  Namely,  for  a 
fixed  stabilizing  we  will  show  how  to  compute 
the  if^f^l-induced  norm. 

In  Figure  3  the  equations  for  P  are 

ip{k  +  1)  =  A^pik)  +  B.w,  +  B2o{k), 

Zk  =  +  Du^k  + 

^(A:)  =  C2?;.(A:)  +  D22«(k). 

Suppose  is  strictly  causal  for  simplicity,  and 
its  equations  are 

v{k)  =  CK$Ki><)‘ 

Then  the  matrix  of  the  closed-loop  system  is 


A  CL 

^CL 

Q:l 

^CL 

where  the  map  from  to  ^  given  by 

A 

rh 


Ar\i  — 


^hA 


f  e'^dr^.Q 
■'0 

Ak 


e 

Bci  is  the  map  from  Jf  ^  to  ^  given  by 


^CL  " 


0 


Ql  is  the  map  from  to  given  by 


and  mapping  JT*  to  Internal 

stability  means  that  all  eigenvalues  of  A^^  are 
inside  the  unit  disk.  Computing  now  proceeds  as 
in  Subsection  3.1. 


5.  Application  to  optimization  of  sampled-data 
systems 


In  this  section,  we  would  like  to  make  some 
remarks  about  the  lifting  technique  applied  to 
other  types  ot  norms.  Since  the  lifting  is  an  isome¬ 
try  in  any  given  norm,  we  can  apply  it  to  other 
J5f^  spaces.  First  we  would  like  to  make  some 
remarks  about  the  induced  operator  norm  on  /^. 

Consider  ^  equipped  with  the  /'’-norm. 


E  \vj\' 


lA 


|t'll=c=  max  luj, 
1 


1  <r<  00, 


where  the  Vj  denote  the  components  of  the  vector 
v^S.  With  S  equipped  with  the  r-norm  we  will 
set  and  denote  the  norm  by 

II  11^,.  Also,  Jry  will  denote  the  subspace  of 
of  functions  with  support  in  [0,  h).  By 
slight  abuse  of  notation,  ||  ,  will  also  denote 

the  norm  on  X/-. 

By  the  lifting  construction,  we  see  that  there 
exists  an  isometry  -*■ for 

each  1  <  p,  r  ^  00.  Recall  that  the  induced  norm 
of  a  bounded  linear  operator  T  from  one  Banach 
space  to  another  Banach  space  3^2 


Ill'll 


sup 

v*0 


II  Tv 

ll«^lla-,  ■ 


We  consider  the  problem,  then,  of  computing 
the  induced  norm  of  a  discrete-time  causal  con¬ 
volution  operator  F:  -» /’(Jf;").  When  p 

=  q  =  r  =  s  =  2  we  have  seen  that  the  induced 
norm  is  in  fact  the  Jf’*-norm  of  the  discrete 
Fourier  transform  of  the  pulse  response  of  F.  But 
this  of  course  is  not  the  only  possibility,  and  one 
can  ask  for  choices  of  p,  q.  r,  s  which  will  induce 
a  2-norm  which  would  correspond  to  a  quadratic 
type  sampled-data  optimization  problem.  We 
should  note  that  in  [4]  the  authors  consider  an 
optimization;  problem  with  the  Hilbert-Schmidt 
norm,  which  is  not  an  operator-induced  norm. 
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Before  staling  the  result,  we  will  need  some 
additional  notation.  First  if  F: 
is  a  (causal)  convolution  operator,  the  equality 
y  —  F{u)  means  that 

VA:^0. 

/-O 

where  the  are  linear  operators.  In 

our  case,  the  will  come  from  the  lifted  closed- 
loop  operator  and  so  will  have  the  form 

in  the  notation  of  Section  4.  Note  that  the  closed- 
loop  impulse  response  F^.  for  /:  =  0  is  the  operator 
byy  This  fact  will  not  affect  our  discussion  below, 
since  the  controller  only  enters  into  the  closed 
loop  operator  F^  for  A:  ^  1,  and  so  from  the  way 
in  which  the  norm  is  computed,  the  controller  that 
minimizes  the  cost  (norm)  with  Fq  included  is  the 
same  as  the  controller  that  minimizes  the  cost 
without  including  Fq^  hence  the  answer  given  be¬ 
low  is  valid. 

Next  notice  that 


where 

r*e^*"’’'^''F^w(T)  dr. 

•'o 

Thus  acts  as  a  convolution  operator  evaluated 
at  h,  and  so  we  may  express  the  action  of  the 
impulse  response  function  (2)  as  an  integral  oper¬ 
ator  of  the  form 

{Fku){t)  «  f^Ff,{h-r,  t)u{r)  dr,  1. 

•'o 

Now  for  A  a  non-negative  matrix,  we  let 
^inax(^)  denote  the  maximal  eigenvalue,  and 
^max('^)  maximal  diagonal  entry. 

The  following  result  may  be  proven  using  a 
method  similar  to  that  in  [26]. 

Proposition  2.  For  all  Ac  ^  1,  set 

ef(r)-  tyF,{h-r,  /)  dr, 

•'o 

e*(T):=  f'F,(h-r,  r)F,(/i-T,  t)  dr, 

•'0 


for  T  e  [0,  A),  and  set 

sup  X„,ax(2f'('r)), 

T€{0,/r) 

sup  X^3,(eJ(T)), 

t€[0,/i) 

5,^:=  sup  d^^{Qi{r)), 

t€[0,A) 

52^^=  sup  d^^^{Q^{r)), 

t€[0.A) 

I 

Then  (i)  the  induced  norm  of  F:  l^iX^)  -►  l^iXj) 
equals 


(ii)  the  induced  norm  of  F:  1^{X^)  l'^(X^) 

equals 


(iii)  the  induced  norm  of  F: JT/) -♦ /^(  Jf^“) 
equals 


(iv)  the  induced  norm  of  F:  l^iX^)  1^{X^) 
equals 


Referring  again  to  Figure  1,  we  can  pose  the 
problem  of  minimizing  the  operator  norm  of  the 
transfer  operator  from  w  to  z,  where  we  allow  the 
signals  to  be  in  the  various  spaces  if/(^).  This 
problem  may  be  lifted  to  get  the  equivalent  dis¬ 
crete-time  problem  in  the  spaces  1^{X/)  and  then 
one  may  apply  the  solution  in  [27].  For  the  full 
state  information  problem  (this  corresponds  to  the 
classical  LQR  problem)  one  can  show  that  the 
classical  LQR  optimal  controller  is  optimal  in  the 
case  when  the  disturbances  are  in  SF)  for  r  =  1,  2, 
and  the  errors  are  in  For  the  optimal  filtering 
problem,  one  can  show  that  the  optimal  state 
estimator  is  again  given  by  the  classical  formula 
with  disturbances  in  and  errors  in  for 
r  =  2,  00.  The  argument  goes  exactly  as  in  the 
case  by  considering  the  equivalent  ‘lifted’  discrete 
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time-invariant  system  and  applying  Proposition  2 
and  the  results  of  [27],  Note  that  from  our  previ¬ 
ous  remarks  the  lifted  operator  G  is  finite  dimen¬ 
sional. 

To  make  this  argument  more  concrete,  we  will 
consider  the  sampled-data  version  of  the  full  state 
information  (LQR)  problem.  Referring  to  Section 
4,  in  this  case  the  generalized  plant  G  has  the 
form 


We  are  interested  in  minimizing  the  induced  oper¬ 
ator  norm  of  7,  the  linear  input/output  operator 
from  w  to  z  taken  over  all  the  controllers  K  as  in 
Figure  1.  For  our  problem,  we  assume  that 
(r  =  1  or  r  =  2)  and  z 

Now  in  this  case  the  lifted  system  will  have  the 
form 


Note  once  again  that  all  norms  are  preserved  in 
the  lifting  procedure.  Hence,  arguing  precisely  as 
in  Section  4  (and  making  the  standard  assump¬ 
tions  of  stabilizability  and  detectability  on  (3)), 
and  using  the  results  of  [27],  the  optimal  feedback 
gain  may  be  derived  from  the  classical  finite  di¬ 
mensional  algebraic  Stein  (discrete  Riccati  equa¬ 
tion)  associated  to  the  LQR  problem  with  respect 
to  the  generalized  time-invariant,  discrete-time 
plant  given  in  (3). 

Unfortunately,  at  this  point  there  is  no  sep¬ 
aration  principle  available  because  of  the  incom¬ 
patibility  of  the  norms  in  the  filtering  and  regu¬ 
lator  problems. 
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ABSTRACT 

Discrete-time  systems  in  a  formal  input-output  setting  are  considered.  Weak 
linearity,  weak  shift  invariance,  and  weak  nonanticipation  are  defined.  The  often 
overlooked  fact  that  linear  systems  may  not  have  a  kernel  representation  is  pointed 
out.  Necessajy  and  sufficient  conditions  for  kernel  representation  on  l^  spaces  are 
given.  It  is  shown  that  a  linear  system  can  have  infinitely  many  kernel  representations 
and  that  properties  such  as  nonanticipation,  shift  invariance,  and  boundedness  need 
not  be  reflected  in  the  structure  of  a  kernel  representation.  It  is  argued  that  a  system 
is  logically  distinct  from  a  parametric  representation  of  itself. 


NOTATION  AND  TERMINOLOGY 

We  denote  the  set  of  integers  by  Z,  the  set  of  nonnegative  integers  by  Z+. 
The  sequence  space  on  Z  is  denoted  by  /(Z)  and  called  the  bilateral 
sequence  space;  that  on  Z+  is  denoted  by  l(Z  +  )  and  called  the  unilateral 
sequence  space.  When  a  statement  is  true  for  both  /(Z)  and  Z(Z+),  we  write 
L  We  denote  the  time  set  associated  with  /  by  T.  If  Z  =  Z(Z)  [/(Z+)],  then 
T  =  Z  [Z^].  For  a  fixed  n  in  T,  5^  S  Z  denotes  the  (unit-impulse)  sequence 
which  has  value  1  at  n  and  0  everywhere  else.  For  maps,  denotes  the 
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domain,  ^  Ae  range.  The  (right)  shift  operator  on  both  /(Z+)  and  /(Z)  is 
denoted  by  the  same  letter  S,  and  is  defined  below: 

is  given  by 


(Sx)( 


1) 


if  n  =  0, 
if  n  >  0. 


S:liZ)^l(Z)is  given  by 


(Si)(n)  =  x(n  -  1)  VneZ. 


Likewise,  the  symbol  S~* 
KZ)  and  is  defined  by 


denotes  the  left-shift  operator  on  both  /(Z+)  and 


(S"'x)(n)  =a:(n -I- 1)  Vn  €  T. 

The  s)TObol  S„  denotes  the  selection  ftmctional  that  selects  the  nth  coordi- 
nate  of  a  sequence. 

The  symbol  denotes  the  projection  operator  on  two  spaces: 

lO  if  f>n. 

Finally,  if  x  s  /,  then  x“  denotes  the  sequence  defined  by 

if  l<i<u, 

\  0  otherwise. 

^  closed  under  the  family  of  projections  {? } 

n  e  r,  if  for  each  n  e  r,  X  e  X  implies  P„x  e  X. 


1.  INTRODUCTION 


M  input-output  system  is  a  relation  between  two  function  spaces.  The 
classical  input-output  framework  treats  a  system  as  a  mnp  from  one  fiinction 
space  into  another.  Associated  with  a  map  are  its  topological  properties  such 
as  boundedness  and  nontopological  properties  such  as  shift  invariance.  The 
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collection  of  all  input-output  pairs  associated  with  the  inap  is  called  the  graph 
(also,  behavior)  of  the  map.  TTie  properties  of  the  map  are  naturally  related  to 
its  graph.  Sometimes  the  action  of  a  map  may  admit  a  concrete  representa¬ 
tion  such  as  matrix  multiplication  in  the  case  of  sequence  spaces,  or  a 
Volterra  integral  representation  in  the  case  of  spaces  of  functions  of  a  real 
\-ariable.  Such  a  representation,  if  exists,  may  or  may  not  be  unique;  it  may  or 
may  not  reflect  in  its  structure  the  properties  of  the  associated  graph.  For 
example,  a  shift-invariant  map  on  a  sequence  space  may  have  a  representa¬ 
tion  as  an  infinite  Toeplitz  matrix.  It  is  of  interest  to  know  when  a  behavior 
admits  a  representation,  if  a  representation  is  unique,  and  if  a  representation 
reflects  the  properties  of  interest. 

Maps  on  sequence  spaces  are  considered  here.  In  this  paper,  representa¬ 
tion  means  kernel  representation,  which  will  be  defined  in  the  next  section. 
Representation  is  the  main  focus  of  the  paper.  We  give  necessary  and 
sufficient  conditions  for  kernel  representation  on  spaces.  We  also  examine 
the  relationship  of  kernel  representation  with  properties  like  shift  invariance 
and  nonanticipation.  We  also  show  that  a  representation  need  not  be  unique 
and  give  a  sufficient  condition  for  uniqueness.  It  is  implicit  (sometimes 
explicit)  in  textbooks  on  systems  theor>^  that  a  representation  always  exists  and 
in  its  structure  reflects  the  properties  of  the  associated  behavior.  We  point 
out  that  this  is  not  true.  Therefore,  it  is  the  behavior  that  is  fundamental,  not 
its  representation  [6].  We  also  look  at  conventional  definitions  of  properties 
such  as  shift  invariance  and  point  out  that  they  lead  to  anomahes  between 
maps  on  bilateral  sequence  spaces  and  unilateral  sequence  spaces.  We 
propose  new  definitions  of  properties  of  maps  and  argue  their  merit.  The  new 
definitions  also  make  it  clear  what  properties  of  domains  are  or  are  not  used 
in  the  analysis.  However,  the  new  definitions  are  not  the  main  aspect  of  the 
paper.  A  deep  analysis  of  the  differences  between  maps  on  bilateral  and 
unilateral  sequence  spaces  is  not  attempted  here. 


2.  SOME  PROPERTIES  OF  MAPS  ^ 

The  main  practical  reason  for  studying  linear  mathematics  is  that  local 
behavior  of  a  nonlinear  map  is  often  linear.  That  is,  if  the  domain  of  a  given 
nonlinear  map  is  restricted,  the  restricted  map  (the  restriction)  may  become 
linear,  thereby  making  analysis  easier.  Then,  if  the  domain  is  restricted 
further,  it  is  desirable  for  the  resulting  restriction  still  to  be  linear.  Consider¬ 
ing  that  linearity  is  an  analytically  desirable  property  of.  a  map,  all  the 
restrictions  of  a  hnear  map  should  inherit  this  property.  Similarly,  inheritance 
by  restrictions  is  desirable  with  respect  to  shift  invariance,  nonanticipation. 
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space  and  if  G(ax  +  Py)  =  aGx  +  ^Gy  Va,  ^  e  R,  Vx,  y  e^(G). 

to  the  above  definition,  the  identity  map  on  4  is  linear  but  the 

•  ^  “’  Jinsarity  is  not  necessarily 

wWh  ^  restrictions.  It  seems  reasonable  to  caU  the  identity  map  linear^ 
hether  or  not  its  input  class  is  a  linear  space.  We  now  conrider  ^another 
nontopological  property,  nonanticipation.  There  are  two  definitions  in  the 

iTJi^  frj^ework  for  nonanticipation,  with  one  leading  to  inheritence,  and 
one  not.  The  following  definition  is  in,  e.g.,  [5], 

Definition  2.2.  A  map  G :  ^(G)  c  Z  — >  n  i  ic  *1^  ^ 

of  projections"{P„}.  nTr^^ZdTf 

neeLltZ^n  "™^“P®^°^^a‘^rding  to  this  definition,  its  restrictions 
uTdi  ^f  "ot  be  closed 

Son 

«4~r^au\  f  ^rl!^  rr 

_  p  p  ^  ^n^2>  ^i»^2  imphes  that  P„Gx, 

arp  nonanticipatoiy,  aU  its  restrictions  also 

e.  Eveiy  nonanticipatoiy  map  is  weakly  nonanticipatoiy.  That  is  the  as- 
^mphon  that  a  map  is  weakly  nonanticipatoiy  is  weaker  than  the  assumption 
uSder  thJf!^  r  the  domain  of  the  map  is  closed 

it  is  notitTptoS^"^™'"**”"’  '  nonanticipatoiy  if  and  only  if 

below-  the  weak  nonanticipation,  we  define  weak  linearity 


+  A  map  G :  ^(G)  -*MG)  is  weakly  linear  if  x,  y  ax 

+  /3y  e^(G),  a,  ^  e  R  implies  that  G(ax  +  ^y)  =  aGx  +  fiGy.  ^ 


In  [7L  “nonanticipatoiy"  is  used  instead  of  "weakly  nonanticipatoiy"  in  the  definition. 
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Again,  every  linear  map  is  weakly  linear.  If  ^(G)  is  a  linear  space,  then  a 
map  is  weakly  linear  if  and  only  if  it  is  linear.  Also,  if  a  map  is  weakly  linear, 
so  are  its  restrictions.  For  example,  the  identity  map  is  wealdy  linear  whether 
or  not  its  domain  is  a  linear  space.  We  now  define  weak  shift  invariance,  a 
nontopological  property  of  a  map. 

Definition  2.5.  A  map  G :  ^(G)  c  I  ^(G)  c  Z  is  weakly  shift- 
invariant  on  3^(G)  if  for  each  x  ^3^(G)  such  that  Sx  g3^(G\  we  have 
SGx  =  GSx. 

We  say  that  a  subset  X  of  Z  is  shift-invariant  if  SX  c  X.  The  standard 
definition  of  shift  invariance  follows. 

Definition  2.6.  A  map  G :  ^(G)  c  Z  -^^{G)  c  Z  is  shift-invariant  on 
^(G)  if  ^(G)  is  shift-invariant  and  if  GS  =  SG  on  ^(G), 

Every  shift-invariant  map  is  weakly  shift-invariant.  If  the  domain  of  the 
map  is  shift-invariant,  then  a  map  is  weakly  shift-invariant  if  and  only  if  it  is 
shift-invariant.  It  is  customary  to  define  shift  invariance  for  a  system  operat¬ 
ing  on  unilateral  sequence  space  Z(Z+)  only  when  the  system  is  nonanticipa- 
tory  [5].  Nonanticipation  is  not  mentioned  in  definition  of  (weak)  shift 
invariance  above.  The  reason  for  the  custom  and  for  our  omission  will  be 
apparent  shortly. 

Compared  to  the  standard  definitions,  the  corresponding  requirement  on 
the  domain  of  a  map  is  dropped  in  the  new  definitions.  This  does  not  mean 
that  the  domains  do  not  play  any  role  in  the  properties  of  a  system.  On  the 
contrary,  the  domain  is  an  integral  part  of  a  map  on  which  properties  of  a 
system  do  depend.  For  instance,  a  map  may  not  be  linear  but  its  restrictions 
may  be.  Domains  play  an  important  role  in  extension  problems,  and  attention 
should  be  paid  to  what  properties  continue  to  hold  for  the  extended  map.  For 
instance,  a  map  can  be  linear  and  shift-invariant  on  its  domain,  and  there  may 
be  an  abvious  linear  exiiension  of  the  map  to  a  set  containing  the  domain,  but 
the  linear  extension  may  not  be  shift-invariant.  To  illustrate  this,  the  following 
easy  proposition  is  needed. 

Proposition  2.7.  Let  G:^(G)-^^(G)  he  (weakly)  shift-invariant 
and  one-to-one  on  D(G).  If  HG  =  I  on  ^(G),  then  H  is  (weakly)  shift- 
invariant  on  4^(G). 

A  proposition  in  terms  of  conventional  definitions  about  maps  on  unilat¬ 
eral  sequence  spaces  follows. 
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PHOPOsmoN  2.8.  Let  G  :  c  /(Z  J  ^  J(Z,)  be  linear  and  shift- 

invariant.  If  S  ^(G)  <ZS(G)  then  G  is  nonanticipatory. 


_  The  proof  is  omitted,  as  it  is  trivial.  However,  it  should  be  noted  that  the 
hypoAesis  that  S-»^(G)  c^(G)  is  important  for  Ae  conclusion:  Take 
H-  S  wiA  9!{H)  »  /(Z+),  Consider  its  Averse  G  =  S"*  on  3!{,G)  = 
M)  =  {x  e  /(Z^) :  x(0)  =  0).  Clearly.  G  is  linear.  That  G  is  shift-invariant 
foUows  from  Proposition  2.7.  But  G  =  is  anticipatory  on  S{Gl  Also, 
while  G  is  linear  and  shift-invariant  on  its  domain,  its  obvious  linear  extensiori 

to  ^  of  /(Z+)  is  not  shift-mvariant.  The  above  proposition  is  false  if  KZJ  is 
replaced  by  /(Z). 

It  follows  Aat  every  linear,  shift-invariant  G :  3tiG)  =  /jCZ+J  -»  UZ  ) 

rs  nonanticipatory  on  /jCZ+X  (This  appears  to  be  Ae  reason  for  the  custom 
mentioned  above.) 


However,  every  x  e  /(Z+)  can  be  trivially  embedded  in  /(Z)  as  x  below: 


f(0 


/x(j)  if  j>0, 
,  0  oAerwise. 


Since  Ae  graph  of  a  map  on  a  unilateral  sequence  space  is  simply  a 
TOllection  of  pairs  of  unilateral  sequences,  it  is  also  a  collection  of  pairs  of 
mineral  sequences,  by  Ae  above  canonical  embedAtig.  This  is  Ae  canonical 
embedAng  of  a  system  on  one-sided  sequence  spaces  mto  Ae  set  of  systems 
on  two-sided  sequence  spaces  [5J.  Therefore,  a  given  graph  on  a  unilateral 
sequerice  space  can  be  analyzed  m  two  ways:  by  treating  its  graph  as  a 
TOlIection  of  pairs  of  unilateral  sequences  or  as  a  collection  of  pairs  of 
bilateral  sequences.  It  is  remarked  m  [5]  Aat  it  is  easier  to  perform  certain 
calculations  wiA  Ae  time  set  Z  and  Aen  to  draw  conclusions  for  Z+.  The 
pomt  is  Aat  Ae  conclusions  should  be  identical  wiA  boA  IdnA  of  aii^ysis. 
This  is  not  Ae  case  wiA  conventional  definitions  of  linearity  and  shift 
invariance:  Proposition  2.8  is  false  if  G  is  treated  as  a  map  on  bilateral 
sequences  wiA  canonical  embedAng.  [WiA  canonical  embedAng,  2l{G) 
teing  a  linear  and  shift-invariant  space  does  not  imply  Aat  it  is  closed  under 

Ae  famly  of  projections.  Example  4  m  Ae  next  section  demonstrates  Ais 
point] 

Clearly,  Ae  conventional  definitions  lead  to  an  anomaly  in  drawing 
conclusions  for  maps  on  unilateral  sequence  spaces  and  Materal  sequence 
sp^es,  depenAng  on  wheAer  Ae  graph  of  a  map  is  treated  as  a  collection  of 
pairs  on  a  unilateral  sequence  space  or  as  a  collection  of  pairs  on  a  bilateral 
sequence  space. 
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With  respect  to  this  anomaly,  the  new  definitions  fare  better.  We  now 
show  that  Proposition  2.8  is  false  with  each  property  replaced  by  the 
corresponding  weaker  property  even  when  the  analysis  is  done  without  the 

embedding. 


Example  1.  Let  X  =  {x  e  KZ+) :  V»  s  Z+.  x(i)  ^  0}.  Ut  G :  X  X 
be  given  by  (GxXn)  =  x(n  -H)  Vn  e  The  domain  of  G.  X.  is  not  a 
linear  space  and  is  not  shift-invariant.  However.  G  is  weakly  linear  on  X^d 
vacuoiiy  weakly  shift-invariant  on  X.  Moreover.  S'^X  C  X.  However.  G  is 
not  weakly  nonanticipatoiy  on  X. 


We  now  look  at  the  representation  aspect  of  input-output  systems. 


3.  KERNEL  REPRESENTATIONS 

Suppose  the  graph  of  a  map  on  I  is  given.  Let  to  “  ^ 

G :  ^(G)  C  I  -*  M.G')  C  I  is  said  to  have  a  kernel  representation  if  there 

exists  a  g  :  T  X  T  R  such  that 


(Gu)(n)  =  Y,  gin,Tn)u(m)  Vn  €  T.  Vu  gB{G). 


In  the  above  definition,  there  is  no  need  for  ^(G)  to  have  a  topology;  the 
convergence  of  the  infinite  sum  is  on  the  real  line.  ^ 

Of  interest  is  the  connection  between  kernel  representation  and  other 
properties  of  map  such  as  linearity,  boundedness,  and  nonanticipation.  It  is 
clear  that  every  map  that  has  a  kernel  representation  is  we^y  hnear. 
However,  not  all  linear  sj'stems  have  a  kernel  representation.  There  is  an 
example  of  a  continuous-time  linear  shift-invariant  nonanticipatoiy  system, 
due  to  Adam  Shefi,  in  [2,  p.  3],  that  illustrates  this  point.  An  ei^ple  on 
sequence  spaces  wiU  be  given  later.  We  now  examine  if  boundedness  is 
necessary  or  sufficient  for  a  linear  system  to  be  represented  by  a  kernel.  At 
the  level  of  generality  of  the  above  definition  for  kernel  representation, 
boundedness  is  not  related  to  kernel  representation,  because  there  may  not 
be  a  topology  on  BiG)  and  MG).  To  examine  this  relationship  we 
assume  something  stronger:  we  consider  systems  that  are  maps  from  one 
normed  space  into  another.  A  simple  application  of  the  Banach-Steinhaus 
theorem,  e.g.  [4],  gives  the  following:  Let  G :  ^(G)  ^  I  be  defined  by  a 
kernel,  with  B(G)  a  Banach  space  and  MG)  a  normed  space.  If  the  family 
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of  projections  {?„}  is  a  resolution  of  the  identity  on  MG),  then  G  is 
bounded.  On  {?„}  is  not  a  resolution  of  identity.  If  MG)  =  using  a 
variant  of  the  Banach-Steinhaus  theorem,  we  can  still  conclude  Aat  G  is 
bounded.  While  these  results  are  useful,  they  are  not  exhaustive  because  not 
every  kernel-represented  map  takes  a  normed  space  into  another.  When  it 
does,  its  domain  may  not  be  a  Banach  space.  On  the  other  hand,  it  is  simple 
to  show  that  if  the  domain  of  a  bounded  linear  map  has  a  Schauder  basis, 
dien  the  map  has  a  kernel  representation.  However,  boundedness  of  the  map 
is  an  unnecessarily  strong  requirement:  Consider  T  :lJiZ+)  -» 1,(2+)  de¬ 
fined  by  (TxXn)  =  nx(n),  which  clearly  unbounded  but  has  a  kernel  repre¬ 
sentation.  ^ 

On  the  other  hand,  in  functional-analysis  literature,  bounded  hnear  opera¬ 
tors  on  spaces  without  a  Schauder  basis  are  rarely  assumed  to  be  given  by  a 
kernel  representation.  That  boundedness  is  not  sufficient  for  kernel  represen¬ 
tation  is  pointed  out  by  an  example  in  [1],  with  7,  as  the  input  and  output 
space.  Here  is  an  example  that  is  simpler  and  sharper  but  the  same  in  spirit. 
This  example  shows  that  even  compactness  with  discrete  spectrum  (which  is  a 
much  stronger  condition  than  boundedness)  is  not  sufficient  for  kernel 
representation. 

Example  2.  Consider  the  space  c,  the  subspace  of  all  converging 
sequences  in  7,(2+ ),  with  7,  norm.  Fix  a  nonzero  element  «q  G  c  such  that 
yo^f^)  ~  0.  Define  G :  c  — »  c  by 


Gx  =  (lim  x)-yo. 

Then  G  is  linear  and  compact  vrith  discrete  spectrum  {0}.  Its  response  to  an 
impulse  occurring  at  any  time  is  identically  zero.  If  it  is  assumed  that  G  has  a 
kernel  representation,  then  the  kernel  is  identically  zero,  but  G  is  not. 

We  now  consider  the  relationship  between  shift  invariance,  nonanticipa¬ 
tion,  and  kernel  representation.  The  map  in  the  above  example  is  neither 
shift-invariant  nor  nonanticipatoiy.  We  now  construct  a  map  that  is  linear, 
shift-invariant,  nonanticipatoiy,  and  compact,  but  has  no  kernel  representa- 
tion. 

Example  3.  Consider  the  following  linear  shift-invariant  space  with  I 
norm:  “ 

(x  e  ^Z)  :  lim  x(n)  exists). 

'  n  —  00  J 
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Let  e  e  Z  be  such  that  e(n)  =  1  for  each  n  €  Z.  Define  G :  c_-»  c_  by 

G%  •=  lim  x{n)-e. 

n-» 

Clearly,  G  is  linear,  shift-invariant,  nonantidpatoiy,  and  compact. 

A  common  aspect  of  both  the  examples  is  that  the  infinite  past  or  Ae 
infidte  fiiture  of  L  input  strongly  affects  the  current  output.  This 
the  following  definition,  which  wftl  be  usefiil  in  obtaining  necessary  an 
sufficient  conditions  for  kernel  representation. 

DEFINITION  3.1.  A  m.p  G :  3{0)  c  I  I' 

for  each  n  €  T  there  exist  finite  integers  /(n),  u(n)  such  that  i,  yi , 

X,  y  e.S(.G)  implies  that  S„Gx  =  S„Gy. 

This  means  that  the  current  output  of 
determined  by  finite  past  and  finite  fiiture  of  the  input.  The  effect  of  infinite 
pSandinfir^te  fuJe  of  the  input  on  the  current  output  is  ^ro.  ^w^er 
die  width  of  the  “time  window”  for  the  input  can  depend  on  time, 
not  be  uniformly  bounded.  A  (weakly)  nonantidpatoiy  map  on  a  umlateral 
sequence  space  is  an  example  of  a  finite-horizon  map. 

We  recdl  the  notion  of  ^-dual  of  a  sequence  space.  (See,  e.g.,  [3].)  Given 

a  sequence  space  X,  its  ^dual  is  ^ven  by 

XP:=|yeZ:  LyiO^iO  <»Vx€x|. 

It  is  standard  and  simple  to  show  that  /S-dual  of  I  is  the  space  of  finitely 
nonzero  sequences.  From  this  follows  the  next  proposition. 

Proposition  3.2. 

(i)  A  map  G ;  ^(G)  =  I  ^^iG)  Q  I  has  a  kernel  representation  if  and 

onlv  if  it  is  a  weakly  linear  finite-horizon  map,  j.  j.-  -ri*  ;o 

00  A  map  G  :i(G)  £  I  C  I  has  a  kernel  representation  if  it  is 

a  weakly  linear  finite-horizon  map. 

Proof  (0  “only  if’:  Assume  that  G  has  a  kernel  representation.  Then 
theLp^ivealdy  liLr.  Each  row  of  the  kernel  must  belong  to  the  Mual  of 
I  and  hence  can  have  only  finitely  many  nonzero  entnes,  implying  that  the 
map  is  of  finite  horizon. 
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“If’:  Fix  n.  Let  l(n)  and  u(n)  be  such  that  x“  =  y^,  x,  y  ^3(0 
implies  S„Gx  =  S„Gy.  Define  / :  3(.G)  >-»  by 

Jx  =  (x(/),x(Z  +  1),...,  x(u  -  l),x(u)). 

Let  X  ■=  J3(G)._Fot  each  x  e  X  let  /”*x  be  the  preimage  of  x  under  J. 
Define  a  map  G, :  X  R  by  %x  ==  S„G/-‘x.  Notice  that  G„  is  well 
^fined  and  is  weakly  hnear.  Let  X  =  span  X.  Consider  the  linear  extension 
G„  :  X  R  of  G„  defined  below: 

gJx  ~  G  and  G„(aiXi  +  •••  +atXt)  ==  aiG„x,  +  —  +a^G„Xi, 

for  all  . . . ,  e  R  and  for  all  Xj.Xj, . . , ,  x*  €  X. 

Since  G„  is  a  linear  functional  on  a  finite-dimensional  vector  space,  it 
admits  the  representation 

_  «-/ 

G„3:=  Eg„(i)x(i)  VxeX 

i^O 

for  some  fixed  row  matrix  g„.  The  map  G  is  then  given  by  the  kernel  defined 
by 

If 

i  0  otherwise. 

(ii)  follows  from  part  (i).  g 

It  may  be  noted  from  the  proof  that  doing  analysis  locally  in  time  is  a  key 
to  representation  theory.  This  theme  will  recur  throughout  the  rest  of  this 
section.  A  weakly  linear  finite-horizon  map  has  a  kernel  representation  with 
each  row  of  the  kernel  having  only  finitely  many  nonzero  entries.  From  this 
proposition  and  Example  3,  it  is  clear  that  linearity  and  shift-invariance  of  a 
map  on  bilateral  sequence  spaces  need  not  imply  that  the  map  is  of  finite 
horizon.  However,  on  unilateral  spaces  with  some  assumptions  on  the  do¬ 
mains,  one  may  get  some  useful  results.  An  example  is  the  following  proposi¬ 
tion.  In  the  proposition,  the  model  for  the  domain  is  the  space  SH(Z+)  for 
some  nonnegative  k. 

Proposition  3.3.  Let  G  :  3(G)  c  l(Z^)  ^  l(Z^)  be  given.  Suppose 
3(G)  is  linear  and  closed  under  the  family  of  projections  and  that  there  exists 
an  integer  N  s  Z+  such  that  S-^(I  -  Pn)3(G)  C3(G).  Under  these  condi¬ 
tions,  if  G  is  linear  and  weakly  shift-invariant,  then  G  is  a  finite-horizon  map. 
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Remark.  This  proposition  tells  us  that  if  the  domain  of  a  linear  shift- 
im-ariant  map  on  a  unilateral  sequence  space  is  sufficiently  rich,  then  the  map 
has  a  kernel  representation.  In  this  proposition,  closedness  of  the  domain 
under  the  family  of  projections  is  part  of  the  h)pothesis,  unlike  in  Proposition 
2.8.  The  validity  of  Proposition  3.3  is  the  same  with  or  without  the  canonical 
embedding.  The  proof  is  fairly  routine. 

From  Proposition  3.2  it  is  clear  that  the  case  when  3^(G)  ^  Z  is  more 
interesting.  In  this  case,  finite-horizon  requirement  is  too  strong.  Intuitively 
speaking,  the  smaller  the  domain,  the  easier  it  should  be  to  obtain  a  kernel 
r^resentation.  Since  finite-horizon  maps  have  a  represenation,  the  next  step 
is  to  consider  maps  that  are  nearly  of  finite  horizon. 

Definition  3.4.  A  map  G  :  S^iG)  c  I  ^  ^(G)  c  /  is  called  a  fading- 
horizon  map  if  there  exists  a  sequence  Gjt :  3^iG)  C  I  of  finite- 

horizon  maps  such  that  for  each  n  G  T 

S„Gx  =  lim  S„G;tx  Vx  e^(G). 

Again,  for  this  definition  it  is  not  necessar)^  for  3^iG)  to  have  a  topology. 
Intuitively,  the  effect  of  infinite  past  and  infinite  future  of  the  input  on  the 
current  output  is  vanishingly  small  for  a  fading-horizon  map.  The  action  of  a 
fading-horizon  system  at  a  given  time  can  be  approximated  by  that  of  a 
sequence  of  finite-horizon  maps. 

In  the  next  definition  G  is  assumed  to  be  linear  for  simplicity. 

Definition  3.5.  A  linear  map  G :  ^(G)  Ql  ^(G)  Q  I  is  called  a 
strongly  fading-horizong  map  if  ^(G)  is  a  topological  space,  and  if  there 
exists  a  sequence  Gj, :  ^(G)  c  I  of  finite-horizon  maps  such  that 

for  each  n  e  T,  S„G;t  converges  to  S„G  in  the  topological  dual  of  ^(G). 

Here,  the  approximation  by  finite-horizon  maps  is  done  locally  in  time. 
Since  G  is  linear,  for  each  n,  S„G,  are  linear  functionals,  and  the 
convergence  is  in  the  space  of  continuous  linear  functionals  on  S^iG), 
Clearly,  a  strongly  fading-horizon  map  is  a  fading-horizon  map.  The  following 
is  easy  to  prove. 

Proposition  3.6. 

(i)  Letp^  (l,=o).  Then  a  linear  G  :  ^(G)  ^  MG)  cl  is  a  strongly 

fading-horizon  map  if  and  only  if  it  is  a  fading-horizon  map. 
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^  ^  ^  Ybea  normed  space.  If  G :  ^(G)  c  I  ^^{G) 

c  Y  w  liner  and  bounded,  then  G  is  a  fading-horizon  map. 

“only  if’  direction  is  obvious. 

If :  Fix  p  e  (l.cxs).  Let  q  be  such  that  1/p  +  1/q  =  1.  Then  I  =  /' 
Ae  dual  of  Z  .  Fuc  n.  We  have  S„Gx  =  li™,  S„G,  x  for  each  x.  For  e’ach  1] 
IS  «  and  S,G  is  the  weak*  limit  of  S„G*.  Hence,  S„G  is  in  /'  (by 
Ae  Banach-Steinhaus  Aeorem).  Therefore.  S„Gx  =  Eg„(i)x(f)  for  some  g 
m  Smce^  Sn  ^  it  can  be  approximated  in  1  norm  by  finite-len^ 
sequences  _g„  t  For  each  k,  define  a  finite-horizon  map  G*  by  Ae  kerS 
gitn.i;  :  g„  t(0.  Then  G^  is  Ae  sequence  of  finite-horizott  maps  such  that 

Iiin||s«G-S„Gj|,,=0. 

•  ^  +  1/9  =  1-  Fix  «•  Then,  S  G 

“  ^b°™ded  linear  functional  on  and  hence  is  given  by  the  representation 

finS  r  ™  g"  approximated  by 

timte-length  sequences  g„  ^  such  that 


S„Gx  -  lim  Eg„.t(0^(0 


=^(G). 


For  each  k,  define  a  finite-horizon  map  G*  by  Ae  kernel  g,(n.i)  ==  g  ,(i). 
Then  G*  is  such  Aat  S„Gx  =  lim^  S„Gtx  Vx  €^(G).  ^  ■ 

Clearty,  a  singly  faAng-horizon  map  (or  a  finite-horizon  map)  need  not 

"e^^^aiy  and 

spacer”*  conAbons  for  kernel  representation  on  a  variety  of  sequence 
Theorem  3.7. 

(t)  Let  p^  [l.oo).  Let  the  domain  of  G :  BiG)  c  I  -»,5?(G)  <zlbe  a 
linear  space.  Then  G  has  a  kernel  representation  if  and  only  if  G  is  a  linear 
jaaing-nonzon  map. 

{a)  IM  the  domain  of  G :  B(G)  C  Z.  ^^(G)  Ql  be  a  linear  space. 

only  if  G  is  a  strongly  f^ing- 

Proof.  For  p  e  [l,oo),  let  q  be  such  Aat  1/p  +  1/g  =  1. 

c  ^"Gjx  for  each  x.  For  each  k, 

S  G,  IS  in  Z  and  S„G  is  Ae  weak*  limit- of  S^G^.  Hence,  S„G  is  in  I’  (by 
e  B^ach-Stemhaus  theorem).  Therefore,  S„Gx  =  Eg„(i)x(i)  for  some 
9*  Set  g(n,i)  —  grt(iX  Then  g  is  a  kernel  for  G. 
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“Only  if’:  Let  the  kernel  of  G  be  g.  Fix  n.  Then  S„G  —  g(n,-  )  is  in 
since  I  is  the  /5-dual  of  (e.g.,  [3]).  Hence,  g(n.- )  can  be  approximated  (in 
I  norm  ii  q  ^  in  weak*  topology  if  9  =  »)  by  finite-length  sequences 
For  each  k,  define  a  finite-horizon  map  G*  by  the  kernel  giCn.i)  ~ 
g"  j(j).  Then  G*  is  the  sequence  of  finite-horizon  maps  sudi  that  S„Gi  = 
lim  S„Gii  for  each  i  in  ^(G). 

(ii),  “if’:  Fix  n.  We  have  S„Gx  =  limjt  S^G^x  for  each  x.  For  each  k, 
S„Gt  is  in  Ij.  Moreover,  I1S„G  -  S„Gtlli  converges  as  k  tends  to  ».  Hence 

S„G  is  in  Ij.  r  ?  r 

“OiJy  if’:  For  each  n,  S„G  is  in  /j,  since  li  is  the  ^dual  of  i«.  Therefore 

S„G  can  be  approximated  in  norm  by  finite-length  sequences.  ■ 

Even  when  a  system  has  a  kernel  representation,  die  representation  may 
not  be  unique,  as  shown  by  the  following  example. 


EIxample  4.  Consider  G:l^  -*  Im  defined  by  the  following  kernel: 

1  0  0  — 

1  0  0 

g=  0  10 

0  0  -2  1 

I  :  :  ■  :  • 

It  is  easily  seen  that  G  is  one-to-one.  It  has  a  unique  left-inverse  H  :  .^(G) 
-►^(G)  such  that  HG  =  I  on  ^(G).  It  can  easily  be  checked  that  the 
following  kernel  represents  the  left  inverse  of  G: 

/  1  0  0  - 

I  1  1  0  0  - 

1  1  0  0  -  . 

i  i  1  0  - 


0  ••• 

0  ••• 

•  I 


The  following  kernel  also  represents  H : 


0 

0 


-2  -4 

0  -2 
0  0 
0  0 


-8  - 
-4  -8 

-2  -4 

0  -2 
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fact,  each  one  of  the  foUowing  infinitely  many  kernels  represents  H  o. 


flo  2(^0  -  1) 

ay  2ay 

•  • 

“n  2a. 


4(ao  -  1) 

2(2ai  -  1) 

2  "a. 


8(ao  -  1) 

4(2ci  -  1) 
2(2"a„  -  1) 


sentetilr^'  ^  ^  ^ 

Unin!  i'  ®  representation  is  unique. 

Uniqueness  of  kernel  representation  is  related  to  how  rich  the  domain  is.  If 

toe  domain  has  enough  elements  that  can  distinguish  eveiy  two  infinite 
hlimTtolt^  representation  is  unique.  The  following  is 

Proposition  3.8.  Suppose  G :  ^(G)  c  1  ^  ^{q)  cl  has  a  kernel  rev- 
resmtatwn.  Suppose  ^(G)  is  such  that  for  each  nST.8„  is  in  ^(G).  T^ 
O  has  a  unique  kernel  representation. 

^  onikteral  sequence  space  is  not  a  linear 

toaTto  r  ^  It  he  noted 

Aat  toe  domam  of  the  map  in  Example  4  violates  the  sufficient  cLdition  in 

the  above  proposition.  Using  Proposition  3.6,  Theorem  3.7,  and  the  above 
proposition,  several  conclusions  can  be  drawn.  Below  is  an  example. 

Corollary  3.9. 

(0  A  linear  nonanticipatory  map  G :  MG)  =  l^(Z^)  ^MC)  c  UZ  ) 
nos  a  unique  kernel  representation,  “ 

(w)  IM  p,r  ^  [l,oo).  A  bounded  linear  map  G :  3f{G)  —  l^  ^(G)  C  I 
has  a  unique  kernel  representation,  ^  ~ 


4.  A  SYSTEM  AND  ITS  REPRESENTATION  ARE  NOT 
IDENTICAL 


When  a  system  can  be  represented  nonuniquely  by  a  kernel  it  is  of 

tolTemS  oT  f  '^*®”  “■®  ®*™^ture  of 

the  kernel.  Out  of  the  mfimtely  many  representations  for  H  in  the  above 


907 


discrete-time  input-outout  systems 

example,  one  is  lower-triangular  and  one  is  upper-triangular,  as  shown.  Is  H, 
then,  nonantidpatory  or  purely  antidpatoiy?  The  point  is,  nonantidpation  is  a 
property  of  a  system  and  is  not  necessarily  a  (structural)  property  of  its 

^  ^We  show  that  H  in  Example  4  is  weakly  nonanticipatoiy  =MG) 

is  not  closed  under  P„  for  any  n  >  1]. 

Claim  1.  H  in  Example  4  is  weakly  nonanticip/xtory. 


Proof.  Since  H  is  the  inverse  of  G,  we  have  to  show  that  for  all  n, 
P„Gii  =  P„Gxj  =»  P„Xi  =  P„Xi,  or  equivalently  that  P„Xi  #  P„X2  =»  P.Gxj 
^  Pfix^.  This  follows  because  for  all  n,  g(n,n)  #  0  (G  has  direct 
feedthrough).  * 

We  now  determine  if  H  is  shift-invariant.  Observe  that  the  domain  of  H 
in  Example  4  is  shift-invariant.  That  H  is  shift-invariant  follows  from  Proposi¬ 
tion  2.7.  However,  H  has  some  kernel  representations  which  have  Toeplitz 
structure  (constant  along  the  diagonals),  and  some  which  do  not.  Shift 
invariance  is  clearly  a  property  of  a  system  that  may  or  may  not  be  reflected 
in  the  structure  of  its  representation. 

We  now  point  out  that  boundedness  of  a  map  may  not  be  reflected  in  the 

structure  of  its  representation. 

Example  3.  Consider  G :  Za,(Z+) -» /«(Z+)  defined  by  the  following 
kernel: 


I  0  0  - 

1  -1  0  0  - 

0  1  0  0 

0  0  1  -i  0 


It  is  simple  to  show  that  the  left  inverse  of  G  exists  and  is  bounded,  since  for 
each  X  e  1,  we  have  IlGxlU  >  ilklU-  One  kernel  representation  of  G"^  is 


-2  0  0  - 

-4  -2  0  0  — 

-8  -4-2  0  0 


I 
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srr:  t:  tz 

shift  invart^^ce  aii-KaS  “f  s.oh  s, 

iionanddp,aorS'tILSbet‘'l^pra^^“f“‘^/'^'‘'5™””^^ 

of  the  system.  The  behavior  of  »  »  •  “ '^P^ssentation 

representation  of  the  system  [6].  ^  fundamental  than  a 

on  to  Zi  1"''“°““/-  ”“7  sn/oynhfc  di.^ 
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^  Abstract 

®  Given  an  interconnection  of  a  nominal  discrete¬ 
time  plant  and  a  stabilizing  controller  together 

■  with  structured,  norm  bounded,  nonlinear/ time- 
varying  perturbations,  necessary  and  sufficient 
conditions  for  robust  stability  and  performance 

I  of  the  system  are  provided.  This  is  done  by  first 
showing  that  performance  robustness  is  equiv- 
aJent  to  stability  robustness  in  the  sense  that 
both  problems  can  be  dealt  with  in  the  frame- 

Iwork  of  a  general  stability  robustness  problem. 
The  resulting  stability  robustness  problem  is 
next  shown  to  be  equivalent  to  a  simple  alge- 

Ibraic  one,  the  solution  of  which  provides  the  de¬ 
sired  necessary  and  sufficient  conditions  for  per¬ 
formance/stability  robustness.  These  conditions 
provide  an  effective  tool  for  robustness  analysis 

I  and  can  be  applied  to  a  large  class  of  problems. 
In  particular,  it  is  shown  that  some  knowm  results 
can  be  obtained  immediately  as  special  cases  of 
^  these  conditions. 


1  Introduction 

I  For  systems  with  bounded  energy  signals,  the 
norm  is  the  most  suitable  norm  to  use. 

■  When  dealing  with  robust  performance  in  the 
context  of  linear  feedback  systems  with  Tf*” 
norm  performance  objectives,  the  paper  by  Doyle 
[3]  introduces  a  nonconservative  measure  of  per- 

Iformance  for  linear  feedback  systems  in  the  pres¬ 
ence  of  structured  model  uncertainties.  This 
approach  is  based  on  a  matrix  function  called 

I  the  Structured  Singular  Value,  where  stability 
and  performance  robustness  are  dealt  with  in 
the  same  framework.  The  class  of  perturbations 

■  ’This  research  was  supported  by  the  N.S.F.  under 
grant  ECS-8806977.  This  paper  is  an  abbreviated  ver¬ 
sion  of  [1].  See  also  [2]. 
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treated  are  linear  time-invariant  norm  bounded 
perturbations. 

When  the  system  at  hand  does  not  involve 
bounded  energy  signals  but  rather  bounded  mag¬ 
nitude  signals  as  is  the  case  when  bounded  per¬ 
sistent  disturbances  are  present,  the  more  suit¬ 
able  norm  is  the  A  norm  or  norm.  In  [4]/[5] 
Dahleh  and  Pearson  provided  a  complete  solu¬ 
tion  to  the  problem  of  minimizing  the  A  norm  of 
a  linear  time-invariant  continuous/discrete-time 
system  through  the  choice  of  a  stabilizing  con¬ 
troller.  The  optimal  controllers  obtained  in  the 
discrete  time  case  are  more  useful  than  those  in 
the  continuous  time  case  since  they  axe  easier  to 
implement  physically. 

In  this  paper,  we  present  a  solution  to  the 
robustness  problem  in  the  setting.  The 
class  of  perturbations  considered  consists  of 
norm  bounded  perturbations  allowed  to  be  time- 
varying  or  nonlinear.  We  provide  necessary  and 
sufficient  conditions  for  stability  robustness  for 
structured  perturbations  where  any  number  of 
perturbations  can  enter  between  any  two  points 
in  the  system.  In  addition,  we  allow  performance 
objectives  to  be  considered  and  provide  neces¬ 
sary  and  sufficient  conditions  for  these  objectives 
to  be  achieved  in  a  robust  manner  subject  to 
robust  stability.  This  is  done  by  showing  that 
the  stability  and  performance  robustness  prob¬ 
lem  is  equivalent  to  a  simple  algebraic  problem 
which  can  be  easily  solved  to  give  the  desired 
nonconservative  conditions  for  stability  and  per¬ 
formance  robustness.  We  show  how  the  results 
in  (6)  and  in  [7]  can  be  obtained  as  special  cases 
of  this  theory. 

2  Notation 

11+  Nonnegative  real  numbers. 

Space  of.  all  bounded  sequences  of  real 
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I 

numbers,  i.e.  s:  =  {i(i))&o  ^ 

only  if  sup  ls(fc)l  <  ®°'  If  i  ^  then 

lIxlU  =  sup  \x{k)\. 
k 

Space  of  g- tuples  of  elements  of  1“^.  If 
X  =  e  then  HilU  = 

max  ||xt{|co' 

i 

Space  of  absolutely  suitable  sequences. 

If  I  £  £t  then  lixlli  =  k(^)l 

ik=0 

Space  of  p  X  g  matrices  with  entries  in 

£K  If  X  =  (Xij)  e  £jx,.  then  HiHi  := 

O 

The  space  of  all  bounded  linear  causal 
operators  mapping  to  If  ii  € 

then  ||il|h=sup!!|^  which  is 

the  induced  operator  norm.  Each  R  in 
can  be  completely  characterized  by 
its  block  lower-triangular  pulse  response 
matrix. 

Subspace  of  £tV  consisting  of  time- 
invariant  operators.  For  eacn  JC  6 
corresponds  a  unique  r  in  f'x? 
is  the  impulse  response  of  R{j,  the  com¬ 
ponent  of  R  mapping  the  the  jth  input 
to  the  ith  output.  The  induced  operator 
norm  of  i?  as  a  map  from  £“  to  is 
equal  to  the  norm  of  r  in  £pX9’  which  we 
shall  also  refer  to  as  the  A  norm. 


Problem  Setup 

\Ye  are  mainly  interested  in  £~  sign^s  and 

(iscrete-time  systems,  -\side  from  that,  the  only 
onditions  imposed  wiU  be  those  needed  to 
.ntee  the  well-posedness  of  the  problem.  Com¬ 
mon  to  all  the  problems  in  which  stability  and 

Iierformance  of  a  certain  system  are  to  be  stud- 
ed  under  the  effect  of  perturbations  are  a  nom¬ 
inal  plant  and  a  controller  stabilizing  it.  In  our 
^ase,  both  of  these  are  assumed  to  be  linear  time- 
Bnvariant  discrete-time  systems.  There  is  no  rea¬ 
son  why  only  one  nominal  plant  or  controller  can 
be  considered,  and  so  as  many  as  desired  can 

te  incorporated  as  long  as  the  resulting  nonuna 
ystem  is  stable.  As  for  the  perturbations,  they 
are  first  modeled  as  strictly  causal  linear  maps 


Figure  1;  Stability  and  Performance  Robustness 
Problem 


taking  £°°  signals  to  £"  sipals  with  bounded 
induced  norms.  Hence  the  perturbations  axe  al¬ 
lowed  to  be  time-varying.  Nonlinear  perturba¬ 
tions  are  treated  in  section  6.  There  can  be  as 
many  perturbations  as  desired  and  they  can  en¬ 
ter  anywhere  in  the  system.  So  for  a^eafic  set 
of  bounds  on  the  norms  of  the  perturbations,  we 
have  a  family  of  systems  each  of  which  is  com¬ 
posed  of  the  nominal  part  and  a  set  of  fixed  per¬ 
turbations  with  norms  less  than  the  correspon 
ing  given  bounds.  The  first  objective  is  to  de¬ 
termine  when  every  member  of  that  class  of  sys¬ 
tems  is  stable,  i.e.  when  our  system  is  robustly 
stable.  In  many  cases,  stability  is  not  all  that 
is  required  from  a  system,  and  certain  perfor¬ 
mance  objectives  are  to  be  met.  A  useful  an 
popular  objective  is  keeping  small  the  norm  ol 
the  function  mapping  an  external  input,  say  u, 
to  a  certain  signal  in  the  loop,  call  it  y.^  Since 
there  could  be  more  than  one  such  objective, 
let  us  denote  the  resulting  functions  by  Ty.ui  for 
i  =  where  is  the  function  map¬ 

ping  signals  at  point  11, •  to  signals  at  pomt  _y;. 
Because  we  axe  mainly  concerned  with  l  sig¬ 
nals,  the  norm  we  want  to  be  small  w'ould  be  in 
our  case  the  induced  £~  norm.. Now  our  objec¬ 
tive  is  to  determine,  given  a  set  of  m  positive  real 
numbers  . . . 

svstem  is  stable  and  satisfies  llTy,.„,l|  <  Ji  lor  au 
allowable  perturbations.  In  other  words,  when 
does  our  system  achieve  robust  performance. 

We  now  formally  set  up  the  stability  ^d  per¬ 
formance  robustness  problem  mentioned  above. 
Figure  1  represents  a  quite  general  confipration 
appropriate  for  describing  problems  with  nmeer- 
■  tSntv  In  the  figure,  M  represents  the  inter¬ 
connection  of  the  nominal  plant  and  the  stabi¬ 
lizing  controller,  and  is  therefore  bnear,  time- 
invariant.  and  stable.  Each  A.-  repr«ents  the 
perturbations  between  two  points  in  the  system, 
and  has  norm  less  than  or  equal  to^  o"®- 
course  there  is  no  loss  of  generabty  in  assum¬ 
ing  that  the  chosen  bound  on  the  norms  of  eacn 
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of  the  A,-’s  is  one,  since  any  other  set  of  num¬ 
bers  could  be  absorbed  in  M.  We  will  restrict 
t£e  A,’s  to  be  strictly  causal  in  order  to  guar¬ 
antee  the  well  posedness  of  the  system.  This  is 
not  a  serious  restriction  and  can  be  removed  if 
it  is  known  that  the  perturbation/nominal  sys¬ 
tem  connection  is  weU-posed.  Accordingly  we 
can  define  the  classes  of  perturbations  to  which 
the  A's  belong.  Assuming  the  perturbations 
enter  at  n  places,  and  that  each  has  p,-  inputs 
and  qi  outputs  we  have  A,-  E  A(p, •,?,■)  where 

:=  {Aei^Xv’':A  is  strictly  causal 

and  II  A||  <  1}  t  =  1, . . . ,  n. 

Note  that  A;  is  not  dependent  in  any  way  on  Aj 
when  j  r  The  only  restriction  is  that  At  be¬ 
longs  to  A(p, •,?,•)  for  each  i.  Next  let  p  =  I'.  Pt, 
and  q  =  Eift-  By  [(pi, );•’•; (pn, 9n)]  we 
mean  the  set  of  all  operators  mapping  to 
of  the  form: 

D  =  <ijap(Ai,...,A„), 

where  A,-  belongs  to  A(p,',5',).  When  the  pairs 
(pij?t)  are  known,  they  will  be  dropped  from 
the  notation  and  T)  will  be  understood  to  mean 
the  above  set.  We  will  say  the  system  in  fig.  1 
achieves  robust  stability  if  the  system  is  stable 
for  all  Z?  e  Z?[(pi,9i);...;(pn,9n)|-  We  will  say 
it  achieves  robust  performance  if  it  achieves  ro¬ 
bust  stability  and  ||Tj,;u,||  <  1  for  all  and  for  all 

D  in  I>[(pi,9i);...;(pn,gn)]. 

In  the  conte.xt  of  this  setup,  our  problem  can 
be  stated  as  follows; 

Problem  Statement.  Find  necessary  and  suf¬ 
ficient  conditions  for  the  system  in  fig.  1  to 
achieve  robust  performance. 

4  Performance  Robustness  vs. 
Stability  Robustness 

In  this  section,  we  provide  a  theorem  establishing 
a  relation  between  stability  robustness  and  per¬ 
formance  robustness.  It  states  that  performance 
robustness  in  one  system  is  equivalent  to  stabil¬ 
ity  robustness  in  another  one  formed  by  adding 
a  fictitious  perturbation.  A  similar  result  has 
been  shown  to  hold  in  [9]  when  the  perturbations 
are  linear  time-invariant  and  when  the  2-norm 
is  used  to  characterize  the  perturbation  class. 
The  usefulness  of  this  theorem  stems  from  the 
fact  that  we  can  now'  concentrate  on  finding  con¬ 
ditions  for  achieving  stability  robustness  alone. 
Once  we  do,  performance  robustness  comes  for 
free. 

Consider  the  two  systems  shown  in  fig.  2, 
where  M  e  and  A,-  €  A(p, •,?,).  In  system 


SYSTEM  I  SYSTEM  II 

Figure  2:  Equivalence  of  Staibility  and  Perfor¬ 
mance  Robustness 

II,  «  is  a  vector  input  of  size  p  and  p  is  an  output 
vector  of  size  q.  In  system  I,  Ap  €  A{p,q).  It 
follows  that  p  =  p-f  ^{Pi  and  ?  =  ?  + 
Subdivide  M  in  the  following  manner: 

\  M2I  M22  J 

where  M\\  € 

We  now  state  the  following  theorem  establish¬ 
ing  the  relation  between  Svstem  I  and  Svstem 
II. 

Theorem  1.  The  following  four  statements  are 
equivalent: 

i)  System  I  achieves  robust  stability. 

ii) {I-Mi))-^  is  stable  for  all  D  E 

Hi)  (/  -  Is  stable  and 

\\Mn-i-Mi2D{l-M22D)-hM2i\\  <  1,  for 
all  D  belonging  to  I>[(pi,?i);.  - (Pn,9n)]- 

iv)  System  II  achieves  robust  performance. 

5  Conditions  for  Stability  Ro¬ 
bustness 

It  has  been  shown  in  the  previous  section  that 
we  can  convert  a  performance  robustness  prob¬ 
lem  into  one  which  involves  stability  robustness 
alone.  We  can  therefore  concentrate  only  on  sta¬ 
bility  robustness.  We  seek  nonconservative  con¬ 
ditions  for  achieving  stability  robustness  which 
are  easy  to  verify.  Before  we  begin,  we  es¬ 
tablish  some  notational  conventions.  Through¬ 
out  this  section,  the  perturbation  set  will  be 
T>[{p\ ,  gi  (Pn ,  ?n)]  for  some  p ositive  integers 
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,  . . P.  and  91,..., ?n.  M  belongs  to  ££ 

where?  ;=  EiPi  1  ■= 

I  be  partitioned  as  follows: 


..  Ml, 


Mnl  •  ■  •  Mn 


where  Mu  has  size  qi  X  p.-.  Next,  we  will  state 
our  main  result  estabUshing  the  equiv^ence  of 
the  stability  robustness  problem  to  a  simple  al¬ 
gebraic  one.  Depending  on  the  region  in  which 
this  algebraic  problem  has  its  solutions,  we  can 
conclude  whether  or  not  our  system  achieves  ro- 

.  bust  stability,  and  by  the  results  of  the  previous 
section,  robust  performance.  In  order  not  to  clut¬ 
ter  the  exposition,  we  first  state  and  prove  th^ 
theorem  in  the  scalar  case.  Hence  pi  =  •••- 

’■  Pn  =  91  =  •  •  •  =  9n  =  1- 

Theorem  2.  (/  -  MD)"'  is  not  £«-  stable  for 
some  D  6  2?[(1,1);- ••;(!,  1)]  and  only  jf  the 
system 


l  has  a  solution  x  =  in 


••  With  this  theorem,  our  problem  stated  in  sec¬ 
tion  3  is  essentially  solved.  Applying  this  theo¬ 
rem  to  the  performance  and  stability  robustness 
problem  stated  earlier,  reduces  it  to  a  simple  al¬ 
gebraic  one  in  which  the  object  is  to  determine 
whether,  a  certain  system  of  inequalities  has  a  so¬ 
lution  in  a  particular  region  in  What  makes 
this  algebraic  problem  particularly  attractive  is 
that  the  set  of  inequalities  that  arises  relates  in 
a  simple  and  direct  manner  to  the  original  prob¬ 
lem.  Only  norms  of  the  subentries  of  the  M  ma¬ 
trix  arise,  and  they  do  so  in  the  same  general  or¬ 
der  that  they  do  in  M.  The  question  that  arises 
naturally  at  this  point  is  how  can  one  determine 
whether  the  system  of  inequalities  at  hand  has 
a  solution  in  the  related  region  of  IR  ?  It  turns 
out,  that  no  search  techniques  are  needed  to  ac¬ 
complish  this  task  and  the  answer  to  this  ques¬ 
tion  can  be  determined  by  evaluating  certain  ex¬ 
pressions  directly.  These  expressions  also  involve 
norms  of  the  subentries  of  M  and  thus  are  easy  to 
compute.  The  derivation  of  these  alternate  con¬ 
ditions  for  stability  and  performance  robustness 
is  the  next  topic  of  discussion. 

The  first  step  in  restating  the  conditions  in¬ 
volving  the  set  of  inequalities  is  to  make  the  fol¬ 
lowing  observation: 


Observation.  The  system  of  inequalities: 


2  ns  1 ,  *  .  .  ,  72 


has  a  solution  in  (JH+)"\{0}  if  and  only  if  either 
ljM„„|U  ^  1  «>:•  \Wnn\U  <  1  and  the  system  of 
inequalities: 

II  ,  ,T-- 

x.-<g(^I|M,;IU+  j  ' 

2  —  1, .  . .  ,  72 

has  a  solution  in 

Notice  that  this  observation  allows  us  to  replace 
the  task  of  determining  whether  any  solutions  to 
a  set  of  n  inequalities  lie  in  a  certain  region  by  the 
simpler  one  of  determining  whether  the  solutions 
to  a  set  of  72  —  1  inequalities  lie  in  a  smaller  re^on 
together  with  a  simple  test  on  the  norm  of  M„„. 

It  is  easily  seen  how  this  can  be  repeated  until  we 
completely  replace  all  such  conditions  by  tests  on 
expressions  involving  norms  of  the  M,-j’s,  a  much 
simpler  task.  Table  1  lists  some  of  these  for  a  few 

values  of  n.  _ 

In  order  to  discuss  the  multivariable  case  we 
will  need  to  make  reference  to  the  rows  ot  Mi  j 
which  are  themselves  stable  rational  functions. 
Let  us  denote  the  mth  row  of  Mij  by  [Mjjjm- 
Since  we  will  no  longer  restrict  the  p;’s  and  q{  s 
to  be  equal  to  one,  the  following  set  is  not  nec¬ 
essarily  a  singleton: 

JC:={(ki,...,kn)GZ'^:  1  <  ki  <  qi) . 

From  this  definition  it  is  clear  that  the  set  K 
has  exactly  nr=i  9«’  dements.  To  each  fc  €  ^ 
corresponds  the  system  of  inequalities;  li  < 

Ei=ill(^-iKIU^i  ^  fcn).  As 

the  next  theorem  shows,  it  is  the  solutions  of 
these  inequalities  that  are  of  concern  when  seek¬ 
ing  necessary  and  sufficient  conditions  "C 
bility  and  performance  robustness  in  the  .MIMU 
case. 

Theorem  3.  (J  -  MD)"^  is  not  £«-  stable  for 
some  D  6  X>((pi,gi);-..;(P-9n)]  if  and  only  if 
for  some  k  =  (fci, .. .  ,bn)  6  the  system 


3=1 

has  a  solution  x  =  (ii,..-.Xn)  in 


n 

Necessary  and  Sufficient  Conditions  for  Stability  Robustness 

1 

2 

<1 

+  1  -  ^  ‘ 

3 

IIAfssILt  <  1  ■ 

1,  ,  ,  , 

„  ,  IlMdl.P&IL  1-IIM33IL  i-ll"33lLi,i 

1-  (1^311,+  j 

Table  1:  Conditions  for  Stability/Performance  Robustness  for  n  =  1,2, and  3 


6  Nonlinear  Perturbations 

In  this  section,  it  will  be  shown  that  if  the  class 
of  perturbations  is  enlarged  to  include  norm- 
bounded  nonlinear  perturbations,  then  the  con¬ 
ditions  for  robust  stability  remain  the  same.  This 
means  that  robustness  to  linear  time-varying 
perturbations  will  automatically  guarantee  ro¬ 
bustness  to  nonlinear  perturbations  as  well.  Fur¬ 
thermore,  it  is  shown  that  when  enlarging  the 
perturbation  class  to  include  nonlinear  pertur¬ 
bations,  stability  robustness  remains’  equivalent 
to  performance  robustness,  and  so  the  condi¬ 
tions  for  stability  and  performance  robustness 
for  time-varying  perturbations  are  the  same  as 
those  for  nonlinear  perturbations.  For  simplicity 
we  shall  consider  the  scalar  case  here.  We  start 
by  extending  our  definition  for  the  perturbation 
class  to  include  nonlinear  perturbation.  So  de¬ 
fine 


^7Vl[(P1>  9l)i  •  •  •  >  (Pni  9n)]  •—  {diag(Ai,  . .  .  ,  An)  • 


A  .  1  j 

A,-  IS  strictly  causal  and  sup — 

x-M  Halloo 


<  1 


For  simplicity  we  adopt  the  following  notation: 


V{n)  := 

n 

:=  P/vi,((l,l); •'•;(!!  1)] 


Theorem  4.  (/  -  MDy^  is  st3.ble  for  all 

D  e  V(n)  if  and  only  if  it  is  stable  for  all 

D  €  V;^L{n). 

We  have  shown  that  stability  robustness  is 
equivalent  to  performance  robustness  when  the 
class  of  perturbations  is  P(n).  It  does  not  im¬ 
mediately  follow  that  this  should  be  true  if  the 
perturbation  class  were  Next  we  show 

that  indeed  stability  robustness  is  equivalent  to 
performance  robustness  even  when  enlarging  the 
perturbation  class  to  include  nonlinear  perturba¬ 
tions. 

We  will  assume  the  class  of  perturbations  is 
P  Y£,(n)  and  that  we  have  one  performance  ob¬ 
jective  consisting  of  keeping  the  norm  of  the  func¬ 
tion  mapping  the  e.xternal  input  u  to  the  output 
y  less  than  one.  (Figure  2,  SYSTEM  11). 

Theorem  5.  (/  — iW22-0)~^  i^  -  stable  and 
\\Mn  +  -  M27D)-'^  fhiW  <  1  /or  all 

h  €  Vi^fL^n)  if  and  only  if  {I  —  MD)~^  is 
£«>.  stable  for  all  D  6  -h  1). 


7  Some  Applications 

7.1  Stability  Robustness  (Unstruc¬ 
tured  Pert.) 

This  is  the  simplest  case.  The  perturbations  take 
the  form  of  one  A  having  q  inputs  and  p  outputs. 
The  question  then  is  when  is  (/  -  M A)“^  stable 
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Icr  all  A  m  A(p,g)  ?  Equiv^eatly,  when  is  the 

i"terconaection  of  Af  €  aad  A  sta  e  or 

A  in  A(p,g)  ?  Theorein  3,  a  neces- 

liry  and  sufficient  condition  for  robust  stabiUty 
is  that  none  of  the  g  inequalities: 


1  =  1,- 


J,a.  a  solution  in  (O.co).  Oeriy,  a  necess^y 
suffident  condition  for  that  to  happej  s 
■llfxf'jsll .  <  1  for  all  i,  or  equivalently  llMjl^  <  • 
This  is  exactly  the  problem  solved  by  Dahleh  an 
|||Ohta  in  [6]. 

7  2  Input  Sensitivity  in  the  Presence 
I  of  Multiplicative  Input  Perturba- 
■  tions 

■  Let  Po  be  a  given  nominal  linear  shift-inv^iant 
discrete- time  plant  with  q  inputs  an  P  ^  j 
Consider  the  following  farmly  of  plants  fo™® 
by  adding  weighted  multipbcative  perturbations 

I  to  this  nomin^  plant: 

■  n  :=  {P  :  P  =  +  ^ 

I  where  Let  5(Po)  be  defined  as  fol¬ 

lows: 

{C  :  C  is  linear  causal  shift-invariant 
controller  stabilizing  Po} 

I  For  a  fixed  C  €  5(Po)  and  7  >  0  we  will  now  ob¬ 
tain  necessary  and  sufficient  ®°Jiditions  for  C  to 
stabilize  every  P  €  If  ,  and  at  the  ^ 

icfv  IU7  4-  <  7  for  2-^  P 

I  the  lerfomiice  ob  jScti/e  in  this  case  is  tepins 
smaS  the  norm  of  the  weighted  input  sensitivity 
function  {I  +  CP)-^W2  despite  the  presence  of 

■  the  multipUcative  perturbations. 

This  problem  can  be  set  up  in  the  framework 
discussed  in  the  previous  sections  ' 

I-  tious  perturbation  replaces  the 

jective,  thus  transforming  ^his  stabihty  and  p  - 
formance  robustness  problem  into  a  stabihty  r^ 
bustness  problem  alone.  This  alternate  ® 

I  has  V[{q,qUq,q)]  f  the  c^^ass  of  perturbations, 
and  an  M  matrix  of  the  following  form. 

«  /ifj+cPorHVj  cPo(i+cPor^^vA 

I  "  U(I  +  CPo)-HI"2  CPoil  +  CPo)-^lIi ) 

■  From  table  1  and  Theorem  3,  necessary  and  suffi¬ 
cient  conditions  for  robust  stability  for  P'^  , ' 
lem,  and  hence  for  robust  performance  for  the 

original  one  are: 


ij  =  1,...,?. 


1  -  IK'f.ljlU 


where  S.  :=  (/  +  CP.)-’Wr,  T,  := 

CPo(I  +  CP)~^o^'^'  Eqnivalently,  these  condi¬ 
tions  can  be  written  as: 

•  llPolU  <  1* 

•  l<Ka-ll(Ta)ilU 

If'  we  define  $  :=  {C  €  S(Po)  ' 

C  stabilizes  all  P  G  n},  then  it  Mows  from  o^ 

stability  robustness  conditions  for  one  A  th 

C  €  ^  if  and  only  if  C  €  5(P„)  and  \\Toh  <  L 
Hence  we  have  shown  through  the  two  conditions 
obtained  above  that  for  any  C  G  * 

\\iSo)i\U 

cup  11(1 + CP)- •w,!!  =  mp  • 

This  is  exuctly  the  result  obtained  by  the  authon 
in  f7l  using  a  different  approach.  In  fact,  it  is  not 
difficult  to  show  [7]  that  for  any  7  >  0 

C  6  $  and  sup  11(1  -h  CP)-^W2\\  <7 

Fen 

c  6  S(P.)  and  IK  5,  7r.)ll(<T'- 

Since  it  is  known  (4,10,11)  bo"  ‘o  solve  problems 

hhe  _  nm  Ml 


min  lI(5o  7^0  )1U 
C6S{P.) 


ll(To).IU  <  1 


i  =  l,. 


it  is  dear  how  an  iterative  scheme  can  be  de¬ 
vised  whereby  the  value  of  7  can  be 
decreased  according  to  the  outcome  of  the  opti¬ 
mization  problem  stated  above,  until  7  is  as  dose 
as  desired  to  7opt5  where 

Since  at  each  iteration  step  a  controller  that 
achieves  the  minimum  can  be  computed,  we  c^ 
find  a  controUer  that  achieves  arbitrarily  dosely 

7.3  Output  Sensitivity  in  the  Presence 
of  Output  Multiplicative  Pertur¬ 
bations 
For  this  case  let 

H  :=  {P  '•  P  =  (f  +  AVFi)Po,  a  G  A(g,g)} 
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Abstract 

Necessary  and  sufEcient  conditions  for  stability  and 
performance  robustness  of  discrete-time  systems  are 
provided  in  terms  of  the  spectral  radius  of  a  certain 
nonnegative  matrix.  The  conditions  are  easily  com¬ 
putable  and  provide  a  simple  method  to  do  synthesis 
of  robust  controllers  via  an  iteration  scheme  which 
utilizes  the  properties  of  the  spectral  radius. 

1  Introduction 

In  [1,2,3],  necessary  and  sufEcient  conditions  were 
derived  for  stability  robustness  when  structured 
norm-bounded  perturbations  were  assumed.  These 
conditions  were  given  in  terms  of  the  region  in  which 
a  system  of  inequalities  has  its  solution.  The  system 
of  inequalities  is  completely  determined  by  the  inter¬ 
connection  of  the  nominal  system  at  hand  and  stabi¬ 
lizing  controller.  Even  though  conditions  for  stability 
robustness  are  important  in  their  own  right,  they  also 
give  conditions  for  performance  robustness.  This  has 
been  demonstrated  in  [1,2]  where  it  was  shown  that  a 
performance  robustness  problem  can  be  converted  to 
a  stability  robustness  problem  by  adding  a  fictitious 
perturbation  block  to  represent  the  performance.  The 
conditions  for  stability  robustness  which  result  are  ex¬ 
actly  those  for  performance  robustness  for  the  original 
problem. 

In  this  paper  we  establish  a  connection  between 
the  conditions  for  stability  robustness  and  the  spec¬ 
tral  radius  of  a  certain  nonnegative  matrix.  Use  of  the 
spectral  radius  conditions  allows  us  not  only  to  ob- 

*This  research  was  supported  by  the  National  Science  Foun¬ 
dation  under  grant  ECS-8914467  and  by  the  Air  Force  Office 
of  Scientific  Research  under  grant  A FOSR-9 1-0036. 


tain  numerically  efficient  ways  for  determining  when 
a  certain  system  achieves  robust  stability  and  perfor¬ 
mance,  but  it  also  provides  us  with  the  means  to  de¬ 
sign  controllers  which  provide  suboptimal  robustness 
properties. 

2  Notation 

ni“^  Nonnegative  real  numbers. 

^  Space  of  all  bounded  sequences  of  real  num¬ 
bers,  i.e.  X  =  {^(i)}^o  ^ 

if  sup  |x(^)|  <  CO.  If  X  E  then  ||x||co  = 
ib 

sup  |a:(^)|. 
k 

Space  of  absolutely  summable  sequences.  If 

oo 

X  €  then  ||x|Ii  =  |i(i:)|  <  cc. 

k=0 

II ‘11^  The  A  norm  of  a  z-transform  of  an  se¬ 
quence,  is  the  norm  of  that  sequence.  So 
for  an  LTI  system,  this  will  be  the  norm 
of  the  pulse  response  of  that  system.  This  is 
a  measure  of  the  maximum  amplitude  gain 
of  the  system.  For  a  system  matrix,  the  A- 
norm  is  the  maximum  row  sum  of  individual 
SISO  entry  norms. 

A  The  set  of  all  operators  mapping  to  itself, 
with  induced  norm  less  than  or  equal  to 
one.  Hence,  A  :=  {a  :  sup^.g  <  l}- 

D(n)  The  set  of  all  diagonal  operators  of  the  form 
D  =  diag{  Ai A„)  where  A<  €  A. 
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ds  uuaer  cuauiiions. 


M 


TTc  uy  aenning  \m  |. 

M  is  linear  time-invariant  and  stable  with  n  inputs 
and  outputs  the  map  taking  the  jth  input  to  the 
:th  output  has  a  pulse  response  which  belongs  to  the 
space  The  norm,  or  the  A  norm  of  can  be 
computed  arbitrarily  accurately.  We  define  \M\  to  be 
the  following  matrix  of  norms 


\M\  := 


/llMiill,'...  l|Afi,|[,\ 

Vll^nllU  ...  Wnn\y 


Ai 


Figure  1:  Stability  Robustness  Problem 


3  Setup 

We  start  by  setting  up  the  stability  robustness 
problem.  Given  is  an  interconnection  of  linear  time- 
invariant  plant/plants  and  linear  time-invariant  con¬ 
troller  together  with  n  perturbation  blocks,  say, 
Ai,...,An.  These  blocks  represent  the  system  un¬ 
certainty  which  is  assumed  to  take  place  in  n  differ¬ 
ent  locations  in  the  interconnection.  Each  perturba¬ 
tion  block,  A,,  belongs  to  the  class  A  and  is  therefore 
norm  bounded.  The  A,**s  are  independent  of  each 
other  reflecting  the  situation  when  the  uncertainty 
has  different  sources.  Next,  let  M  denote  that  part  of 
the  interconnection  which  includes  the  nominal  plant 
and  stabilizing  controller.  M  will  have  n  inputs  and 
n  outputs  corresponding  to  the  interconnection  with 
the  pertrubation  blocks. 

Whereas  M  is  given  and  fixed  (at  least  m  the  anal¬ 
ysis  problem  where  a  controller  is  given),  each  per¬ 
turbation  block,  A,-  is  allowed  to  vary  over  the  set  A. 
The  combined  effect  of  all  perturbation  blocks  can  be 
equivalently  captured  by  one  peturbation  block  ,  D, 
which  has  a  diagonal  structure.  D  now  belongs  to  the 
class  V{7i)  .  With  this  setup  in  mind,  the  system  is 
said  to  achieve  robust  stability  if  it  is  ^-stable  for  all 
D  6  The  next  section  is  concerned  with  various 

necessary  and  sufficient  conditions  for  the  system  in 
fig.  1  to  achieve  robust  stability.  Some  of  these  condi¬ 
tions  will  prove  useful  in  the  synthesis  of  controllers 
with  suboptimal  robustness  properties. 

4  Main  Results 

In  this  section,  we  state  without  proof  our  main 
theorem  establishing  the  necessary  and  sufficient  con¬ 
ditions  for  robust  stability  of  the  system  in  fig.  1  in 
terms  of  the  spectral  radius  of  a  certain  matrix  as  well 


Defining  H  to  be  the  set  of  all  n  x  n  real  diagonal 

matrices  with  positive  entries  on  the  diagonal,  we  can 

state  the  folloWing  theorem: 

Theorem  1  The  following  arc  all  equivalent: 

1.  The  system  in  fig.  1  achieves  robust  stability. 

2.  The  system  of  inequalities: 

n 

~  “  1, . . . ,  n 

has  no  solutions  in  (iR'^)”\{0}. 

5.  p{\M\)  <  1,  where  p{\M\)  denotes  the  spectral 
radius  of\M\. 

That  1  and  2  are  equivalent  has  been  shown  in  [1,2]. 
The  important  equivalence  for  the  purposes  of  this 
paper  is  that  of  1  and  4  since  this  allows  us  to  do 
controller  synthesis  as  will  be  discussed  next. 

Since  M  forms  the  interconnection  of  the  nominal 
linear  tune  invariant  system  and  linear  time-invariant 
controller  it  can  be  put  in  the  following  form: 

M  =  Ti  -  TsQTa 

where  Ti,  T2,  and  Tz  are  stable  and  depend  only 
on  the  nominal  plant.  Q,  is  a  free  parameter  to 
be  chosen  from  the  set  of  all  stable  rational  function 
and  determines  the  controller  according  to  the  Youla 
parametrization.  In  the  analysis  problem,  Q  is  fixed 
and,  as  a  result,  so  is  M.  For  synthesis,  we  will  need 
to  find  an  appropriate  Q  which  results  in  a  controller 
providing  satisfactory  robustness  properties.  To  do 
that,  we  adopt  the  following  iteration  scheme: 

1.  Set  1  :=  0,  and  :=  J. 

2.  Set  Qi  :=  arg  infq  ,tahu  “  T2QTz)R\\^, 

3.  Set  Ri  :=  arg  “  T2QiTz)R\\^. 

4.  Set  i  :=  £  -f  1.  Go  to  step  2. 
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—  It  is  clear  that  this  iteration  converges,  and  further* 
■ore  the  infimum  values  obtained  in  the  consecutive 
lj)plication  of  steps  2  and  3  will  be  monotonically  de* 
creasing.  It  is  also  clear  that  the  iteration  procedure 

In  be  terminated  at  step  3  whenever  a  desirable  ro- 
Lstness  level  is  achieved  as  indicated  by  the  value  of 
the  infimum  at  that  step. 

mK  remains  to  discuss  the  two  optimization  prob- 
■^s  used  in  the  iteration  procedure  above.  The  op- 
ffinization  problem  in  step  2  is  a  standard  opti¬ 
mization  problem.  This  problem  has  been  disussed 

1  [6,8,9]  and  software  packages  for  its  solution  ex- 
and  involve  only  linear  programming.  The  second 
optimization  problem,  that  appearing  in  step  3,  can 

150  be  solved.  Its  solution  is  a  direct  application  of 
e  following  lemma:  ' 

texxuzia  1  Lei  M  =  Ti  —  T2QTZ  with  Ti,  T2,  T3, 
nd  Q  stable.  Lei  \M\  be  as  defined  above.  If  \M\  is 
Ttduciblej  then 

=  \\R^^MR\\^, 

R  ~  diag{fi,. . . ,  fn),  with  (ri, . . . ,  fn)^  being 
the  eigenvector  corresponding  to  p(lAf|)  which  aside 

t>m  being  the  spectral  radius  of\M\  will  be  an  eigen- 
lue  of\M\. 

fhis  lemma  follows  from  the  Perron-Frobenius  theory 
ir  nonnegative  matrices,  and  the  proof  will  be  omit- 
:d  here.  From  this  lemma,  all  that  is  needed  to  solve 
the  optimization  problem  in  step  3  will  be  to  compute 

In  eigenvector  corresponding  to  the  eigenvalue  with 
le  maximum  modulus.  Because  we  are  dealing  with 
nonnegative  square  matrices  this  eigenvalue  turns  out 
be  real  and  hence  is  itself  equal  to  the  spectral  ra- 
lius.  Both  the  spectral  radius  and  the  eigenvalue 
corresponding  to  it  can  be  computed  very  easily  us¬ 
ing  power  methods,  another,  consequence  of  Perron 
Brobenius  theory  for  nonnegative  matrices.  Finally, 
H  IMl  were  not  in  fact  irreducible,  it  can  be  made  so 
by  replacing  every  zero  entry  with  an  e  >  0.  Since  the 

Ipectral  radius  is  a  continuous  function  of  the  matrix 
ntries,  it  follows  that  the  solution  of  this  modified 
problem  will  approach  that  of  the  original  reducible 
^ne  as  e  approaches  zero.  Thus,  the  irreducibility  as¬ 
sumption  on  \M\  is  not  a  serious  one,  and  the  case 
“when  [Af  1  is  reducible  can  be  handled  almost  with  the 
same  ease  as  that  when  \M\  is  irreducible. 

I  We  next  look  at  a  numericad  example  demonstrat- 
ng  the  iteration  scheme  above, 

I  5  Example  1 

Consider  the  following  plant  family  formed  by 
lidding  weighted  multiplicative  perturbation  to  a 


Figure  2:  System  considered  in  Example  1  after 
adding  ficticious  perturbation  block  for  performance 

nominal  linear  shift-invariant  plant,  P 

E:={P  =  iI  +  WiAi)P,  :  A€A}, 

where  P,  = 

to  be  a  high-pass  FIR  filter  to  reflect  the  fact  that 
plant  uncertainty  is  most  common  at  high  frequen¬ 
cies.  MATLAB  produced  the  following  filter: 

Wi  ;=  .0052A^°  -  .008A®  -  .0134A®  +  .1057A^ 

-.2405A®  +  .3072A®  -  .2405A‘‘  +  .1057A® 
-.0134A2  _  008A  -1-  .0052 

The  uncertain  system  is  subject  to  low  frequency 
disturbance  at  the  output.  This  disturbance  is  mod¬ 
elled  as  the  output  of  a  low-pass  FIR  filter,  W2.  MAT- 
LAB  was  used  to  obtain  the  following  filter: 

W2  :=  -.0033A®  -  .0162A®  -1-  .1555A®  -b  .3641A® 
-b.3641A‘‘  -f  .1555A®  -  .0162A  -  .0033 

Our  first  objective  is  to  achieve  stability  in  the  pres¬ 
ence  of  uncertainty,  i.e.  we  require  the  closed-loop 
system  to  be  -stable  for  aU  P  €  R.  Our  second 
objective,  is  to  make  the  norm  of  the  system  from 
the  disturbance  input  to  to  u  less  than  one.  This 
has  the  the  effect  of  making  the  magniiude  gain  from 
the  disturbance  input  to  the  control  input  less  than 
one!  This  must  of  course  be  done  in  a  worst  case 
sense  since  we  are  dealing  with  a  plant  family,  rather 
than  a  single  plant.  This  problem  is  of  practical  im¬ 
portance  when  the  control  input  magnitude  is  not  to 
exceed  certain  rated  values.  We  will  use  the  iteration 
scheme  discussed  after  transforming  the  problem  to  a 

lln  this  paper,  A  is  equal  to  z-^ ,  where  z  is  the  fainiliar 
r-transform  variable 
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stability  robustness  one  with  structured  uncertainty. 
'Fig.  2  shows  the  resulting  stability  robustness  prob¬ 
lem.  It  is  straight  forward  to  compute  M  which  turns 
out  to  be: 

( -PoC{l  ^  PoCr^W^  -PoC{I^PoC)-^W2\ 
^  ^  PoCy^Wi  -c(7  +  PoC)“^pr2  ) 

We  now  perform  the  iteration  procedure.  For  con¬ 
venience,  we  define  M{Q)  =  7i  —  TzQTs. 

•  We  set  =  /.  inf  |1M(Q)|[^  =  1.538364. 

Set  Qo  :=  arg  inf  ||M(Q)|j^ 

•  p{\M{Qo)\)  =  inf  \\R-^M{Qo)R\l  =  0.70956. 

Set  :=  arg  inf  \\R-^M{Q;)R\\^. 

.  imn||i23f‘M((3)/2i|Lj  =  0.703424. 

Set  Qi  :=  arg  inf 

•  p{\M{Qi)\)  =  inf  =  0.681358. 

Set  R2  :=  arg  inf  ||ie-^A/(Qi)iJl[^. 

•  imn||i?J^Ar((3)iE2|l^  =  0.681184. 

Set  Q2  :=  arp  inf  ||i2J^M(<3)iJ2|[4. 

•  p(IM(Q2)I)  =  inn|iJ-'M(g2)i?IU  =  0.677072. 

Tv 

Set  Rz  ;=  arg  inf  \\R“^ M{Q2)R\\a’ 

•  nnn||iZJ^Af(g)iZ3m  =  0.677072. 

Set(33:=ar5  inf ||iiJ^A/((5)iJ3|^. 

..p{\M{Qz)\)  =  inf  l|iE-iM(Q3)i2lU  =  0.677072. 

When  starting  points  other  than  R^^  I  were  cho¬ 
sen  for  the  iteration  the  spectral  radius  to  which 
the  procedure  converged  did  not  change  considerably 
from  the  one  obtained  here.  Table  1  shows  a  few  of 
these  values  for  various  starting  points. 

Needless  to  say,  for  the  actual  design  we  would  use 
the  Q  parameter  giving  the  smallest  of  these  spectral 
radii.  This  would  be  the  one  obtained  with  Ro  = 
diag{lQ^  1)  as  a  starting  point.  It  should  be  men¬ 
tioned  here  that  even  though  R  has  two  parameters, 
the  actual  optimization  problem  in[R^n\\R'^^MR\\^ 
is  a  one  dimensional  one.  Thus,  only  the  ratio  of  the 
elements  on  the  diagonal  of  R  that  affects  the  value 
of  this  infimum. 

^Thc  optimization  problems  in  this  iteration  example 
were  solved  by  minimizing  over  all  Q  giving  closed  loop  transfer 
function  polynomial  of  order  20  or  less. 


Starting  point  Rg 

Spectral  radius  to  which 
iter,  converged 

diag{l,l) 

0.677072 

diag{\,lQ) 

0.677072 

d:as(  1,100) 

0.665026 

diag{10-,  1) 

0.647499 

diaff( 100, 1) 

0.648200 

Table  1:  Results  of  iteration  for  several  Ro 


Figure  3:  System  for  Example  2 

6  Example  2 

Given  the  nominal  plant: 

P  -  A(A-0.1) 

"  (A-0.5)(A-2) 

Suppose  this  nominal  plant  is  subject  to  high  fre¬ 
quency  input  and  output  uncertainy.  This  could  be 
due  to  unmodelled  sensor  and  actuator  dynamics. 
This  uncertainty  is  modelled  by  perturbation  blocks 
Ai  and  A2  followed  by  high  pass  FIR  filters  Wi  and 
W2  where 

Wi  :=  -0.0037A®-0.007A^  +  0.0817A® 
-0.2228A®  +  O.SA®  -  0.2228A® 
+0.0817A2  -  0.007A  -  0.0037 

and 

W2  :=  -0.0127A®  +  .0248A®  +  0.0638A^ 
-0.2761A®  +  0.4A®  -  0.2761A^ 
+0.0638A®  +  0.0248A2  -  0.0127A 

We  are  interested  in  maintaining  system  stability  in 
the  presence  of  the  input  and  output  perturbations. 
It  can  be  easily  seen  that 

-WiP„C{J+PoC)-^  WiP^I+PoC)-^  \ 
-WiC{I  +  PcC)-^  -WjPoCil  +  PoC)-^ ) 

We  now  apply  the  iteration  scheme  starting  with 
Ro-L 
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«  inf  IlfE^iMiZolL  =  1.0021. 

<3  $tabU  "  ^  ^ 

Let  Ml  ;=  optimM  M. 

O  inf  WR-^MiRlh  =  0.0332. 

R^TZ, 

Let  Ri  :=  optimal  R.  - 
.  inf  IliZr^MiJiII,  =  0.0330. 

Q  Stable ''  ^ 

Let  M2  :=  optimal  M. 

♦  jnf  l|i2'iM2i2m  =0.0126. 

By  lumping  Ai  and  A2  together  to  form  one  mul¬ 
tivariable  A,  i.e.  by  ignoring  the  structure  of  the 
perturbation,  and  obtaining  a  controller  which  is  op¬ 
timally  robust  for  this  A,  one  can  only  conclude  that 
stability  is  maintained  whenever  |lAi||  <  “ 

0.997.  By  applying  the  present  analysis  results  on 
structured  perturbations  to  the  system  with  the  con¬ 
troller  obtained  above,  one  sees  that  stability  will  in 
fact  be  maintained  as  long  as  HAjH  <  30.12.  Finally, 
if  we  use  the  controller  corresponding  to  the  last  itera¬ 
tion  step  above,  stability  will  be  maintained  whenever 
nil’ll  ^  79.4.  This  demonstrates  clearly  the  advan¬ 
tages  of  this  robust  synthesis  scheme. 
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Abstract 

Given  a  class  of  plants  formed  by  perturbing  a 
nominal  discrete-time  linear  sbift-invariant  plant 
with  norm  bounded  unstructured  perturbation, 
the  problem  of  finding  a  single  compensator  that 
will  stabili2e  all  plants  in  this  class  and  at  the 
same  time  minimize  the  worst  case  norm  of  the 
sensitivity  function  is  solved. 

1  Introduction 

When  modeling  physical  systems  as  linear  plants 
for  the  purpose  of  designing  feedback  controllers 
that  make  the  closed  loop  system  achieve  certain 
specifications,  one  cannot  escape  the  modelling 
uncertainties  that  are  inherent  in  such  a  process. 
Even  if  the  underlying  physical  system  could  be 
modelled  exactly  at  one  time,  parameter  varia¬ 
tions  that  could  appear  for  any  one  of  many  rea¬ 
sons  eventually  take  their  toll  on  the  system  and 
render  the  model  inaccurate.  For  this  reason,  a 
controller  that  achieves  good  performance  when 
controlling  the  model,  might  not  perform  so  well 
when  used  to  control  the  actual  plant  and  could 
even  make  the  system  unstable.  Therefore,  ro¬ 
bustness  of  the  control  system  to  variations  in 
the  plant  are  of  great  practical  importance.  Sta¬ 
bility  robustness  can  be  achieved  if  the  controller 
can  be  made  to  stabilize  a  whole  family  of  plants. 
Performance  robustness,  on  the  other  hand,  can 
be  achieved  if  in  addition  the  controller  can  be 
chosen  so  as  to  give  “good”  performance  for  each 
one  of  the  members  of  the  plant  class.  Stabil¬ 
ity  robustness  is  therefore  required  for  perfor¬ 
mance  robustness.  In  this  respect,  recent  work 
by  M.  Dahleh  and  Y.  Ohta  [1]  provides  neces¬ 
sary  and  sujfRcient  conditions  for  BIBO  stability 
robustness.  The  plant  perturbations  considered 
in  [l]  take  the  form  of  multiplicative  or  additive 
perturbations  with  a  bounded  norm.  In  addition, 
the  perturbations  are  allowed  to  be  time-varying 
or  nonlinear. 

'This  research  was  supported  by  the  N.S.F.  under 
grant  ECS-8806977 


This  paper  considers  performance  robustness 
when  the  performance  criterion  is  disturbance 
rejection.  Good  performance,  in  this  case,  trans¬ 
lates  into  small  norms  for  certain  loop  functions, 
e.g.  the  sensitivity  function.  Accordingly,  in 
the  case  of  sensitivity,  robust  performance  can 
be  achieved  if  the  norm  of  the  sensitivity  func-. 
tion  can  be  made  small  for  aU  perturbed  plants, 
an  objective  that  can  be  achieved  by  minimizing, 
with  the  proper  choice  of  a  robustly  stabilizing 
controller,  the  worst  case  norm  of  this  function. 

2  Problem  Statement 

Let  Fo  be  a  given  nominal  discrete-time  plant. 
Fo  is  assumed  to  be  linear,  shift-invariant,  and 
strictly  causal  with  q  inputs  and  p  outputs. 

Denote  by  S{Fo)  the  set  of  ^  linear  shift- 
invariant  discrete-time  controllers  with  the  ap¬ 
propriate  dimension  that  stabilize  Fg.  We  now 
define  a  family  of  plants  formed  by  adding 
weighted  multiplicative  perturbations  to  the 
nominal  plant.  Let 

n:={P:  F  =  F^(I  +  WiA)} 
where  Wi  6  £3-/’  and  A  :  -*  is  causal 

with  ||A||  :=  sup  <1-  So  A  is  allowed  to 

x/O  ll^llco 

be  time- varying  or  nonlineax.  We  also  define 

^  :=  {G  G  S{Fo) :  C  stabilizes  aU  P  6  11}. 

When  performance  is  measured  by  the  norm  of 
.the  weighted  sensitivity  function,  the  problem  of 
achieving  robust  performance  and  stability  can 
now  be  stated  as  follows: 

inf  sup  II  ((/4- GP)-i  1^2)11  =:7opt 
Fen 

where  W2  e 

It  is  therefore  desired  to  compute  jopt  and 
to  find  a  controller  C  €  that  will  make  the 
quantity  sup  II(/-t- CP)“^W2lI  arbitrarily  close 
Fen 

to  7<,pt. 
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3  Problem  Solution 


4  Conclusion 


Theorem  3.1,  to  be  presented  next,  is  essentially 
the  key  to  solving  the  problem  posed  earlier.  To¬ 
gether  with  Corollary  3.2  and  Theorem  3.3,  it 
forms  the  main  result  in  this  paper.  The  proof 
of  Theorem  3.1  is  rather  involved  and  will  net  be 
presented  here.  See  [4]  for  a  complete  proof.  We 
will  instead  demonstrate  how  these  results  can 
be  utilized  to  solve  the  stated  problem.  In  what 
follows,  if  .R  6  denote  the  tth 

row  of  the  transfer  function  matrix  of  R. 


Theorem  3.1.  Let  T  and  S  both  be  in 
with  T  satisfying  l|r|[^  <  1.  Then 


sup 

«AI|<1 


||(/+rA)-i5||= 

i<‘<?  1  -  ||2.iu 


Corollary  3.2.  Let  C  G  S{Po)  such  that 
||(/-H  CP^)-'^CPoWi\\^  <  1.  Then 

6upi|(/-hCP)-iW2||  = 

Pen 

lj((I  +  CPo)-^W,),l 
1<*<?  1  -  II  ((/  +  CPo)-iC’PoWi),  11^ 


Proof  :  Define  T  :=  (I  +  CPo)-^CPoWi  and 

S  :=  (I -h  CPo)-^W2.  (I -h  CP)-'^W2  can  be 
expanded  as  follows: 

(J  +  CP)-^W2  =  (I  +  TA)-^  S. 

Now  applying  Theorem  3.1  gives  the  desired  re¬ 
sult.  ■ 

The  next  theorem  is  a  consequence  of  Corol¬ 
lary  3.2  and  the  result  of  Dahleh  and  Ohta  [1] 
concerning  conditions  for  stability  robustness. 

Theorem  3.3.  Let  C  €  S{Po),  and  let  7  >  0. 
Then 

C  stabilizes  every  P  6  II  and 

sup  ||(/-f  CP)-'W2||  <  7 
Pen 

if  and  only  if 

II  [(/+  CPor^W2  7(/+  CP,)-iCP„Wi]|[<7. 

Proof :  See  [4]. 

Theorem  3.3  suggests  a  way  to  minimize  the 
quantity  suppgn  II(-^+  CP)“^W2||  subject  to  ro¬ 
bust  stability,  by  which  'fopt  can  be  approached 
arbitrarily  closely  and  a  controller  that  achieves 
this  can  be  found.  Provided  robust  stability  can 
be  achieved,  it  is  easy  to  see  how  iteration  on  the 
parameter  7  and  solving  an  >l-norm  minimiza¬ 
tion  problem  at  each  step  will  achieve  the  desired 
minimization.  See  [4]  for  more  details  on  the  it¬ 
eration  scheme  and  [3,5,6]  for  the  techniques  of 
solving  the  >i-norm  minimization  problems. 


In  this  paper,  it  has  been  shown  how  stability 
robustness  and  performance  robustness  can  be 
incorporated  together  in  one  design  procedure 
when  the  performance  is  measured  by  the  norm 
of  the  sensitivity  function.  An  expression  for 
the  worst  case  norm  of  this  function  has  been 
provided  when  norm  bounded  perturbations  are 
present.  Such  an  expression  provides  an  effec¬ 
tive  way  of  combining  both  robust  stability  and 
performance  in  one,  easy  to  compute,  measure. 
Furthermore,  this  expression  can  be  minimized 
subject  to  robust  stability  constraints  to  pro- 
i  vide  a  controller  with  optimal  robustness  prop¬ 
erties.  Finally,  it  should  be  mentioned  that  even 
though  the  perturbations  considered  here  were 
multiplicative  perturbations,  the  situation  is  al¬ 
most  identical  when  additive  perturbations  are 
assumed. 
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ROBUSTNESS  IN  THE  PRESENCE  OF  STRUCTURED 
UNCERTAINTY  * 

M.  Khammash^  and  J.B.  Pearson^ 


ABSTRACT 

Recent  developments  in  the  robustness  of  systems  with  structured 
norm-bounded  perturbations  are  presented.  The  stability  and  perfor¬ 
mance  robustness  of  linear  time-invariant  systems  with  norm- 

bounded  structured  uncertainty  is  discussed.  Moreover,  new  results  on 
the  robustness  of  time- varying  systems  including  necessary  and  sufficient 
conditions  for  stability  robustness  are  discussed.  It  is  shown  that  for 
both  time- varying  as  well  as  time-invariant  systems  nonconservative  ro¬ 
bustness  conditions  can  be  obtained  in  terms  of  certain  spectral  radii  of 
nonnegative  matrices  obtained  from  the  nominal  system.  The  robust¬ 
ness  conditions  are  shown  to  be  computable  even  for  a  large  number  of 
uncertainty  blocks. 

Key  Words:  Robustness,  Structured  Uncertainty,  systems 

1,  INTRODUCTION 

Robustness  in  the  face  of  structured  uncertainty  is  an  important  objective  of 
control.  As  models  of  physical  systems  rarely  correspond  exactly  to  the  true  systems 
they  are  supposed  to  model,  it  is  necessary  to  account  for  the  resulting  uncertainty 
both  in  the  design  and  analysis  procedures.  Previous  work  on  the  robustness  prob¬ 
lem  using  the  signal  norm  has  been  done  by  Dahleh  and  Ohta  [1]  who  solve 
the  stability  robustness  problem  in  the  case  of  unstructured  perturbations  and  for 
time- invariant  systems.  For  time- varying  systems,  Shamma  and  Dahleh  [2]  provide 
necessary  conditions  for  robust  stability  for  systems  with  unstructured  perturba¬ 
tions.  This  paper  discusses  the  stability  and  performance  robustness  of  systems  in 
the  presence  of  structured  uncertainty.  Each  uncertainty  block  has  an  induced 
norm  which  is  bounded.  For  such  uncertainty,  and  when  the  nominal  system  com¬ 
posed  of  the  nominal  plant  and  controller  are  linear  time-invariant,  necessary  and 
sufficient  conditions  for  robust  stability  are  presented.  These  conditions  are  stated 
in  terms  of  the  spectral  radius  of  a  certain  nonnegative  matrix  obtained  from  the 
nominal  system  and  hence  can  be  computed  for  a  very  large  number  of  uncertainty 
blocks.  In  addition,  the  relationship  between  stability  and  performance  robustness  is 

*This  research  is  supported  by  grants  from  the  NSF  and  AFOSR 
^Elec,  Eng.  and  Comp.  Eng.,  Iowa  State  Univ.,  Ames,  Iowa 
^Elec.fc  Comp.  Eng.,  Rice  Univ.,  Houston,  Texas 


337 


.  M 


_ _ J 


Fig.  1.  System  with  Structured  Uncertainty. 


highlighted.  By  showing  a  certain  equivalence  between  stability  and  performance  ro¬ 
bustness,  the  problem  of  achieving  robust  performance  in  the  presence  of  structured 
uncertainty  can  be  reduced  to  a  robust  stability  problem  of  another  system.  This 
allows  the  treatment  of  stability  and  performance  robustness  in  the  same  framework. 

In  many  situations,  the  nominal  system  composed  of  the  nominal  plant  and  the 
stabilizing  controller  may  be  time-varying.  This  is  the  case  for  example  when  deal¬ 
ing  with  adaptive  control  systems  or  sampled-data  systems.  Time- varying  nominal 
systems  can  also  arise  when  time- varying  weights  are  used  in  shaping  certain  signals 
or  in  modelling  uncertainty.  When  the  nominal  system  is  time- varying,  necessary 
and  sufficient  conditions  for  the  robustness  of  time-varying  systems  are  provided. 
These  conditions  are  expressible  in  terms  of  the  spectral  radius  of  a  parametrized 
family  of  matrices  obtained  from  the  kernel  representation  of  the  nominal  system. 

This  paper  is  organized  as  follows.  In  section  2  the  robustness  problem  in  the 
presence  of  structured  perturbations  is  set  up.  In  section  3  the  robustness  of  time- 
invariant  systems  is  discussed,  and  necessary  and  sufficient  conditions  are  provided 
for  both  stability  and  performance  robustness.  In  section  4  the  robustness  of  time- 
varying  systems  is  addressed,  and  necessary  and  sufficient  conditions  are  provided 
for  stability  robustness.  Finally,  section  5  contains  some  concluding  remarks. 

2.  PROBLEM  SETUP 

The  standard  setup  for  a  general  robustness  problem  appears  in  Fig.  1.  In 
the  figure,  Qo  is  a  nominal  linear  plant.  Since  all  the  results  in  this  paper  hold 
for  continuous  and  discrete-time  systems  with  the  obvious  modifications,  Qo  may 
be  continuous-time  or  discrete- time.  C  is  a  linear  controller  stabilizing  For  the 
analysis  problem,  C  is  assumed  given  and  fixed.  The  uncertainty  is  modelled  with 
perturbation  blocks  Ai, . . . ,  An-  Each  perturbation  A,-  belongs  to  the  following  class 
of  admissible  perturbations: 

A  =  {A  :  A  is  causal,  and  ||A||  :  =  sup  <  1},  ...  (1) 

u?to  \W\co 
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M 

A 

Fig.  2.  Stability  robustness  problem  i 

where  the  norm  used  is  the  £“  norm  (or  i-  norm  for  discrete4ime  systems) 
The  perturbations  may  therefore  be  nonlinear  or  time- varying.  »  is  an  exogenous 
bounded  disturbance,  and  r  is  a  regulated  output.  The  n  perturbation  blocks  can 
he  lumped  into  one  perturbation  block  with  a  diagonal  suture  Hence  we 
view  the  class  of  admissible  perturbations  as  the  class  of  all  A  S  t>{n)  where 

V{n)  :=  {diag{Ai,  •  •  • ,  An)  ••  A,-  €  A}.  ^  ^ 

Similarly,  C?n  and  C  can  be  lumped  into  one  system  M.  M  is  “re,  linear,  causal, 
and  stable.  Any  weighting  on  any  of  the  perturbations  can  be  f 

The  system  in  the  figure  is  said  to  robustly  stable  if  it  is  C  -stable  for  all  ad 
missible  perturbations,  i.e.  for  all  A  6  V{n).  It  is  said  to  achieve  robust  performance 
if  it  achieves  robust  stability  and  satisfies. 

(3) 

11t;„||  <1  V  A  e  v{n), 

where  T  is  the  map  from  w  to  z,  and  the  norm  used  is  the  induced  operator  norm. 

InThe  next  two  sections,  we  provide  necessary  conditions  for  robustness  when 
M  is  time-invariant  and  when  M  is  time-varying.  We  begin  with  the  former. 

3.  ROBUSTNESS  OF  TIME-INVARIANT  SYSTEMS 

We  start  the  discussion  of  the  time-invariant  case  by  first  addressing  conditions 
for  robust  stability  alone.  Following  the  treatment  of  robust  stability,  we  address 
the  robust  performance  problem. 

3.1  Stability  Robustness  •  „ 

Consider  the  system  in  Fig.  2.  From  the  figure,  M  has  n  n 

outputs  corresponding  to  the  inputs  and  outputs  of  the  perturbations.  JW,, 

has  induced  norm  which  we  refer  to  as  the  A  “o™-  *  ““  f  ‘^°™P'^  ® 
accurately  since  ^  +  Ef=o\CiA>=  B,\  in  the  discrete  tune  casg  and 

-  \n  \+  f„~  ICiC^^BAdt  in  the  continuous-time  case,  where 
3  loSi  in  L  dnncriplion  of  M„.  We  Ih.rrfore 

define  the  following  matrix: 

...  llA/inlU 
M=  i 
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As  the  next  theorem  shows,  it  turns  out  that  M  plays  a  fundamental  role  in  the 
robustness  of  the  given  system.  We  now  state  the  main  theorem  establishing  non¬ 
conservative  conditions  for  robustness: 

Theorem  1  The  system  in  Fig.  2  achieves  robust  stability  if  and  only  if  any  one  of 
the  following  conditions  holds: 

1.  p{M)  <  1,  where  /?(.)  denotes  the  spectral  radius. 

2.  ^n^  \\R''^MR\\j^  <  1  where  TZ  :=  {diag{ri^ . . .  ,r„)  :  r,-  >  0}. 

The  proof  of  this  theorem  can  be  fourid  in  [3]  for  the  discrete-time  case  and  in  [4] 
for  the  continuous-time.  Since  this  theorem  reduces  the  robustness  analysis  problem 
to  that  of  computing  the  spectral  radius  of  a  nonnegative  matrix.  The  theory  for 
nonnegative  matrices  (see  e.g.  [5])  provides  power  algorithms  for  fast  computation 
of  the  spectral  radius  of  a  nonnegative  matrix.  As  a  result,  the  robustness  conditions 
can  be  computed  exactly  and  efficiently  which  are  especially  suited  for  systems  with 
a  large  number  of  uncertainty  blocks.  The  second  condition  is  useful  for  the  synthesis 
of  robust  controllers  since  it  turns  out  from  the  theory  of  nonnegative  matrices  that 
under  very  mild  conditions  on  M  the  infimum  is  in  fact  achieved  by  a  certain  matrix 
R  which  is  formed  by  writing  the  positive  eigenvector  corresponding  to  p(M),  itself 
an  eigenvalue  of  M,  along  the  diagonal  of  R  and  setting  all  other  entries  to  zero. 
In  addition,  if  M  does  not  satisfy  the  required  conditions  it  can  be  made  to  do  so 
by  perturbing  it  slightly  while  keeping  its  spectral  radius  as  close  as  desired  to  the 
original  one.  So  a  procedure  for  finding  a  controller  that  makes  the  spectral  radius 
small  can  be  devised  similar  to  the  D-K  iteration  used  in  the  p  synthesis  (see  e.g,  [6 
]).  The  differences  between  this  case  and  the  p  synthesis  is  that  the  scaling  matrix  R 
in  this  case  is  constant  and  not  frequency  dependent  and  thus  is  easier  to  compute. 
Moreover,  unlike  the  /i,  condition  2.  in  the  theorem  above  remains  necessary  even 
for  n  >  3.  These  differences  are  attributed  mainly  to  the  difference  in  norms  used 
as  well  as  the  class  of  allowed  perturbations, 

3.2  Robust  Performance 

Thus  far  we  have  discussed  only  robust  stability.  It  turns  out  that  in  the 
time-invariant  M  case,  robust  performance  can  be  treated  in  the  same  framework  as 
robust  stability  thanks  to  a  special  equivalence  relationship  between  the  two.  The 
equivalence  is  the  subject  of  the  next  main  theorem.  But  first  consider  the  two 
systems  in  Fig.  3.  SYSTEM  I  is  the  one  for  which  we  seek  robust  performance. 
SYSTEM  II  is  formed  from  SYSTEM  I  by  feeding  the  output  back  to  the  input  w 
through  a  perturbation  block  Ap.  Robust  stability  of  SYSTEM  II  is  closely  related 
to  robust  performance  of  SYSTEM  I.  This  is  what  the  following  equivalence  theorem 
states: 

Theorem  2  With  SYSTEM  I  and  SYSTEM  II  as  in  Fig.  3,  SYSTEM  I  achieves 
robust  performance  if  and  only  if  SYSTEM  II  achieves  robust  stability. 

As  mentioned  earlier  the  robust  stability  of  SYSTEM  II  is  equivalent  to  stability 
for  all  dza^(Ap,  A)  G  V{n  +  1),  and  can  be  tested  using  the  spectral  radius  test  in 
Theorem  1.  The  proof  of  Theorem  2  can  be  found  in  [3].  Even  though  one  direction 
of  the  proof  is  fairly  obvious  and  follows  directly  from  the  Small  Gain  theorem, 
the  proof  of  the  other  direction  requires  some  results  on  the  stability  robustness  of 
time- varying  systems. 
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Perturbation  class  'D{n)  Perturbation  class  V{n  +  1) 
SYSTEM  I  SYSTEM  11 

Fig.  3.  Stability  robustness  vs.  performance  robustness 


4.  ROBUSTNESS  OF  TIME- VARYING  SYSTEMS 

We  now  discuss  the  general  case  when  M  is  time- varying.  Of  special  interest 
is  the  case  when  M  is  periodically  time-varying.  Such  M  arise  when  dealing  with 
sampled-data  systems.  For  time-varying  systems  various  properties  of  the  norm 
which  hold  for  time-invariant  systems  cease  to  hold.  In  particular  if  (  Mj  M2  )  is  a 
time- varying  system  then  unlike  the  time-invariant  case,  ||  ( Mi  M2 )  ||  is  not  equal 
to  ||Mill^  -I-  |1M2||^.  Many  of  the  subtle  differences  in  the  robustness  conditions  be¬ 
tween  time-varying  and  time-invariant  systems  are  attributed  to  this  fact.  Another 
property  which  time- varying  systems  do  not  possess  is  that  of  commuting  with  the 
shift  operator.  We  define  the  shift  operator  for  time-varying  systems  as  follows: 


St  :  rr  ^ 

(5ru)(f)  = 


such  that 
whenever  t>T 
otherwise 


(5) 


For  the  robustness  of  time- varying  systems  the  operator  S^tMSj  plays  an  important 
role.  Before  we  can  state  necessary  and  sufficient  conditions  for  stability  robustness 
of  time- varying  systems  we  need  a  representation  for  the  time- varying  operator  Miy 
Since  Mij  is  a  linear,  causal,  and  stable  map,  it  has  a  certain  kernel  representation, 
say  M,j(t,r)  for  0  <  i,r  <  oo,  so  that  for  any  u  e 


(M,yu)(«)  =  jf  Mij{t,T)u[T)dT  (6) 

where  M.yCf.r)  =  -t-  Er=o -h-r)  (see  [7]  for  more  details). 

Because  Mij  is  -stable  it  holds  that 

oo 

esssup  /  \Mij{t,T)\dT  +  '^\mij{t)\<oo. 

t  •'0  k=0 


We  can  suppress  the  dependence  of  Mij  on  t  by  writing  M,j(t)  by  which  we 
mean  the  function  Mij(t,-).  This  belongs  to  the  algebra  A  (see  [7]).  In  this  case, 
\\Mijit)\\^  =  /o‘  |Mi;(<,r)|(ir  -f-  E?=o  I»^f2(<)l-  can  be  verified  that 

\\Mij\\  =  sup  \\Mij(t)\\^.  C^) 

We  are  now  in  a  position  to  state  the  generalization  of  Theorem  1  to  time-varying 
systems. 
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Theorem  3  For  the  system  in  Fig.  2  and  with  M  a  stable  and  causal  time-varying 
operator  robust  stability  is  achieved  if  and  only  if  any  of  the  following  two  conditions 
are  met: 


1.  For  some  T  >  0 


[ 

\ 

supp 

ti>0  1 

/ 

2.  For  some  T  >  0,  infJ^e7^  ||i?  ^  S^tMStR^  <  1* 

This  theorem  appears  in  [4]  where  the  proof  can  be  found.  For  periodically  time- 
varying  systems  various  simplifications  take  place  in  the  statement  of  Theorem  3. 
In  particular,  for  sampled-data  systems  state-space  formulae  can  be  obtained  for 
the  quantities  appearing  in  the  theorem  statement  and  the  norms  can  be  computed 
arbitrarily  accurately.  Furthermore,  the  supremum  in  item  1  of  theorem  3  can  be 
taken  over  a  compact  set  in  the  case  of  sampled-data  systems.  More  details  about 
these  computations  appear  in  [4]. 

5.  CONCLUSIONS 

In  this  paper,  computable  necessary  and  sufficient  conditions  for  the  robustness 
of  time-invariant  systems  in  the  presence  of  structured  uncertainty  were  presented. 
It  wais  shown  that  performance  robustness  can  be  handled  in  the  same  framew^ork 
as  stability  robustness.  Finally,  necessary  and  sufficient  conditions  in  terms  of  the 
spectral  radius  were  given  for  the  robustness  of  time-varying  system.^.  For  tir.iO- 
varying  systems  it  can  be  shown  that  the  relationship  that  exists  between  stability 
robustness  and  performance  robustness  in  the  time- invariant  case  ceases  to  hold  for 
time- varying  systems.  More  work  needs  to  be  done  in  this  direction. 
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Abstract 

We  consider  robust  stability  and  performance 
analysis  problems  for  continuous- time  single¬ 
input  single-output  plants  in  the  Hoo  setting.  For 
a  multiplicative  uncertainty  model,  we  show  that 
well-known  conditions  for  stability  and  perfor¬ 
mance  are  not  necessary  conditions.  We  show 
there  is  no  equivalence  between  the  stability  and 
performance  problems.  We  argue  that  stability 
of  M-A  configuration  is  not  always  equivalent 
to  robust  stability.  We  consider  uniform  stabil¬ 
ity  and  uniform  performance,  and  e.xamine  their 
relationship  with  each  other. 

Notation 

C+e  {s  €  C  :  Re  3  >  0}  U  {oo} 

n  (fi)  open  (closed)  right  half  plane 

Hoo  space  of  bounded  holomorphic  func¬ 

tions  on 

RHoo  rational  functions  in  Hoo  with  real 
coefficients 

*4  space  of  bounded  holomorpliic  func¬ 

tions  on  Q 

A  {A  €  .4  :  ||A||„  <  1} 

A"  {A  €  :  IIAIL  <  1} 

1.  Introduction 

We  consider  the  robust  stability  and  perfor¬ 
mance  problems  for  single-input  single-output 

’This  researcli  was  supported  by  the  NSF  under  gr.aiit 
ECS-8914467  and  by  the  AFOSR  under  gr.mt  AFOSR- 
»1-0(136. 


Figure  1:  Feedback  configuration 

continuous-time  plants  with  uncertainty  in  the 
Hoo  setting.  Consider  the  feedback  system  in 
Figure  1,  where  r  is  the  reference  input,  y  is 
the  controlled  output,  and  d  is  the  disturbance. 

In  the  figure,  C  is  the  controller,  and  P  is  the 
plant,  both  represented  minimally.  We  say  that 
the  system  in  Figure  1  is  well-posed  if  for  any  lo¬ 
cally  square-integrable  r,  d  there  is  a  unique  pair 
xi,  12  with  xi,X2  locally  square-integrable.  We 
say  that  the  system  in  Figure  1  is  internally  sta¬ 
ble  or  that  C  stabilizes  P  if  it  is  well-posed  and  if 
the  four  transfer  functions  from  (r, d)  to  (xi, X2) 
are  stable  (i.e.  in  Hoo)-  We  say  that  C  achieves 
performance  with  respect  to  property  p  for  P  if 
it  stabilizes  P  and  if  p  holds.  If  it  is  understood 
what  p  is,  we  simply  say  that  C  achieves  perfor¬ 
mance  for  P.  In  this  paper,  HWiTxirllcxD  <  1  is  * 
the  performance  property  where  Wi  €  RHoo  is 
fixed  and  Tx^r  is  the  map  from  r  to  xi. 

Mathematical  models  rarely  describe  the  plant 
exactly.  That  is,  P  is  not  known  precisely,  but 
can  only  be  placed  within  a  given  uncertainty  set 
n.  In  such  a  case,  we  are  interested  in  designing  a 
single  controller  which  stabilizes  or  achieves  per¬ 
formance  for  every  P  6  H.  We  have  the  following 
definitions. 

Definition  1.1.  The  controller  C  robustly  sta¬ 
bilizes  n  if  C-  stabilizes  every  P  €  H. 
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Definition  1.2.  The  controUer  C  achieves  7-0- 
bust  performance  for  II  if  C  achieves  performance 
for  every  P  €  II. 

Then  the  robtist  stability  (performance)  ])rob- 
lem  amounts  to  determining  if  a  given  controller 
C  achieves  robust  stability  (performance)  for  a 
given  uncertainty  set.  A  tyj)ical  uncertainty  set 
is  {^  =  7>  +  A  :  A  e  ||A||„  <  1},  where  P 
IS  called  the  nominal  plant  and  is  a  distinguished 
member  of  the  set,  and  A  is  called  the  perturba¬ 
tion  on  P.  We  then  have  notions  of  nominal  sta¬ 
bility  and  nominal  performance  whose  meaning 
IS  obvious.  Several  uncertainty  sets  parametrized 
by  stable  perturbations  on  a  nominal  plant  such 
as  additive  and  multiplicative  perturbations  [1] 
have  been  considered  in  the  literature.  For  the 
single-input  single-output  systems,  the  uncer¬ 
tainty  is  unstructured  if  a  scalar  perturbation 
parametrizes  the  uncertainty  set.  Otherwise  it 
is  caUed  structured.  In  this  note,  we  consider 
both  structured  and  unstructured  uncertainty. 

The  reason  for  elaliorating  on  the  definitions 
at  length  is  that  we  will  show  in  Section  3  that 
a  standard  apiiroach,  which  we  caU  "M-A  anal¬ 
ysis”,  does  not  always  solve  the  robust  stability 
problem  as  stated  above.  There  are  necessary 
and  sufficient  conditions  for  both  robust  staliil- 
ity  and  robust  performance  [1],  if  a)  the  nominal 
plant  and  controller  do  not  have  jicles  and  zeros 
on  the  imaginary  axis,  and  b)  if  the  uncertainty  is 
unstructured.  We  show  that  if  we  relax  either  a) 
or  b),  the  conditions  are  sufficient  but  not  neces-. 
sary.  We  consider  robust  stability  in  Section  2  a 
comparison  of  M-A  analysis  in  Section  3,  robust 

performance  in  Section  4,  and  their  relationship 
in  Section  5. 

Consider  a  controller  C  which  robustly  stabi- 
lizes  a  class  of  plants  II.  Then,  given  any  P  6  IT, 
the  four  tran-sfer  functions  from  (r,d)  to  (a;i,j;;^) 
are  stable,  and  hence  have  finite  noniis.  But  it 
IS  plausible  that  as  P  varies  over  11  these  norms 
can  grow  arbitrarily  large.  That  is,  as  we  show 
in  Section  6,  there  may  not  be  a  unifoim  bound 
on  the  norms  of  these  traii.sfer  functions  as  P 
varies  over  11.  This  is  why  we  have  robust  jierfor- 
mance  problem,  where  we  ensure  that  weighted 
norm  of  a  transfer  function  remains  bounded  un- 
|der  perturbations.  We  show  in  Section  fi  that 
fven  when  we  have  robust  performance,  norms 


of  some  transfer  functions  can  grow  arbitrarily 
large.  It  is  desirable  that  we  design  a  controller 
C  that  achieves  such  a  uniform  norm  bound  on 
all  transfer  functions.  With  this  motivation,  we 
consider  uniform  stability  (performance)  prob¬ 
lems  and  examine  their  relationship  with  each 
.  other  and  with  robust  stability  (performance) 
problems.  We  compare  using  M-A  analysis  to 
solve  these  problems.  A  discussion  on  the  results 
follows  in  the  last  section. 

2.  Robust  Stability 

Internal  stability  for  the  feedback  configura¬ 
tion  under  consideration  is  equivalent  to  the  sta¬ 
bility  of  the  three  transfer  functions 

_1 _ £_  ,  1 

i  +  pc’  i-hPC’  TTpc' 

We  consider  unstructured  uncertainty  first.  De- 
fine 

Ha/  :=  {P  =  P(l-hAW2)  :  A  e  .4,  ||A||^  <  1}, 

nXr  :=  {P  =  P(1  +  AW2)  :  A  e  A,  ||A||^  <  l}, 

where  Wj  e  RHoo  is  fixed.  We  assume  the  fol¬ 
lowing  throughout  the  paper. 

(Al)  The  nominal  plant  and  the  controller  are 
proper  rational  functions  with  real  coefficients. 

There  are  no  assumptions  on  the  location  of  poles 
or  zeros  of  either  the  nominal  plant  or  the  con- 
ti  oiler.  In  particular,  we  do  not  assume  they  do 
not  have  poles  on  the  imaginary  axis.  Assump¬ 
tion  Al  is  not  crucial  in  the  paper.  All  the  re¬ 
sults  hold  verbatim  for  distributed  plants  having 
finitely  many  poles  of  finite  order  in  the  closed 
right  half  plane.  Define 

T:=-f£-  S--J— 

1  +  pc”  ■"•“i-ppc- 

Proposition  2.1.  Let  C  stabilize  the  nominal 
plant  P.  Then; 

(i)  C  robustly  stabilizes  if  and  only  if 

IWU<i. 

(ii)  \\W2T\\ 

CO  <  1  implies  C  robustly  stabilizes 

(tii)  C  wbustly  stabilizes  Um  does  not  imply 

<.1. 
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(iv)  C  robustly  stabilizes  11  a/  implies  llW^2ri|^  < 

1. 

(v)  In  addition,  assume  that  neither  P  norC  has 
poles  on  the  imaginary  axis.  Then,  C  robustly 
stabilizes  Hm  if  and  only  if  HWizrUgo  <  1. 


Part  (ii)  follows  from  small  gain  theorem  [5]. 
Parts  (i),  (iv)  and  (v)  are  easy  to  prove. 
We  prove  (iii)  by  exhiWting  an  example  with 
\W2T\\oo  =  1  where  there  is  no  destabilizing- 
A  €  A. 

Example  1.  Let  P{s)  :=  j,  ^"(5)  :=  1,  and 

:=  1. 

Proof.  For  rational  perturbations,  a  destabiliz¬ 
ing  A  needs  to  satisfy  A(0)  =  —1  and  A'(0)  = 
—1.  Such  a  A  doesn’t  belong  to  A.  O 

See  [3]  for  the  case  of  general  perturbations  in 

A. 

In  [4],  it  is  shown  that  a  necessary  and  suffi¬ 
cient  robustness  condition  with  a  non-strict  in¬ 
equality  exists  for  a  class  of  stable-factor  pertur¬ 
bations  defined  with  a  strict  inequality.  It  is  also 
shown  that  if  the  inequalities  are  switched,  the 
condition  becomes  sufficient  but  not  necessary. 
Our  construction  is  similar  to  the  construction 
of  the  counter-example  there. 

We  now  consider  structured  tincertainty.  De¬ 
fine 


n  :=  €  A,  Ai  ^ 

'•  1  -f  AiWi 


ft”  :=  {P 


1  4-  A2W2 

1  -h  AiWi 


Ai,A2  €  A”,Ai  ^ 


where  W\,Wi  €  REo^  ai-e  fixed. 


Proposition  2.2.  Let  C  stabilize  P.  Then: 

(i)  C  robustly  stabilizes  ft"  if  and  only  if 

!l  \w^s\  +  \W2T\  il<i. 

(ii)  Ii  |Wi51  4-  |W2ri  lU  <  1  sufficient  but 
not  necessary  for  C  to  robustly  stabilize  II. 

(iii)  C  robustly  stabilizes  ft  implies 
|||Wi5i4-|W2riiu<i. 


Parts  (i),  (iii),  and  sufficiency  in  (ii)  are  easy 
to  prove.  The  following  example  completes  the 
•proof  of  (ii).  For  details,  .see  [3]. 


Example  2.  Let  P  = 

Note  that  both  the  nominal  plant  and  controller 
in  the  example  are  rational  functions  with  no 
poles  and  zeros  on  the  imaginary  axis.  This 
should  be  contrasted  with  Proposition  2.1(v). 


i.  M-A  Analysis 


Figure  2:  Multiplicative  Perturbations 


In  the  literature,  there  is  one  approach  to  solve 
the  robust  stability  problem  of  Section  1,  which 
has  been  generalized  to  deal  with  structured  un- 
cc7-f«intj/  allowing  multiple  uncertainties  at  sev¬ 
eral  locations  in  the  plant.  This  approach  is 
to  rearrange  the  given  configuration,  redrawn  in 
Figure  2  with  A  in  place,  to  match  Figure  3(a). 
Here,  M  is  the  transfer  function  from  the  out- 


(a)  (b) 

Figure  3:  General  M-A  structure 


put  of  A  to  the  input  of  A.  Then  the  “stability 
of  the  closed  loop  system”  in  this  figure  is  stud¬ 
ied.  To  define  this,  two  additional  fictitious  sig¬ 
nals  are  introduced  as  in  Figure  3(b).  The  M-A 
configuration  is  called  stable  if  the  four  trans¬ 
fer  functions  from  (ui,ti2)  to  (2/1,112)  s-re  stable. 
This  is  shown  to  be  equivalent  to  the  invertibil- 
ity  of  (/  -  M  A)  in  for  every  A  in  the  unit 
ball.  Then  a  necessary  and  sufficient  condition 
for  this,  a  version  of  the  small  gain  theorem,  is 
derived.  For  example,  the  following  holds  for  un¬ 
structured  uncertainty. 
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Lemma  3.1.  {[  —  M A)  ^  €  //oo  /or  all  A  € 
REoo  with  |1A||^  <l  if  and  only  if\\M\\^  <  1. 

We  can  interchange  <  and  <  in  this  lemma.  Sim¬ 
ilarly,  for  structured  uncertainty  which  gives  rise 
to  a  block-diagonal  A  and  a  transfer  function 
matrix  M,  we  have  the  /i-test  [1]  to  determine 
the  stability  of  the  M-A  configuration.  With 
the  previous  examples,  it  is  clear  that  robust 
stability  of  the  configuration  in  Figure  2  need 
not  imply  the  stability  of  the  M-A  configura¬ 
tion.  Notice  we  have  shown  this  in  Example  2 
with  a  plant  and  controller  that  are  rational  and 
stable.  That  is,  the  M-A  analysis  may  not  al¬ 
ways  solve  the  robust  stability  problem  stated 
in  Section  1.  Presumably,  the  equivalence  be¬ 
tween  these  two  notions  of  stability  dei>ends  on 
the  norm,  the  set  of  A  (e.g.  open  or  closed  unit 
ball),  and  other  assumptions  on  the  plant  or  con¬ 
troller  (e.g.  no  poles  of  controller  or  plant  on  the 
imaginary  axis),  and  the  perturl)ation  class  itself 
(e.g.  they  are  equivalent  for  additive  perturba¬ 
tions,  but  not  for  multiplicative  i>ertur1)ations). 
This  equivalence  issue  is  an  open  problem. 


4.  Robust  Performance 


The  performance  criterion  iinder  consideration 
is  that  the  Hoo  norm  of  the  map  from  r  to  xi 
weighted  by  Wi  be  strictly  less  than  1.  Then 
robust  performance  for  Hm  (II^^)  may  be  defined 
as 

robust  stability  for  II m  (H^)  and 


WiS 


1  -b  AW2T 


<  1, 


VA  €  A  (A«). 


We  claim  the  following. 


Proposition  4.1.  Let  C  stabilize  the  nominal 
plant  P.  Then: 

(i)  Robust  performance  for 

ll|w^i5’|-b|W2r|iu<i. 

(a)  II  iWi5|  -f  \\V2T\  11^  <  1  implies  robust  per¬ 
formance  for  Hm- 

(Hi)  Robust  performance  for  docs  not  imply 

\\ms\-i-\w2T\  11^  <1. 

(iv)  Robust  pcrfomiance  for  Iljvf  implies 

l\WyS\+.\W2T\  |L<1. 


(v)  In  addition^  assume  that  neither  P  norC  has 
jxdes  on  the  imaginary  axis.  Then,  robust  perfor- 
rnance  for  ||  |Wx5|  -b  \W2T\  |L  <  1- 

As  we  can  have  robust  stability  with 
||W2r||oo  =  1,  it  may  seem  that  (iii)  is  imme¬ 
diate.  However,  it  may  happen  that  for  any  ro¬ 
bustly  stable  system  with  ||W2r||gg  =  1,  there 
is  no  Wi  such  that  a  performance  bound  is 
achieved.  Proof  of  (i),  (ii),  (iv)  and  (v)  is  simple. 
We  establish  (iii)  by  an  example. 

Example  3.  Consider  the  Example  1  with 
Wi(s)  :=  For  each  w  and  each  A  €  A,  we 
have 

W,S  ^  |Wi5|  ^  0-49a;^  ^  ^ 

i-bAT  -  i-|Ti  i+u;2_yrqr^- 
So,  C  achieves  robust  performance,  but 
ll|Wi5|-b|W2r||U>i.  □ 

5.  Relation  between  Performance  and 
Stability 

We  now  examine  if  robust  performance  for  Hm 
is  equivalent  to  robust  stability  for  n.  The  equiv¬ 
alence  breaks  down  rather  miserably,  but  the  two 
notions  are  not  completely  unrelated.  We  will 
compare  the  ca.se  of  IlAf  with  that  of  U^. 

The  main  result  of  this  section  follows. 

Proposition  5.1.  Let  C  stabilize  P.  Then: 

(i)  Robust  performance  for  Il%f  ■<=>•  C  robustly 
stabilizes  II'’. 

(ii)  Robust  stability  for  II  does  not  imply  nominal 
perfoiinance  for  Um- 

(Hi)  Robust  performance  for  Ha/  implies  robust 
stability  for  n. 

Proof  of  (i)  follows  from  Proposition  2.3(i)  and 
Proposition  4.4(i).  Again  we  prove  (ii)  by  an 
example.  For  proof  of  (iii),  see  [3]. 

Example  Consider  Example  2  again.  We  have 
shown  that  C  robustly  stabilizes  II.  However, 
.since  ||Wi5||^  =  1,  the  closed  loop  system  does 
not  even  have  nominal  iierformance.  □ 

6.  Uniform  Stability  and  Uniform  Per¬ 
formance 

In  Section  1  we  discussed  a  notion  of  robust 
stability  and  performance.  In  this  section  we 
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consider  another  notion  of  stability  and  perfor¬ 
mance.  Consider  a  controUer  C  which  robustly 
stabilizes  a  class  of  plants  11.  Then,  given  any 
Pen,  the  three  transfer  functions 


such  that  |1  +  AnT(ia;„)l  =  1  -  lT(i^n)l-  For  this 
sequence  of  An,  we  have 


—i -  - = — ,  and - ^77 

1-1- PC  14- PC  H-PC  • 

are  stable,  and  hence  have  finite  norms.  But  it  is 
conceivable  that  as  P  varies  over  11  these  norms 
can  grow  arbitrarily  large.  In  other  words,  there 
may  not  be  a  uniform  bound  on  the  norms  of 
these  transfer  functions  as  P  , varies  over  n.  It 
is  clearly  desirable  that  we  design  a  controUer 
C  that  achieves  such  a  uniform  norm  bound  on 
all  transfer  functions.  With  respect  to  Figure  1, 
denote  the  map  (r,d)  i-*  (a:i,3;2)  by  Fzi«,  wluch 
clearly  depends  on  P.  Let  the  performance  prop¬ 
erty  of  interest  be  the  same  as  in  Section  1.  The 
foUowing  definition  is  in  [2]. 


Definition  6.1.  The  controUer  C  achieves  «iti 
/oTTTi  stability  for  II  if 

sup  ||t.,.,(p)||  < 

Pen 

We  define  uniform  performance  similarly. 


Definition  6.2.  The  controUer  achieves  uni- 
form  performance  for  11  if  it  achieves  uniform 
stabiUty  and  robust  performance  for  H. 

When  the  supremum  in  the  definitions  is  finite, 
we  caU  it  the  uniform  hound.  It  is  clear  from  the 
definitions  that  uniform  stabiUty  (performance) 
is  a  stronger  notion  than  robust  stabiUty  (peifor 
mance).  We  now  show  by  an  example  that  these 
are  indeed  strictly  stronger. 

Example.  Consider  Example  3.  We  have 

shown  that  C  achieves  robust  performance  (and 
hence  robust  stabiUty)  for  IIm-  Consider 
For  any  u;  €  K  '*’,  we  have 

C  \  S _ , 

I  +  AW2T  “  11 -b  A(?:w)T(ta;)r 


We  also  have  a  setpience  of  for  which 
/(I  _  _ «)  becomes  arbitrarily  large. 

For  each  w,.,  we  can  select  a  A„  ,€  PT/00  H  A 


However,  uniform  stabiUty  need  not  always  be 
stronger  than  robust  stabiUty._  For  the  additive 
perturbation  class  11^4  "  {P  —  P  4*  AII^ 
lIAlloo  ^  uniform  stabiUty  (performance)  is 
e(iuivalent  to  robust  stabiUty  (performance). 

The  uniform  stabiUty  (performance)  problem 
amounts  to  determining  if  a  given  controUer  C 
achieves  uniform  stabiUty  (performance)  for  a 
given  uncertainty  set.  The  foUowing  is  easy  to 

prove: 

lliWIU  <  1  ^ 

Paraphrasing  the  right  hand  side  of  the  above 
equivalence  as  ‘uniform  M-A  stabiUty’,  we  may 
expect  that  uniform  M-A  instabiUty  does  not 
imply  uniform  instabiUty  for  multipUcative  per¬ 
turbations,  if  the  perturbation  set  is  the  closed 
unit  baU  A.  The  foUowing  proposition  shows 
that  these  notions  are  different  even  when  the 
perturbation  set  is 

Proposition  6.3.  Let  C  stabilize  the  nominal 
plant  P.  Then: 

(i)  llW2riloo  ^  sufficient  but  not  necessary 
for  C  to  achieve  uniform  stability  for  Hm  (H^). 

(ii)  11  |W:51  4-  lW2ri  lU  <  1  is^  sufficient  but  not 

necessary  for  C  to  achieve  uniform  performance 
for  Hm  (IIa/)- 

Proofs  of  sufficiency  are  easy.  We  now  show  C 
can  achieve  uniform  performance  for  Hjv/  even 
when  IIW2TII00  =  1- 

Example  4.  Let  P  =  C  =  1,  Wi  =  0.99, 
=  2^.  Arguing  as  in  Example  1,  we  can 
show  that  system  is  robustly  stable  for  For 
each  w  and  each  A  €  A,  we  have 

WiS  ^  l>Fi51  ^  =  0.99. 

I  +  AW2T  -  II-IW2TII 

So,  C  achieves  robust  performance  for  Hw-  Since 
C  and  Wi  are  stable  and  invertible  in 
aU  four  transfer  functions  are  also  uniformly 
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bounded.  An  upper  bound  is  2.  Same  conri 

robust  stability  for  ft"  Wp  ^  equivalent  to 

n.a„«  stability  '°™ 

Pr^osition  6.4.  let  C  stabilise  P.  Tlutm 
{IJC  uniformly  stabilizes  ft"  implies  C  ,..l  ■ 
unifotsa  perfortnance  for 

(n)  Converse  of  (ij  is  false. 
pro^s°(iif  “ 

S - L+A,  w,  ^  ^  i.  As  e  goes  to  zero, 

I+Ai  nqs+Aj  pvi T  becomes  arbitrarily  large.  O 

form'stM^CpXmr’T- 

there  but  for  which 

uniform  stabib  J'^Comsider'^'''^”^  condition  for 

{P  =  P  +  AW2  :  A  6  A”}, 

fl"  ;= 

^1  +  AihFi  •■^1.^2  €  A  ,Ai  ^ -j/F-i) 

where  IV,  IV-  c  pa-  _  , 

Proposi.i„.is^iy““ 

Proposition  6.5.  Ut  C  stabilise  P.  TUen: 

mcsiZ^:^  -'i/  •/ 

C  uniformly  stabili^-es  IT"  if  t  , 

\\W2CS\\  <1  «ri/y  :/ 

II  IJVjSI  +  jW2CSI  II  c  1  /r  ■ 

not  necessary  for  C  /  .r^  ^  '^'^fficient  but 
’nance  for  fl  Wor- 

(7  uiiiformltj  stahilir(><;  fro  /  » 

IIWJ'I  +  IH'jCjiii  <;,'  >7 


Ws  conchjde  from  parts  (iv)  and  (v)  that  r 
achieves  uniform  performance  for  D"  d  ^ 
■mply  C  uniformly  stabilises  fl»  ''  “ 

7.  Conclusions 

With  the  perturbation  class  defined  bv  tL 
open  unit  ball  A®  we  havp  .  ,  ° 

ory  for  robust  stability  and  d^T ^  ^ 

when  the  perturbation  class  fs  de^^r^ 

closed  unit  ball  A.  The  M  -  A 

a  sh-ghtly  different  problem  tha^ 

here  Thp  rUfTe,  ^‘^oiem  tnan  the  one  stated 

stabih’ty.  Even  whpn  *1,  uniform 

defined  by  the  open  unifbS'Tht “ 

uniform  stability  rnerforma  N  ^  ‘^°“<^tion  for 
y  (Performance)  ,s  asymmetrical. 

Ba^ZtT^jT  f  •»  B- 

S.  Snd  fm.h  •'•  ®-  and 

“niments  and  discussions. 
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Minimization,  of  th©  i°°-Induc6d  Norm,  for  Sampled-Data  Systems 

Bassam  Bamieht,  Munther  A.  Dahleh*,  J.  Boyd  Pearsoa? 


Abstract 

In  tills  paper,  a  complete  solution  for  the  1}  sampled-data 
problem  is  furnished  for  airbitrary  plants.  The  0-  sampled-data 
problem  is  described  as  follows!  Given  a  continuous-time  plant, 
with  continuous- time  performance  objectives,  design  a  digital 
controller  that  delivers  this  performance.  This  problem  differs 
from  the  standard  discrete-time  methods  in  that  it  takes  into 
consideration  the  inter-sampling  behavior  of  the  closed  loop 
system.  The  resulting  closed  loop  system  dynamics  consist 
of  both  continuous- time  and  discrete-time  dynamics  and  thus 
such  systems  are  known  as  hybrid  systems.  It  is  shown  that 
given  any  degree  of  accuracy,  there  exists  a  standard  discrete¬ 
time  problem,  which  can  be  determined  apriori,  such  that 
for  any  controller  that  acliieves  a  level  of  performance  for  the 
discrete- time  problem,  the  same  controller  achieves  the  same  • 
performance  witliin  the  prescribed  level  of  accuracy  if  imple¬ 
mented  as  a  sampled-data  controller.  This  is  accomplished  by 
first  converting  the  the  hybrid  system  into  an  equivalent  in¬ 
finite  dimensional  discrctc-time  system  using  the  lifting  tech¬ 
nique  in  continuous  time,  then  the  infinite  dimensional  parts 
of  the  system  which  model  the  inter-sample  dynamics  are  ap¬ 
proximated.  This  approximation  is  done  independently  of  the 
controller,  and  explicit  bounds  are  obtained  for  the  degree  of 
appro.ximation.  It  is  shown  that  the  convergence  of  this  ap¬ 
proximation  is  at  least  as 

1  Introduction 

This  paper  is  concerned  with  designing  digital  controllers  for 
continuous-time  systems  to  optimaly  achieve  certain  perfor¬ 
mance  specifications  in  the  presence  of  uncertainty.  Contrary 
to  discrete  time  designs,  such  controllers  are  designed  taking 
into  consideration  the  inter-sample  behavior  of  the  system. 
Such  hybrid  systems  are  generally  known  as  sampled-data  sys¬ 
tems,  and  have  recently  received  renewed  interest  by  the  con¬ 
trol  community. 

The  difficulty  in  considering  the  continuous  time  behavior 
of  sampled-data  systems,  is  that  it  is  time  varying,  even  when 
the  plant  and  the  controller  are  both  continuous-time  and 
discrete-time  time-in%'ariant  respectively.  We  consider  in  this 
paper  the  standard  problem  with  sampled-data  controllers  (or 
the  sampled-data  problem,  for  short)  shown  in  figure  1.  The 
continuous  time  controller  is  constrained  to  be  sampled-data 
controller,  that  is,  it  is  of  the  form  lirCSr^  The  generalized 
plant  is  continuous-time  time-invariant  and  C  is  discrete-time 
time-invariant is  a  zero  order  hold  (with  period  r),  and  Sr 

•The  first  and  last  authors*  research  is  supported  by  NSF  ECS- 
89H4S7  and  AFOSR-91-0036.  The  second  author  is  supported  by  Wright- 
Patterson  A.F.B.  F33615-90-C-3608,  ,  C.S.  Draper  Laboratory  DL-H- 
418511  and  by  the  ARO  DAAL03-86-K-0171. 

^Coordinated  Science  Laboratory,  University  of  Illinois  at  Urbana- 
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Figure  1:  Hybrid  discrete/continuous  time  system 

is  ajd  idesi  sampler  (with  period  r),  'Hr  3Jid  Sr  sjs  a.ssumed 
synchronized.  Let  J-^G^HrCSr)  denote  the  mapping  between 
the  exogenous  input  and  the  regulated  output.  J^(G,HrCSr) 
is  in  general  time  varying,  in  fact  it  is  r-periodic  where  r  is  the 
period  of  the  sample  and  hold  devices, 

Sampled-data  systems  have  been  studied  by  many  re¬ 
searchers  in  the  past  in  the  context  of  LQG  controllers  (e.g. 
[19]).  Recently,  Chen  and  Francis  [4]  studied  this  problem  in 
the  context  oiH^  control,  and  were  able  to  provide  a  solution 
in  the  case  where  the  regulated  output  is  in  discrete  time  and 
the  exogenous  input  is  in  continuous  time.  The  exact  problem 
wais  solved  in  [2], [3],  and  independently  in  [12]  and  [20].  The 
L®® -induced  norm  problem  (the  one  we  are  concerned  with  in 
this  paper)  was  considered  in  [9]. 

In  this  paper  we  will  use  the  framework  developed  in  [2], [3], 
to  study  the  sampled-data  problem.  Precisely,  the  controller 
is  designed  to  minimize  the  induced  norm  of  the  periodic  sys¬ 
tem  over  the  space  of  bounded  inputs  (i.e.  X'*),  This  min¬ 
imization  results  from  posing  time  domain  specificatio'ns  and 
design  constraints,  which  is  quite  natural  for  control  system 
design.  To  emphasize  the  point  made  earlier,  the  inputs  are 
continuous  time  inputs,  the  errors  are  continuous  time  errors 
(see  figure  1),  however  the  system  is  a  hybrid  system  with  a 
continuous-time  plant  and  a  discrete-time  controller.  The  dis¬ 
crete  time  method  for  designs  (e.g.  [5], [15]),  cannot  handle 
this  problem  directly,  and  is  only  concerned  with  the  perfor¬ 
mance  at  the  sampling  instants.  The  solution  provided  in  this 
paper  is  to  solve  the  sampled-data  problem  by  solving  an  (al¬ 
most)  equivalent  discrete  time  problem.  While  this  was  the 
.  approach  followed  in  [9],  the  main  contribution  of  this  paper  is 
that  it  provides  bounds  that  can  be  computed  apriori  to  deter¬ 
mine  the  equivalent  discrete-time  problem,  given  any  desired 
degree  of  accuracy  and  thus  provides  a  solution  for  the  syn¬ 
thesis  problem.  The  solution  in  this  paper  is  presented  in  the 
context  of  the  lifting  framework  of  [2],  [3],  as  an  approximation 
procedure  for  certain  infinite  dimensional  problems.  This  ap¬ 
proach  has  the  advantage  of  being  more  transparent  than  that 
in  [9). 

As  already  mentioned,  sampled-data  systems  are  periodic, 
the  main  theoretical  tool  we  use  for  dealing  with  periodic  sys¬ 
tems  is  a  lifting  technique  for  continuous  time  systems  devel- 
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Figure2.- , 


^  ‘eclmique  establishes  a  strong  corre- 

p  ndence  between  linear  periodic  systems  and  time  invariant 
mfimte  dimensmnaJ  systems.  In  the  next  section  we  briefly 

pr“wlm  W  sampled-data 

nrnK]  '  1,  ^  ^  equivalent  iniiiute  dimensional 

problem  whose  solution  is  obtained  using  an  approximation 
procedure.  Formulas  for  the  (almost)  equivalent  discrete  time 
problem  are  given  in  section  3.  In  the  later  sections  the  issue 
““''srgMce  of  the  approximation  procedure  is  investi- 
g  e  ,  w  ere  the  main  result  is  a  design  inequality  (5)  which 
e.\pres^  the  degree  of  approximation  of  the  hybrid  problem 

nL  “"t  P^oWem,  in  terms  of  the  dynamics  of  the 

plant  Md  mdependently  of  the  choice  of  the  controUer.  This 
inequity  is  arrived  at  by  decomposing  the  equivalent  infi- 
mte  dimensional  problem  and  analyzing  the  decomposition. 
Space  hnutations  preclude  including  the  details  of  this  deriva¬ 
tion  which  are  presented  elsewhere  [1], 


The  Lifting  Technique 


In  ths  section  we  briefly  summarize  the  lifting  technique  for 
continuoiM-time  periodic  systems  developed  in  [2J,  [3],  and  ap- 
ply  It  to  the  sampled-data  problem.  The  idea  of  the  lifting  tech¬ 
nique  IS  to  put  a  periodic  continuous-time  system  in  a  strong 
correspondence  with  a  shift-invariant  (i.e.  discrete-time  time 
invanant)  system,  which  amounts  to  rearranging  the  original 
system  so  that  its  periodicity  can  be  viewed  as  shift  invari- 
ance.  To  accomplish  this,  we  first  define  the  lifting  for  signals, 
for  which  the  appropriate  signal  spaces  need  to  be  established. 

For  continuous  time  signals,  we  consider  the  usual  Z«ro  «) 
space  of  «sentially  bounded  functions  [8],  and  it’s  extended 

sign^  that  take  values  in  a  function  space,  for  this,  we  de¬ 
fine  ix  to  be  the  space  of  aU  JT-valued  sequences,  where  is 
some  B^ach  space.  We  define  as  the  subspace  of  with 
bounded  norm  sequences,  i.e.  where  for  {/,}  €  fx,  the  norm 
sup^,- <  00,  Given  any  /  e  lo.oo),  we  de- 
fine  It’s  li/iinff  f  €  4<»io.ri,  as  Mows:  /  is  an  i~[o.rJ-valued 
sequence,  we  denote  it  by  {/•},  and  for  each  t, 

fi(t)  :=z  f^t  -f*  rt)  0  <  t  <  r. 

The  hfting  can  be  visualized  as  taking  a  continuous  time  signal 
and  bre^ng  it  up  into  a  sequence  of ‘pieces’  each  correspond¬ 
ing  to  the  function  over  an  interval  of  length  r  (see  figure  2). 
Let  us  denote  this  Hftlng  by  W;  :  _  i  ^ 

IS  a  linear  isomorpliism,  furthermore,  if  restricted  to  L°°[a.oa) 

t  en  r  •  L  [o,»)  ►  is  an  isometry,  i.e.  it  preserves 

norms. 

Using  the  lifting  of  signals,  one  can  define  a  lifting  on  sys- 
tems.  Let  <?  be  a  linear  continuous  time  system  on  Lr[o,oo), 
then.it  s  Itfhng  G  is  the  discrete  time  system  d  :=  W.GW~^ 
this  is  illustrated  in  the  commutative  diagram  below:  ^ 

and  “  independently  in  (20j 


Lf[0.co) 


Thus  a  is  a  system  that  operates  on  Banach  space  (i«(orl) 

Note  that  since  is  an  isometry,  if  (?  is  stable,  i.e.  a  bounded 

r^^r  <?  is  also  stable,  and  furthermore,  their 

respective  mduced  norms  are  equal,  ||G||  =  ||(?l|.  ^he  cor- 

r^pondence  between  a  system  and  it’s  lifting  also  preserves 
algebraic  system  properties  such  as  addition,  cascade  decom- 
po«t.on  and  feedback  (see  [2]  for  the  details). 

th3®  nf  in  the  sampled-data  problem  is 

\  ^  ^  i-periodic  system,  then  G  is  commutes 

,  .  p  *  *  ,,  that  is,  G  is  shift-invariant.  This 

asic  fact  allows  us  to  treat  continuous  time  periodic  systems 
M^screte-time  time-invariant,  albeit  infinite  dimensional  sys- 

Illustrate,  let  G  be  a  continuous-time  time-invariant  system 
given  by  a  state  space  realization  G  =  In  [2]  it  was 


shown  that  the  lifting  G  has  a  state  space  realization  given  by: 

G  =  [S-L^l  -  f  I  _ 1 

I  ^  I  ly  J  L  I  + 

5  :  Z^lo.r]  — ► 

A:  J?*— 

C;  .Z“io.r] 

£>:  i^to.rj  —  Z“[0,r) 

where  the  operators  C,  B,  D  are  given  in  terms  of  their  kernel 
functions,  and  1(.)  is  the  unit  step  function. 

Notation:  It  simplifies  the  notation  greatly  to  use  the  same 
symbol  for  an  operator  and  its  kernel,  for  e.xample,  (or 

5(s)2  refer  to  the  kernel  functions  representing  the  operator 
(or  B)  For  operators  that  map  a  function  space  to  B",  such 
as  B  above,  we  generaUy  use  s  (or  s)  to  denote  the  variable 
of  the  kernel  function,  and  for  operators  that  map  B"  to  a 
fenction  space  such  as  C  above,  we  use  the  variable  t  (or  1). 

e  kernel  representation  for  the  operators  B,C,D  means  that 
tlieir  action  is  given  by 

i  ti  =  ^  B(s)  ti(s)  ds  Cx  =  C{i)x  ,  i  6  (0,r] 
(Bu)(f)  =  b{i,s)  u(s')  ds 

_  I^je  that  the  state  space  of  G  is  finite  dimensional  (the  r 
in  B  refers  to  the  dimension  of  the  state  space  of  G),  while 
it  s  input  and  output  spaces  are  infinite  dimensional.  This 
fMt  IS  significant  in  that,  although  lifted  systems  have  infinite 
dimensional  input  and  output  spaces,  they  can  be  realized  with 
a  state  space  of  dimension  no  larger  than  the  dimension  of  the 
ongmal  continuous-time  state  space  model. 

To  aply  the  lifting  to  the  sampled-data  problem,  consider  ' 
again  the  standard  problem  of  figure  1,  and  denote  the  dosed 
loop  operator  by  J^(G,HrCSr).  Since  the  lifting  is  an  isome- 
try,  we  have  that  \\J^{G,'HrCSr)\\  =  \\Wr^{G,7irCSr)W-% 
this  IS  shown  in  figure  3(a).  In  figure  3(b),  we  lump  the  hfting 
operators  Wr  and  W"*  and  the  sample  and  hold  operators  and 
consider  a  new  generalized  plant  <5.  (?  is  a  discrete  time  system 
with  one  infinite  dimensional  input  and  output  (corresponding 
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Figure  3:  Equivalent  Problem 


to  w  and  z)  and  one  llnite  dimensional  input  and  output  (corr^ 
spouding  to  it  and  y).  Thus,  ^{G,  C)  =  WrJ^{G,HrCSr)^r  » 
which  means  that  the  closed  loop  operator  ^{G,C)  is  in  fact 
the  lifting  of  the  closed  loop  operator  T{G,HrCSr)^  Since 
the  lifting  Wr  is  an  isometry,  we  have  then  characterized  the 
induced  norm  of  the  hybrid  system  as  the  induced 

norm  of  the  time  invariant  system  ^((7,C).  The  conclusion  is 
that  the  problem  of  minimizing  the  I®®  induced  of  the 

sampled-data  system,  is  equivalent  to  that  of  minimizing  the 
induced  norm  of  the  infinite  dimensional  but  time-invariant 
system  ^((5,C).  The  previous  discussion  together  with  the 
characterization  of  internal  stability  for  hybrid  systems  in  [11] 
(conditions  for  non-pathological  sampling)  yields  the  following 
theorem: 

Theorem  1  Let  G  and  G  be  as  in  figure  3,  then  for  any  finite 
dimensional  C 

(i)  T{G,'H-rCSr)  is  internally  stable  if  and  only  if  ^{G,C) 


(ii)  \\HG,'HrCS-r)[\  =  \\HG,C)\\. 

This  reformulation  of  the  sampled-data  problem  to  the  prob¬ 
lem  with  G  has  several  advantages,  first,  the  controUer  has  no 
‘structural  constraints’  on  it,  in  contrast  to  the  previous  formu¬ 
lation  where  the  controUer  is  constrained  to  be  a  sampled-data 
controUer,  i.e.  of  the  form  HtCSt,  second,  both  the  controUer 
C  and  the  generaUzed  plant  G  are  shift-invariant,  thus  the  pe¬ 
riodicity  of  the  original  system  is  ‘removed’,  and  third,  aU  parts 
of  the  system  are  operating  over  the  same  time  set  (discrete¬ 
time).  The  price  paid  for  these  advantages  is  the  infinite  di¬ 
mensionality  of  the  input  and  output  spaces.  In  this  paper 
we  wiU  show  how  one  can  reduce  the  problem  to  a  finite  di¬ 
mensional  one  bv  ‘approximating’  the  input  and  output  spaces 
by  finite  dimensional  spaces,  thus  reducing  the  problem  to  a 
standard  finite  dimensional  £*  problem. 

We  now  present  (from  [2])  a  state  space  rea^zation  for  the 
new  generaUzed  plant  G  which  wiU  be  useful  in  studying  t  e 
problem  further.  Let  the  original  continuous  time  plant  G  be 


given  by  the  following  realization 


’  A 

Bi 

1 

Cl 

Du 

Di2 

. 

0 

0 

G  = 


It  is  assumed  that  the  sampler  is  preceded  with  a  presamphng 
filter  which  is  a  strictly  causal  Unear  system,  this  is  a  re^tic 
assumption  since  an  ideal  sampler  is  not  a  practi^  ^ 

real  sampler  can  be  modeled  as  an  integrator  with  a  fast  time 
constant  Mowed  by  and  ideal  sampler.  The  system  shown 
above  represents  a  generalized  plant  with  the  presamplmg  mter 
absorbed  in  it,  the  fact  that  Dji  =  Ujj  =  0  is  due  to  the  stnct 
causaUty  of  the  presampUng  filter,  this  also  guarantees  that 
the  ideal  sampler  only  operates  on  contmuous  signals.  It  can 
be  shown  ([2])  that  a  realization  for  the  generalized  plant  G 
(figure  3)  is  given  by 


r  .Sr 


r  Gii  Gii  1  _ 
L  Gji  Gji  \ 


r  A 

Bi 

Bi  ] 

Cl 

bn 

Dn 

.Cl 

0 

0  . 

.  C,  0  0 

where  «(t)  :=  fg  e^’ds.  The  system  G  has  the  Mowing  input 
and  output  spaces 

G\\  :  ^  ^t“»(0,r) 

(5lJ  :  Ir-  — ► 

GiX  ! 

G^2  :  Ir'  — ’ 

3  Solution  Procedure 

Using  the  Ufting  we  are  able  to  convert  the  problem  of  finding 
a  controUer  to  minimize  the  1“  induced  norm  of  the  hybrid 
system  (figure  1)  into  the  Mowing  standard  problem  with  an 
infinite  dimensional  generaUzed  plant  G'. 

We  also  note  that  because  of  theorem  1,  suboptimal  solutions 
to  the  above  problem  wUl  also  be  suboptimal  (vdth  the  same 
norm)  for  the  hybrid  system. 

The  above  infinite  dimensional  problem  is  solved  by  an  ap¬ 
proximation  procedure  through  solving  a  standard  MIMO  t 
problem.  The  idea  we  use  is  similar  to  those  in  [9]  md  [13] 
where  multirate  sampUng  is  used  to  obtain  discrete-time  sys¬ 
tems  that  approximate  the  continuous  time  behavior  of  hy¬ 
brid  systems.  This  approximation  procedure  was  used  in  [9] 
to  address  the  0-  sampled-data  problem.  The  approximation 
procedure  we  use  is  essentiaUy  equivalent  to  that  in  [9],  how¬ 
ever,  since  we  introduce  it  directly  as  an  approximation  to  the 
Ufted  problem  (2),  the  nature  of  the  approximation  is  more 
transparent  and  we  are  able  to  expUcitly  isolate  the  parts  of 
■  the  system  that  need  to  be  approidmated  independently  of  the 
controUer.  The  consequence  is  that  we  are  able  to  obtain  ex- 
pUcit  bounds  on  the  degree  of  approximation  in  terms  of  con¬ 
stants  that  can  be  computed  opnort,  and  that  are  dependent 

only  on  the  plant.  ^  ^  i  n-f 

We  now  describe  the  approximation  procedure.  Let  Tin  and 
be  the  foUowing  operators  defined  between  I~{o,r]  and  t  (n) 
(£®®(ti)  is  JR"  with  the  maximum  norm), 


Un 


L«[0.r]  —  ^(n) 

r(n)  — 


(5«tl)(t)  =  ;  «€L®“lo,rl 

(W„u)(t)  =  u(L^j):  {«({)}  6 
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Figure  5:  The  operators  5„  and  H„ 

(strictly  speaking  S  ic  imf 
subspace  of  left  and  rthrcontinl°T‘°' 
is  irrelevant  here  since  in  oufsSg  ‘^‘“«iou 

guarantee  that  S„  operates  onlv^®  are  made  to 

above  operators  can  be  thongh/nf°  “utinuous  signals),  the 
Operators  (see  fig^J^  5)®  «^PJe  and  hold 

use  the  appro^ma™  dosed*i  <iiinensional  problem,  we 

'  ^  "  C  ,tiSL.„,  C)h„ll,  .  (3) 

This  new  problem  now  involves  the  j 

i.  a  MMO  ^  p„bL“  'Sw 

Sn^(0,C)7{„  =  ^(Cn,C), 

'vhere  C?„  and  a  realization  for  it  is  given  by, 

=  [t  ;j  = 


BtTi 

0  0 


H-MJi—Aj 

?rpu  At  "  . 
^2  0  0  J 


Cl  = 

Cl 

Cje-*'/” 

i  1 

li 

f  As 

1  CilP(r/n)5j+£)ij 

B  =  a 

.  Cl  (e-o-/™)"-!  J 
-/•-/.b  r  - 

1 

Ai  = 

f[_c^ 

L*(r/n)3,  1) 

1 L  A  j 

"~^IL 

sponse  matrix  of  thl  (is«etfrtiLe  “Pulse-re- 

tion  in  {.}.  ™®  given  by  the  realize- 

(and  thus  to  problem 

be  ^osen  large  enough  suc^thaSS 

is  almost  optimal  for  the  anr^'  •  controller  C„ 

^ost  optimal  for  tlforiS^^^^^^  ^3),  then  it^ 

approximation  scheme  ‘converge^’  i  e™  ^  ^  this 

optimal  controllers  by  choosinf  n’l 

MIMO  ifi  problem.  Exactly  what^^*  a 

described  next.  ^  convergence  means  here  is 

^  Design  Bounds 

sis  procedure  oied  ^  2f  n«vT  '  ®^*be- 

iwc.c)ii » » 

immediately  compntable.  An  aJtJ  ^orm  is  not 

ll■^(G,C)j|  comes  from  the  limit  method  of  computing 

iimQii  =  .ta 

*I>0"1  tl.  cmh*  ’"‘T’ 

functions  in  X®®  ffirn  <;;«  functions,  by  simple 

,  P”trf  to  11  tab,. oa. 

~n..  ||pt(c,c„  oo43;'^'(’J’’’.'2“’“‘"‘' 

tbe  Mowing  form  “  «Pbat  bounds  on  |(;r(d,  C)ll  in 

Main  Inequalitv  •  T’A-.-w. 
depend  only  on  J.  such 

mG,C)\\  < 


{^  +  ~)  \\nG,.,C)\\,  (5) 


The  significance  of  the  bound  fSl  k  th,*  •*  - 
IS  needed  for  synthesis  m»m  ‘  exactly  what 

ffn.  the  result  ^  <^“-6"  - 

the  objective  is  to  keep  the  i«  ind^f*  ^^^(^n,C)\\  small,  but 
system  (or  equivalently  11  ‘be  hybrid 

(5)  guarantees  this.  ’  small,  and  the  inequality 

To  b.  mor.  prndso,  to.  ^ 

ll^(6n,C)H  <  llT(G,C)ll 

since 


Vn, 


f  linG,C)ll  |1«„|| 


<  mi.c)ii. 

J^rSif  j  s  ■ » ti»  ..bsp«.  o, 

impL-es  that  <  Z  The  immeiately 

following;  for  a  fSed  n  if  onfn-T  is  guided  by  the 

i»  (1«  on  tf.  „d  obi  r;  ‘““O  '•  W  i 

tains  a  /!„  +c  optimal  controller  (given  by 
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C»),  i.e.  \\^{pn,C)\\  <  ^  +  <,  then  inequality  (5).  provides 
that  if  Cn  is  implemented  in  the  hybrid  system,  then 

\\jr(G,-HrCnSr)\\  =  II^^(G,Cn)||  ^  ^ 

Th^eror'e,  If  a*  controller  with  a  level  of  performance  of  /i  +  ^ 
is  required  (for  any  S  >  0),  we  simply  choose  n  and  €  apnon 
such  that  the  right  hand  side  of  (6)  is  bounded  by  /i  -{- 
It  is  worthwhile  noting  that  the  problem  of  minimizing 
\\^{Gnj  C)||  is  immediately  a  standard  V-  problem  with  time- 
invariant  plant.  Hence,  there  is  no  need  to  apply  any  further 
lifting  on  the  problem,  which  contrasts  the  approach  in  [9]. 
Also,  we  note  that  eventhough  the  approximation  problem  is 
in  fact  a  multirate  sampled  problem,  it  reflects  no  structural 
constraints  on  the  controller.  General  multirate  sampled  prob¬ 
lem  do  not  share  this  property  (see  [7]). 

In  the  derivation  of  the  main  inequality  5,  several  interesting 
issues  come  up,  and  the  bounds  on  the  approximation  is  ob¬ 
tained  by  dissecting  the  infinite  dimensional  system  G  closely. 
We  refere  the  interested  reader  to  [1]  for  the  full  discussion. 

5  Conclusions 

This  paper  provides  a  complete  solution  for  the  sampled-data 
problem  through  approximation.  Utilizing  lifting  tech¬ 
niques,  the  input/output  map  is  decomposed  in  a  such  a  way 
that  the  infinite-dimensional  part  of  the  system  is  isolated  inde¬ 
pendently  of  the  controller.  This  part  is  then  approximated  in 
a  precise  way  by  a  finite  dimensional  system,  whose  dimension 
can  be  determined  given  any  degree  of  accuracy.  Computable 
bounds  on  the  norm  of  the  difference  of  the  actual  system  and 
the  approximated  system  are  furnished,  and  they  all  depend 
entirely  on  the  system’s  data. 

It  is  interesting  to  note  that  the  same  approach  can  be  fol¬ 
lowed  to  solve  the  problem  for  the  X^-induced  norm,  then, 
by  a  simple  convexity  argument,  a  solution  for  the  general 
i^-induced  norm  can  be  obtained.  However,  the  case  of  in¬ 
duced  norm  admits  a  cleaner  solution  [2],  and  an  exact  discrete- 
time  problem  can  be  obtained. 

The  approach  followed  in  this  paper  is  readily  applicable 
to  the  structured  perturbations  problem  for  sampled-data  sys¬ 
tems  [14].  The  minimization  problem  in  this  set-up  involves 
spectral  radius  functions,  and  a  similar  result  follows  from  the 
continuity  of  the  spectral  radius  function.  The  derivation  of  ex¬ 
plicit  bounds  takes  more  work  and  will  be  reported  elsewhere. 
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Behavior  is  more  fundamental  than  representations' 
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I'  A  input-output  system  is  a  relation  between 
twoTfunction  spaces.  The  classical  input-output 
framework  treats  a  system  as  a  map  between 

■function  spaces.  The  graph  of  this  map,  which 
is  the  collection  of  all  compatible  input-output 
pairs,  constitutes  the  behavior  of  the  system  [3]. 

■The  behavior  of  a  system  can  sometimes  admit 
a  behavioral  equation  representation  such  as  a 
kernel  representation  or  a  difference  equation 

■representation.  Such  a  representation,  when  it 
exists,  may  not  be  unique.  Given  a  representa¬ 
tion  with  a  certain  structure  (for  instance,  a  lower 
■  triangular  kernel)  it  is  usually  easily  shown  that 
the  represented  behavior  has  a  corresponding 

■  property  (non-anticipation).  However,  if  the  be¬ 
havior  has  a  property  (say,  non-anticipation), 
representations  of  the  behavior  may  not  have 

I  the  corresponding  structure  (lower  triangular¬ 
ity).  Therefore,  representations  are  of  secondary 
importance  to  behaviors.  It  is  the  behavior  that 
I  is  ^damental;  not  its  representation  [3]. 

We  will  illustrate  these  points  with  kernel 


representations,  concentrating  on  systems  oper- 
ating  on  one-sided  discrete-time  signals  in  the 
sequence  space  £.  We  say  that  G  :  X^((?)  Q 
I  'R{G)  C  £  has  a  kernel  representation  if 
there  exists  a  g  :  x  — »•  R  such  that  for 

all  nonnegative  integers  n 

{Gu){n)  =  ^(n,m)u(m),  Vu  €  V{G). 

m=0 

Not  all  linear  systems  have  a  kernel  representa¬ 
tion  [2].  We  first  point  out  that  compactness  of 
the  map  is  neither  sufficient  [1]  nor  necessary 
for  kernel  representation. 

Even  when  a  system  has  a  kernel  representa¬ 
tion,  the  representation  may  not  be  unique.  This 
is  shown  by  an  example  of  a  linear  shift-invanant 
nonanticipatory  system  that  has  infinitely  many 
kernel  representations.  Out  of  the  infinitely 
many  representations  for  this  system,  one  is 
lower-triangular  and  one  is  upper-triangular. 
Therefore,  non-anticipation  is  a  property  of  a 
system  and  is  not  necessarily  a  (structural)  prop- 
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erty  of  its  representation.  Some  kernel  repre¬ 
sentations  of  this  system  have  Toeplitz  struc¬ 
ture,  and  some  do  not.  Shift-invariance  is  then 
a  property  of  a  system  that  may  or  may  not  be- 
reflected  in  the  structure  of  its  representation. 

We  then  point  out  that  boundedness  of  a  map 
may  not  be  reflected  in  the  structure  of  its  ker-  " 
nel  representation  (or  in  a  minimal  state-space 
representation).  ;  . 

Since  properties  such  as  shift-invariance, 
non-anticipation,  and  boundedness  are  proper¬ 
ties  of  a  system  and  are  not  necessarily  structural 
properties  of  a  representation  of  the  system  (un¬ 
less  the  representation  is  unique),  a  system  is  a 
logically  distinct  object  ft-om  its  representation. 

It  is  the  behavior  of  the  system  that  needs  to  be 
examined  for  properties  of  interest,  and  not  the 
structure  of  a  representation  of  the  system. 

We  argue  the  above  points  using  traditional 
definitions  of  linearity,  shift-invariance,  nonan¬ 
ticipation,  and  boundedness.  We  will  make  a 
case  for  nonstandard  definitions  of  linearity  and 
shift-invariance.  The  main  practical  reason  for 
studying  linear  mathematics  is  that  local  behav¬ 
ior  of  a  nonlinear  map  is  often  linear.  That  is, 
if  we  restrict  the  domain  of  a  given  non-linear 
rnap,  the  restricted  map  (the  restriction)  may 
become  linear,  thereby  making  analysis  easier. 
Then,  if  we  were  to  restrict  the  domain  further, 
we  would  like  the  resulting  restriction  to  be  still 
linear.  Considering  that  linearity  is  an  analyt¬ 
ically  desirable  property  of  a  map,  we  would 
like  all  the  restrictions  of  a  linear  map  to  inherit 
this  property.  Similarly,  inheritance  by  restric¬ 
tions  is  desirable  with  respect  to  shift-invariance. 


non-anticipation,  and  continuity,  from  a  practi¬ 
cal  point  of  view. 

However,  in  the  classical  framework  for 
input-output  systems,  linearity  and  shift- 
invariance  are  not  inherited  by  restrictions, 
while  continuity  is.  For  example,  the  linearity 
or  shift-invariance  of  the  identity  map  depends 
on  whether  or  not  its  input  class  is  linear  or 
shift-invariant.  However,  it  is  the  behavior  of  a 
sy^m  in  a  given  configuration  that  is  more  im¬ 
portant  than  the  properties  of  the  domain  of  its 
definition.  As  far  as  possible,  it  is  the  behavior 
of  a  system  that  we  should  focus  our  attention 
on,  not  the  properties  of  its  domain.  Taking  cue 
from  a  definition  of  non-anticipation  in  the  clas¬ 
sical  framework  [4],  we  propose  new  definitions 
for  linearity  and  shift-invariance. 
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Abstract 

The  solution  of  many  h  problems  requires  Smith 
decompositions  of  /i  matrices.  In  this  note,  we  de¬ 
scribe  a  class  of  problems,  including  many  practical 
problems,  for  which  this  is  not  true.  We  also  show 
generally  how  to  pose  and  obtain  approximate  solu¬ 
tions  to  h  problems  without  Smith  decomposition. 


1  Introduction 

The  h  problem  was  formulated  in  [1]  and  inves¬ 
tigated  in,  e.g.,  [2,  3,  4],  in  which  it  is  posed  as  a 
linear  program  (LP)  whose  constraint  matrix  is  con¬ 
structed,  in  part,  from  Smith  decompositions  of  two 
/i  matrices.  This  decomposition  does  not  exist  for  all 
h  matrices,  and  its  computation  is  numerically  unsta¬ 
ble  in  any  case.  Thus  it  is  of  interest  to  find  problems 
and/or  solution  methods  which  do  not  require  it. 

In  this  note,  we  describe  a  class  of  such  problems 
which  includes  many  practical  problems.  We  also  de¬ 
scribe  a  class  of  semi-norm  minimization  problems 
which  can  be  solved  without  Smith  decomposition, 
and  into  which  every  h  problem  can  be  embedded. 
We  then  use  the  embedding  to  obtain,  under  certain 
conditions,  an  infimizing  sequence  of  sub-optimal 
lutions  by  solving  finite  LPs.  In  Section  2  we  briefly 
state  the  h  problem,  the  main  results  are  in  Section 
3,  and  Section  4  offers  some  conclusions. 

denotes  m  x  n  matrices  with  elements  in  the 
commutative  domain  /i  and  denotes  matrices 

with  elements  in  its  fraction  field.  Superscripts  are 
dropped  when  there  is  no  loss  of  clarity.  A  script  let¬ 
ter  denotes  a  causal  discrete-time  convolution  system, 
and  a  capital  (Roman)  letter  its  impulse  response  ma¬ 
trix.  Matrix  multiplication  is  defined  via  convolution. 


2  The  /i  Problem 

Figure  1  shows  the  setting  of  the  h  problem.  Q  has 

•This  research  was  supported  by  grants  NSF  ECS-891446r 
and  AFOSR-91-0036. 


inputs  V)  (an  n„-vector  of  exogeneous  inputs)  and  u 
(an  n„-vector  of  controls)  and  outputs  z  (an  n,-wectoi 
of  errors)  and  y  (an  nj,-vector  of  measurements).  G 
can  be  partitioned  m  the  obvious  way; 


For  stabilizable  Q  with  Gyu  =  -  M~^N  (co¬ 

prime  over  /i),  the  li  problem  is. 

OPT{Q)  :  ~ 

»!,.«  5t,.v  :=  (Jr  €  I.  :  K-  =  VQV.  Q  €  := 

G,^+a,„MYG,,,  U  ■.=  Mid  V  MO,. 

are  in  h ,  and  the  following  Bezout  identity  is  satisfied. 


r  X  -Y] 

■  M  Y  ]  _  \  I  0  ■ 

1 

,  W  X  J  [o  I  . 

Note:  H,  U,  and  V  depend  on  Q.  We  will  show  this 
dependence  via  bars,  tildes,  etc.  (e.g.,  Q  S ,  U,  V)- 

3  Main  Results 

Theorem  1  IfU,V  €  /i  have  left  and  right  inverses, 
respectively,  in  h  and  U  =  NuMff^  V  =  My  Nv 
(coprime  overh),  then  3  /i  matrices  satisfying 


\ 

L 

Ill'll 

]  = 

■  I 

0 

?1 

t  ■  ■ — t 

.  ,  1 
]  = 

■  I 

0 

?] 

and  K  €  Su.v  if  and  only  if  K  €li  and 


where  *  denotes  an  irrelevant  block. 

Condition  (1)  does  not  refer  to  Smith  decomposition 
and  hence  none  is  required  for  LP  formulation. 
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Figure  1:  Standard  Problem  Setting 

In  many  practical  problems,  Vyt  and  Vy  of  Figure  1 
correspond  to  actual  disturbances  and  to  norm  con¬ 
straints  are  required  on  u  and  y  to  avoid  saturation. 
In  such  problems,  w,  Uy  and  V  can  be  partitioned 


OPTSiQyTioyniyn)  : 

inf  |lPn.i.,(^  -  •K’)IIl  =:  tioPT{,9,n) 

Suy,n  :=  {K  G  Svy  •  s\ipp{H  —  if)  C  {0, . . n}} 

Theorem  3  If  Q  is  sidbiltzahU,  3Ks  €  Suy 
such  that  supp{H -- Kif)  C  and  ike 

finitely  supported  matrices  are  dense  in  Si/y,  then 
OfT5(^,no,nt,n)  has  optimal  solutions  Vn  >  Ny 
and  f^PTS(Q,n.,ni,n)  \  l^OPTS(g,n.,ni)  n  00. 

Every  feasible  solution  of  0PTS(Qy  n^,  n,-,  n)  is  fea¬ 
sible  for  OPr5(^,no,n,*^,  so  a  sequence  of  optimal 
solutions  for  increasing  n  forms  an  infimizing.^e- 
quence  of  feasible  solutions  for  OPT5(^,no,n,‘).  For 
each  n,  OPTS{Qy  n^,  n,*,  n)  is  a  finite  LP  [5]. 

4  Conclusions 


■  MGju  I 

U  =  M  ,  V  =  [  Gy^M  N  M  ] 

_  AT  J 

Thus  U  and  V  satisfy  the  hypotheses  of  Theorem 
1.  (This  remains  true  if  unimodular  li  weights  are 
introduced  on  Vy, y,  ti.) 

We  now  define,  given  Q  and  integers  <  n , ,  n,*  < 

Hu; ,  a  semi-norm  minimization  problem 
OPTS{S,noyni): 

inf  -  ^f)||l  =-  A^OPT5(i7,n.,nO 

A  6*5t/,v 

where  Vn,ni  :  /J**’*’-  i-+  is  a  linear  projection 

defined  by  {Vn,niT)mn(k)  ~  Tmni^)  '^m,n,k. 

Theorem  2  If  Q  is  siabilizable,  then  there  exist  in¬ 
tegers  nu  <  nv  <  riy  and  a  stabilizable  Q  with 
G  G  such  that  U  and  V 

satisfy  the  hypotheses  of  Theorem  1  and 

1.  Given  K  6  Suy,  define  K  :=  UQV  for  any 
Q  ^  h  such  that  K  =  UQV.  Then  K  £  Sq  p 
and\\Vn.njH-K)\\i^\\H-K\U. 

2.  Given  K  E  Su  p,  K  £  Suy 

Thus  every  problem  OPT(Q)  can  be  embedded  in  a 
problem  OPTS{Q,nxynyo)  for  a  (larger)  Q  such  that 
U  and  V  satisfy  the  hypotheses  of  Theorem  1,  and 
feasible  solutions  of  Olhr{Q)  correspond  to  feasible 
solutions  of  OPTS{Q,  n,,  n«,)  of  the  same  cost. 

OPTS{C,nzyn,„)  is  generally  infinite  dimensional 
so  we  next  define,  given  Q  and  integers  n©  <  n,,  n;  < 
Tiy,,  and  n,  an  optimization  problem 


Theorem  1  shows  that  /i  problems  with  invertible 
U  and  V  can  be  formulated  as  LPs  without  Smith 
decomposition.  Such  problems  arbe,  e.g.,  when  both 
sensor  and  actuator  are  noby  and  subject  to  satu¬ 
ration.  Theorem  2  shows  that  all  lx  problems  can 
be  embedded  in  larger  semi-norm  minimization  prob¬ 
lems  without  need  of  Smith  decomposition.  Theorem 
3  shows  that,  under  certain  conditions,  a  sequence  of 
finite  LPs  can  be  solved  to  obtain  performance  ar¬ 
bitrarily  close  to  optimal.  The  price  of  embedding 
b  increased  dimensionality;  thus  an  obvious  question 
for  further  research  b  how  to  embed  in  a  problem  of 
least  dimension. 
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Abstract 

Two  performance  specifications  based  on  /qo  measures  of  weighted  disturbance  and  error  signals 
are  defined.  Both  allow  the  treatment  of  magnitude,  rate,  and  acceleration  bounds  on  disturbances 
and  errors.  One  is  an  incremental  weighted  specification  which  requires  error  signals  to  satisfy  a 
constraint  for  a.s  long  (in  time)  as  the  disturbance  satisfies  a  similar  constraint.  The  other  is  a 
weighted  specification  which  considers  only  disturbances  satisfying  a  constraint  for  all  time,  and 
requires  that  errors  do  as  weU. 

Notions  of  stability  and  system  gain  are  defined  corresponding  to  each  specification  and  the 
gains  are  shown  to  be  different.  For  the  incremental  specification,  gain  can  be  computed  by  solving 
a  standard  U  synthesis  problem,  and  for  the  weighted  specification  a  modified  version  of  U  s3nithesis 
can  be  used. 

It  is  shown  how  to  formulate  the  synthesis  problem  corresponding  to  each  specification  as  a 
linear  program  similar  to  the  one  arising  in  li  synthesis. 

Keywords:  l\  optimal  control,  weighting  functions,  performance  analysis,  performance  synthesis 
Classification:  Mini-Symposium  M-4,  “Robust  Control  Design”;  20  minute  oral  presentation 
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Notation  and  Assumptions 

Z  and  Z+  denote  the  integers  and  the  non-negative  integers,  respectively.  D  is  the  open  unit  disk 
in  the  complex  plane,  l^o  and  li  denote  the  classical  sequence  spaces  defined  on  Zj.,  and  1\{Z)  is 
the  counterpart  of  li  defined  on  aU  of  Z,  i.e.,  the  set  of  absolutely  summable  two-sided  sequences. 
li  will  be  regarded  as  being  embedded  in  /i(Z),  i.e.,  as  the  subspace  of  /i(Z)  supported  on  Z+. 
Matrices  will  be  referred  as  belonging  to  li  or  li(Z)  and  signals  as  belonging  to  Ijo,  meaning  their 
elements  belong  to  those  spaces.  For  notational  convenience  we  define  a  space  A  of  all  z-transforms 
of  sequences  in  /i(Z)  with  norm  defined  ||.fflU  :=  Ill’ll!. 

Throughout  the  paper,  signals  are  vector  sequences  denoted  by  lower  case  letters  (e.g.,  x). 
Systems  are  causal  MIMO  discrete  time  systems  with  convolution  representations  and  are  denoted 
by  calligraphic  letters  (e.g.,  W).  Their  impulse  response  matrices  are  denoted  by  corresponding 
upper  case  Roman  letters  (e.g.,  H),  and  their  transfer  function  matrices  by  hatted  letters  (e.g.,  H) 
where  the  z-transform  is  defined  with  z  as  the  delay.  A  product  {GE)  of  impulse  response  matrices 
means  convolution  {G  *  H). 

1  Introduction 

Our  standard  problem  setting  is  depicted  in  Figure  1.  The  generalized  plant  Q  has  two  inputs  and 
two  outputs,  vj  is  the  disturbance  input  and  is  present  for  the  purpose  of  modelling  exogeneous 
inputs  to  the  system  (e.g.,  disturbances,  measurement  errors,  etc.),  u  is  the  control  input,  z  is  the 
regulated  output  and  consists  of  error  signals -which  are  to  be  minimized,  and  y  is. the  measured 
output.  The  compensator  C  determines  the  control  input  u  given  the  measured  output  y.  C  is  to 
be  chosen  to  internally  stabilize  the  system  and  satisfy,  if  possible,  other  specifications. 

The  simplest  loo  design  problem  is  disturbance  rejection,  in  which  the  specification  is 

Disturbance  Rejection  Specification: 

•  w  ^  loo  Halloo  <  1  implies  z  ^  loo  a-nd  ||-5||oo  ^  1* 

IIGIIi  is  the  induced  norm  of  ^  as  a  map  from  loo  to  loo-  Using  the  YJBK  parametrization  of 
stabilizing  compensators  the  set  of  achievable  closed  loop  impulse  responses  is  {H  —  U QV  :  Q  €  li}, 
where  E,  U  and  V  are  in  li  and  are  determined  by  Q.  Hence  the  loo  disturbance  rejection  problem 
is  equivalent  to 

OPT  :  inf  {||J?  -  K\\i  :  K  €  K{U,V]}  =:  fi 

where  K{U,V)  :=  {K  &  li  :  3Q  £  li  satisfying  K  =  UQV}.  This  is  the  li  synthesis  problem  which 
was  posed  in  [1],  initially  solved  in  [21  and  generalized  in  [3]  and  other  papers. 
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Figure  1:  Standard  Problem  Setting 

Introducing  weighting  systems  in  cascade  with  w  and  z  broadens  the  class  of  specifications  which 
a  designer  can  address.  Disturbances  are  thus  generated  by  an  input  w  passed  through  a  weight 

and  the  regulated  outputs  are  passed  through  a  weight  to  produce  an  output  z.  If  W,  and 

are  in  /i  and  have  left  and  right  inverses,  respectively,  in  li  then  the  following  specification  can 
be  easily  addressed: 

Cascade  Weighted  Specification: 

•  w  =  W^w  for  some  w  €  loo  wich  ||u)||oo  <  1  implies  VV^z  €  and  ||Wi2||oo  <  1- 

Under  the  assumptions  on  and  W-u,  the  cascade  weighted  disturbance  rejection  problem  is 
equivalent  to 

inf  {\\W,HW^  -  JiTlli  :  K  €  K[W,U,  VW^)} 
and  is  hence  an  li  synthesis  problem  again. 

yv^  can  be  chosen  to  reflect  an  appealing  class  of  criteria  on  the  regulated  output  because  of 
the  definition  of  ||  •  ||oo.  For  example,  if  =  [  1  1  -  z  then  IlIF^zHoo  <  1  if  and  only  if  |z(^:)|  <  1 
and  \z{k  +  1)  —  z{k)\  <  1  for  all  k.  Hence  meeting  the  specification  ensures  a  magnitude  bound 
on  both  z  and  its  rate  of  change.  Additional  n-th  order  differences  of  z  for  any  desired  n  can  be 
bounded  by  adding  appropriate  components  to  W^.  Such  specifications  are  of  practical  interest; 
bounding  first-order  differences  ensures  limited  slew  rates,  and  bounding  second-order  differences 
ensures  limited  accelerations. 

The  interpretation  of  the  disturbance  class  generated  by  yV-u,  is  problematic,  however.  It  is 
not  known  how  to  choose  for  example,  to  produce  a  class  of  magnitude  and  rate  bounded 
disturbances.  Moreover,  the  meaning  of  choosing  yV-^,  based  on  its  frequency  response  is  unclear; 
the  entire  design  theory  is  aimed  at  time  domain  specifications. 
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Motivated  by  the  appealing  interpretation  of  VV-,  we  will  consider  a  weighted  disturbance  re¬ 
jection  problem  aimed  at  satisfying  a  specification  of  the  form 

Weighted  Specification: 

•  yVyjW  G  loo  and  ll>V^u;j|co  <  1  implies  G  and  ||W.z||co  <  1* 

A  related  design  problem  can  be  posed  which  is  aimed  at  satisfying 
Incremental  Weighted  Specification: 

•  |pn>V^^||co  <  1  implies  ||7^n>V,z||oo  <  1  for  all  n. 

where  Vn  denotes  truncation  at  time  n.  This  is  similar  to  the  weighted  specification  and  has  a 
practical  interpretation.  It  requires  that  the  weighted  error  satisfy  a  constraint  up  until  any  given 
time  provided  that  the  weighted  disturbance  satisfies  a  constraint  up  until  the  same  time.  Note 
that  any  truncation  of  a  right-supported  signal  is  in  loo  and  hence  any  such  signal  constitutes  a 
potential  disturbance.  We  will  see  that  the  incremental  specification  is  in  general  the  more  difficult 
to  satisfy.  Design  to  meet  similar  specifications  has  been  considered  previously  in  [4]  and  [5]. 

The  remainder  of  the  paper  is  organized  cis  follows.  Section  2  contains  some  background  on  the 
synthesis  problem  which  will  be  required  in  later  sections.  In  Section  3,  the  analysis  problem  of 
determining  if  a  given  system  satisfies  the  above  specifications  is  solved.  For  each  specification,  an 
appropriate  system  gain,  which  is  also  a  norm,  is  defined  and  a  method  given  for  its  computation. 
In  Section  4,  the  synthesis  problem  of  choosing  C  to  minimize  the  desired  norm  is  formulated,  and 
for  either  norm  is  shown  to  be  very  similar  to  a  standard  li  synthesis  problem.  Section  5  contains 
some  observations  and  conclusions. 

Some  statements  of  results  are  somewhat  simplified,  some  proofs  are  omitted,  and  methods 
for  the  solution  of  optimization  problems  which  arise  are  not  given.  In  all  cases,  detailed  results, 
proofs,  and  solution  methods  can  be  found  in  [6]. 

2  li  Synthesis 

We  will  need  some  basic  facts  about  the  li  synthesis  problem  OPT.  The  crucial  feature  of  OPT 
is  that,  under  mild  assumptions,  it  is  equivalent  to  an  infinite  linear  program.  In  particular,  the 
following  condition  or  something  similar  must  be  assumed  [6]. 

Condition  2.1  U  and  V  have  decompositions  of  the  form  U  =  UjJIuUr  and  V  =  VjtSvVh  '(inhere 

•  Hu  G  hi  Hv  €  h  are  diagonal  and  nonsingular , 
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neither  nor  {tlv)jj  have  any  zeros  on  the  unit  circle  for  any  i  or  j, 

Ul^Vi  6  h  are  left  invertible  in  li^  and  Uft^Vpi  €  li  are  right  invertible  in  /i. 


If  Condition  2.1  is  satisfied  then  Bezout  equations 

Ul  Ul 


U7^ 


n  j 


I  0 
0  I 


Vr 


-R 


R 


I  0 
0  I 


(1) 


can  be  constructed  where  all  matrices  are  in  li  and  the  feasible  subspace  K{U,V)  of  OPT  charac¬ 
terized  as  follows. 

Fact  2.2  K  E  K  if  and  only  if  K  E  h  and  satisfies 


'  U7^  ’ 

’  *  0 

1. 

1 

1 _ 

K 

— 

_  0  0  _ 

where  *  denotes  an  irrelevant  block. 

2,  For  each  i  and  j,  has  all  zeros  of  {tl(/)ii{tiv)jj  fn  D,  including  multiplicities. 

Using  Fact  2.2,  OPT  can  be  formulated  as  an  infinite  linear  program  whose  variables  are 
the  closed  loop  impulse  response  elements;  condition  1  imposes  an  infinite  set  of  linear  equality 
constraints  {convolution  constraints),  and  condition  2  a  finite  set  of  linear  equality  constraints 
{interpolation  constraints). 


3  Weighted  Performance  Analysis 

In  Section  3.1  we  define  a  notion  of  stability  and  a  norm  on  the  stable  systems  appropriate  to  the 
incremental  weighted  specification.  In  Section  3.2  we  do  the  same  for  the  weighted  specification 
and  show,  in  addition,  that  the  norm  is  an  induced  norm  between  weighted  versions  of  In  both 
cases  computation  of  the  norm  is  similar  to  /i  synthesis. 

Throughout  this  section  is  a  given  system.  Wq  and  W,  are  given  weights;  Wq  and  Wj  are 
assumed  to  be  in  l\  and  to  have  left  inverses  in  /i.  Hence  the  following  Bezout  equations  can  be 
constructed 


(2) 


where  all  matrices  are  in  The  additional  symbols  on  the  left  hand  sides  of  equations  (2)  denote 
ar6z^rarT/.choices  satisfying  the  equations. 


’  W-^  ' 

r  1 

- 1 

o 

'  wr^  ' 

r  1 

‘/o' 

Wo  = 

1 

\Wi  WM  = 

1  o  0  J 

1 

o 

_ 1 

L  *  *  J 

1 

o 
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3.1  Incremental  Weighted  Performance 

Definition  3.1  is  incrementally  stable  w.r.t.  Wo,  Wi  if 

sup  {||P„WoWx|U  :  PnWiX  €  /co,  lIPnWixIloo  <  1,  n  €  z+}  =:  Wo,  Wi)  <  od 

Wo,  W’i)  is  the  incremental  gain  of  Ti  w.r.t.  Wo,  W’i. 

Under  Definition  3.1,  and  for  fixed  weights,  an  incrementally  stable  system  satisfies  the  incre¬ 
mental  weighted  specification  if  and  only  if  its  incremental  gain  is  less  than  or  equal  to  one.  The 
next  proposition  shows  that  under  our  assumptions  on  the  weights  a  system  is  incrementally  sta¬ 
ble  if  and  only  if  its  impulse  response  is  in  li.  Moreover,  the  incremental  gain  is  a  norm  on  the 
incrementally  stable  systems. 

Proposition  3.2  Ti.  is  incrementally  stable  w.r.t.  Wo,  Wj  if  and  only  if  H  ^  li. 

Wo,  Wi)  is  a  norm  on  the  incrementally  stable  systems. 

Proof:  For  the  first  sentence,  HE  eh  then  WoHWf^  €  h  and  for  all  x  and  n 

||Pn>VoWx|loo  =  IIP.VVoTfW-^Wiarllco  =  ||PnWoWWf^Pn>Vixiloo 

<  llWo^'U^-^llillP.Wixlloo. 

Hence  pi(n;  Wo,  Wj)  <  \\WoEWr'^\\i.  Conversely,  if  E  ^  h  then  WoEW.~^  0  h  and  hence,  given 
any  c  <  co,  there  e.xists  x  e  loo  such  that  |iWo?tWf  ^x||oo  >  cp7iWi“^||i||ii|co.  U  we  define 
X  :=  yv~^x  then 

•  sup  {iPnWoHxIloo  :  n  e  z+}  =  |lWoKx||oo  =  ||>Vo?tW-^x|ioo  >  c||P7ilF:-^||i||x||oo. 

Hence  there  exists  n  6  Z4.  such  that 

llPnWoWxIloo  >  c|lWil7f^llxi|xiioo  >  cl|Wix|loo  >  c|lP„WiX|loo 
sopi(7f;Wo,Wi)>c. 

The  second  sentence  is  easily  verified.  □ 

The  incremental  gain  of  a  given  system  w.r.t.  given  weights  can  be  computed  by  solving  an 
h  synthesis  problem  with  a  special  form,  as  the  next  theorem  shows.  Its  proof  is  omitted  in  the 
interest  of  brevity. 

Theorem  3.3  \\E\\\v^^^r,  =  inf  {\\WoEWr^  -  JfHi  :  K  €  K{I,  Wj-^)}. 

It  is  easy  to  see  that  I  and  W-^  satisfy  Condition  2.1;  the  obvious  decompositions  are:  Ul  = 
Hu  =  Ur  =  I  and  Vi  =  Hv  =  h  Vr  =  Hence  can  be  computed  using  synthesis 

techniques.  '  • 
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3.2  Weighted  Performance 
Definition  3.4  V.  fs  stable  w.r.t.  Wo,  W]  2/ 

sup  {||  Wo?tx||co  :  Wix  €  loo,  ll>Vix|U  <  1}  =:  piH;  Wo,  W;)  <  co 
p{'H;  Wo,  Wj)  is  the  gain  of  H  w.r.t.  Wo,  Wi. 

Under  Definition  3.4,  and  for  fixed  weights,  a  stable  system  satisfies  the  weighted  specification 
if  and  only  if  its  gain  is  less  than  or  equal  to  one.  The  next  proposition  shows  that  under  our 
assumptions  on  weights  a  system  is  stable  if  and  only  if  its  impulse  response  is  in  1 1.  Moreover,  the 
gain  is  a  norm  on  the  stable  systems. 

Proposition  3.5  Ti  is  stable  w.r.t.  Wq,  Wj  if  and  only  if  E  €  h.  ||•|l^Vo,^Vi  •“  Wi)  is  a 

norm  on  the  stable  systems. 

Proof:  For  the  first  sentence,  if  5"  €  then  WoHW~^  6  li  and  for  all  x 

pVo-HxWoo  =  IIWoTtWj-^WixlU  <  \\W,EW-%\\yVix\\^. 

Hence  p(7t;  Wo,  Wi)  <  \\WoHW~^\\i.  Conversely,  \l  H  ^  li  then  WoHW-~^  ^  /i  and  hence,  given 
any  c  <  00,  there  exists  x  £  loo  such  that  ||Wo>fWf ^i|ioo  >  cpFiT-Fi'^HiHillco.  If  we  define 
I  :=  yV-^x  then  ||WoWx|U  >  cIlWH'Ff  ^HiPIU  >  !|Wix|ioo  so  p(W;  Wo,Wi)  >  c. 

The  second  sentence  is  easily  verified.  □ 

The  gain  of  a  given  system  w.r.t.  given  weights  can  be  computed  by  solving  a  problem  similar 
to  an  li  synthesis  problem,  as  the  next  theorem  shows.  Its  proof  is  similar  to  that  of  Theorem  3.3 
and  is  also  omitted  in  the  interest  of  brevity. 

Theorem  3.6  ||7f||w;,.Wi  =  Irif  {\\W^HW.-^  -  if||i  :  K  6  Kz{I,W.^)],  where  Kz{-,-)  is  defined 
as  K{‘,  •)  m  Section  1  except  that  Q  and  K  are  allowed  to  range  over  /i(Z). 

As  in  the  incremental  problem  of  Section  3.1, 1  and  W-^  satisfy  Condition  2.1.  As  a  result  the 
feasible  subspace  Kz{I,W-^)  of  the  infimization  in  Theorem  3.6  has  a  characterization  similar  to 
that  of  VPA),  and  the  computation  of  is  equivalent  to  an  infinite  linear  program. 

Moreover,  approximate  solution  methods  analogous  to  those  for  standard  1 1  exist. 

The  gain  of  a  system  w.r.t.  given  weights  is  in  general  smaller  than  its  incremental  gain  w.r.t. 
the  same  weights,  as  the  following  simple  example  shows. 

Example:  Let  H  =  Wo  =  1» 


1 


and  choose  W-~^  =  [  1  0  ]  and  W-^-  =  [  1  -  S-r  1  ]  to  satisfy  the  Bezout  equations  (2). 

and  VVj  are  computed  by  solving  inf  1|[  1  0  ]  +  q[  1  -  3z  1  ]||^  =:  7  where  q  ranges  over  lx 

and  ii(Z),  respectively.  It  is  not  hard  to  check  that  7  >  1  when  q  ranges  over  lx  since 

||[  1  Q]  +  q[l-  3z  1  ]|U  =  111  +  q{l  -  3z)||^  +  II^IU  >  (1  -  kol)  +  |?o|  =  1 

where  qo  is  the  first  element  of  q.  On  the  other  hand,  if  we  take  q  —  then  q  6  li(Z)  and 

||[  1  0  ]  +  g[  1  -  3.-  1 IIU  =  111  +  ?(1  -  3z)|U  -f  ||<zlU  =  I- 

Hence  7  <  |  if  g  is  allowed  to  range  over  /i(Z). 

Next  we  will  show  that  the  gain  of  a  system  w.r.t.  given  weights  is  an  induced  norm  between 
weighted  versions  of  /co- 

Definition  3.7  If  x  is  any  signal,  >V  is  any  system,  and  Wx  £  loo  Ihen  pw(x)  ||Wi||oo  is  the 
>V-%veighted  loo-norm  of  x. 

With  no  assumptions  on  >V,  pw(’)  is  actually  only  a  semi-norm,  as  it  can  have  a  null  space. 
Moreover,  it  need  not  be  defined  on  all  of  l^  and  can  be  defined  for  signals  not  in  loo-  Under  our 
assumptions  on  weights,  however,  it  is  defined  precisely  on  /oo  and  is  a  norm. 

Proposition  3.8  IfW  6  Ir  and  has  a  left  inverse  in  lx  then  Wx  €  loo  if  and  only  if  x  £  looj  12nd 
IHIw  Pw(0  is  a  norm  on  loo- 

Proof:  Let  W~^  denote  any  left  inverse  of  IF  in  lx-  For  the  first  sentence,  if  r  6  loo  then  Wx  €  loo 
since  W  eh-  Conversely,  if  yVx  6  loo  then  x  =  W~^Wx  €  loo  since  W~^  6  li.  For  the  second 
sentence,  the  properties  of  a  semi-norm  follow  from  the  linearity  of  W  and  the  corresponding 
properties  of  ||  •  ||oo-  Moreover,  ||a:|Iw  =  0  ^  Wx  =  0  ^  i  =  W~^Wx  =  0.  O 

loo  under  H-Hyv  can  be  called  yv -weighted  l^o-  It  is  clear  that  ||W||wo,vv^  is  the  induced  norm  of 
H  viewed  as  a  map  from  Wj-weighted  loo  to  Wo-weighted  loo  since 

il^llw.,Wi  =  Slip  {llWoWxllcc  :  WiS  e  Ico,  llWixlU  <  1} 

=  sup  {||Hi||vv,  :  X  e  loo,  ||x||^^r.  <  1}  . 

using  the  definition  of  IITfUyy^  yy.  for  the  first  equality  and  Proposition  3.8  for  the  second. 
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4  Synthesis 


In  this  section,  we  show  that  the  problems  of  minimizing  the  incremental  gain  and  the  gain,  re¬ 
spectively,  of  the  closed  loop  system  in  Figure  1  can  be  formulated  as  infinite  linear  programs  in  a 
manner  similar  to  the  li  synthesis  problem.  Section  4.1  considers  the  incremental  gain  and  Secton 
4.2  the  gain. 


It  is  assumed  that  the  U  and  V  matrices  obtained  from  Q  via  the  YJBK  parametrization  satisfy 
Condition  2.1.  W2  and  are  assumed  to  be  in  li  and  to  have  left  inverses  in  li.  Tlib  associated 
Bezout  equations  are 


’/o' 

Wz  Wf 

= 

wf- 

_  0  /  _ 

u 


’  WZ 

1 

0 

_ 1 

II 

_ 1 

1 

0 

1 _ 

and  the  additional  symbols  on 


the  left  hand  sides  denote  arbitrary  choices  satisfying  the  equations. 


4.1  Incremental  Weighted  Synthesis 

The  YJBK  parametrization  and  Theorem  3.3  can  be  combined  to  formulate  the  incremental 
weighted  synthesis  problem  as  follows. 

OPTi  :  inf  {WW^EW-^  -  K\U  :  K  e  Ki}  =:  /r,- 

where  :=  €  h  :  nQc,Qw  €  h  satisfying  K  =  W^UQcVW^^  -f-  The  parameter 

Qc  corresponds  to  stabilizing  compensators  and  Qw  to  computing  the  closed  loop  incremental  gain 
corresponding  to  each.  Kj  is  related  to  the  feasible  subspace  K{-,  •)  of  an  li  synthesis  problem. 

Lemma  4.1  K  €  if  and  only  if  K  6  h  and  KW^  €  K{W2U.,V). 

Proof:  If  If  €  Ki  then  K  €  h  and  K  =  WzUQcVW~^  4-  QwW^.  Hence,  using  (3),  KW^u  = 
WzUQcV.  Since  Qc  e  h,  KW^  6  K{W2U,V).  Conversely,  if  KW^  G  K{W2U,V)  then  K  G  h 
and  KW^  =  WzUQcV  for  some  Qc  €  l\-  Using  the  reverse  of  (3), 

Ji'  =  K{W^WZ^  4-  W^W^)  =  WzUQcVW-^  4-  KW^W^ 

where  Qw  :=  KW^  G  h  since  both  K  and  are.  Hence  K  G  □ 

Using  Lemma  4.1  we  can  easily  establish  a  characterization  of  K  i  similar  to  that  of  Jif  (•,  •)  given 
in  Fact  2.2. 

Theorem  4.2  K  G  if  and  only  if  K  G  h  and  satisfies 
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'  U£^W-^  1  *0 

1.  ui:Wr^  K  [  ]  =  'o  o 

w^  \  [ 0  0 

where  *  denotes  an  irrelevant  block. 

2.  For  each  i  and  j,  (UF^Wr^ KW^V^^]ij  has  all  zeros  of  {tu)iii'Fv)jj  in  D,  including  mul¬ 
tiplicities. 

Proof:  U  has  a  decomposition  U  =  UiXuUr  as  in  Condition  2.1.  It  is  easy  to  see  that,  since  W, 
is  left  invertible  in  li,  W^U  -  {W,Ul)'T,uUr  is  a  decomposition  of  W^U  of  the  same  form.  Hence 
a  Bezout  equation 

Ul^W-^  1  r  J  0  0 

UtW-^  [  W,Ul  Wf]=  0  10 

Wf-  _  .  [00/ 

for  W2U  can  be  constructed  using  (1)  and  (3).  Fact  2.2  can  now  be  applied  to  characterize 
KiW^U,  V)  and  the  proof  is  completed  by  combining  this  characterization  with  Lemma  4.1.  □ 

Theorem  4.2  aUoWs  OPTi  to  be  formulated  as  an  infinite  linear  program.  Condition  1  imposes 
an  infinite  set  of  convolution  constraints  and  condition  2  a  finite  set  of  interpolation  constraints  on 
W-HW~^  —  K.  Moreover,  approximate  solution  methods  analogous  to  those  for  the  1 1  synthesis 
problem  exist. 

4.2  Weighted  Synthesis 

The  YJBK  parametrization  and  Theorem  3.6  can  be  combined  to  formulate  the  weighted  synthesis 
problem  as  follows. 

OPT^  :  inf  -  K\\i  :  K  €  Ky,]  =:  /x^ 

where  Kw  :=  6  h(Z) :  3Qc  €  h,  Qw  €  /i(Z)  satisfying  K  =  W^UQcVW-^  +  QwWf^y  Qc 

corresponds  to  stabilizing  compensators  and  Qw  computing  the  closed  loop  gain  corresponding 
to  each.  Kw  is  related  to  the  feasible  snbspace  •)  of  an  li  synthesis  problem  in  the  same  way 
that  IC I  is,  and  an  analogous  chaxacterization  can  be  obtained.  The  next  two  results  show  this  and 
are  presented  without  proof;  the  proofs  of  Lemma  4.1  and  Theorem  4.2,  respectively,  apply  with 
obvious  modifications. 

Lemma  4.3  K  ^  Kw  if  only  if  K  6  ^i(Z)  and  KW^  6  K{WzU,  V)-.' 


10 


Theorem  4.4  K  G  iv  w  if  and  only  if  K  G  /i(Z)  and  satisfies 


'  l7£^Wr^  ' 

*  0 

i. 

K 

= 

0  0- 

1 

t 

_  0  0  _ 

where  *  denotes  an  irrelevant  block. 


2.  For  each  i  and  j,  {U£^Wr^KW^Vf^^)ij  has  all  zeros  of  {tu-)ii{tv)jj  mD,  including  mul¬ 
tiplicities. 

Theorem  4.4  allows  OPTw  to  be  formulated  as  an  infinite  linear  program;  condition  1  imposes 
an  infinite  set  of  convolution  constraints  and  condition  2  a  finite  set  of  interpolation  constraints 
on  -  K  as  in  the  incremental  synthesis  problem.  However  in  this  case  K  and  hence 

—  K  ranges  over  li(Z),  requiring  appropriate  modifications  to  the  approximate  solution 
methods  for  OPTj. 

5  Conclusions 

Weights  are  often  used  to  increase  the  range  of  specifications  which  a  designer  can  address.  The 
simplest  scheme  is  cascade  weighting,  but  it  is  problematic  in  an  l^  setting  in  that  the  disturbance 
class  does  not  have  a  clear  interpretation,  while  the  error  class  does.  It  is  interesting  to  note  that 
this  distinction  does  not  arise  for  I2  signals  (it  is  not  hard  to  show  that  rational  Hoo  weights  with 
no  zeros  on  the  unit  circle  can  be  replaced  by  their  outer  factors  and  hence  inverted). 

Both  the  weighted  loo  performance  specifications  considered  here  measure  disturbance  and  error 
as  errors  are  measured  in  the  cascade  scheme.  This  has  an  appealing  practical  interpretation  in 
that  it  allows  incorporation  of  criteria  in  addition  to  disturbance  and  error  magnitudes,  e.g.,  rate 
and  acceleration  bounds.  Such  criteria  cannot  be  addressed  using  other  design  methods. 

Analysis  and  synthesis  for  each  specification  can  be  done  by  methods  similar  to  standard  li 
synthesis  and,  in  fact,  may  be  simpler  in  some  respects.  In  li  synthesis,  for  example,  suboptimal 
compensators  can  be  obtained  by  optimizing  over  achievable  finitely  supported  closed  loop  im¬ 
pulse  responses  of  a  given  length.  As  the  length  is  increased,  the  performance  of  the  suboptimal 
compensators  approaches  the  optimal.  When  cascade  weights  with  infinite  impulse  responses  are 
introduced  this  method  fails  and  the  weights  must  be  approximated  as  finite  impulse  response, 
leading  to  high  order  compensators.  However,  weighted  specifications  of  the  type  considered  here 
have  their  most  appealing  interpretations  when  the  weights  are  finite  impulse  response  (i.e.,  they 
measure  rates,  accelerations,  etc.).  ■  • 
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Because  system  norms  have  been  defined  appropriate  to  each  specification,  new  problems  of 
robustness  with  respect  to  classes  of  norm-bounded  perturbations  can  be  posed  as  well.  ‘ 
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